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Transverse momentum distributions of hadrons in        and        collisions 

2

pp AA
Tsallis-like distributions

Charged-hadron yield in the range 2.4 

3

3

1
1 ,      

1

ch ch

n

T n
n

d N dN E
E C

d p dy T q

−

 
= + = 

− 

V. Khachatryan et al., PRL 105 (2010) 022002

Phenomenological Tsallis distribution

2
1

2

cosh
cosh 1 (1 )

(2 )

q
T

T T

T

q

m yd N gV
p m y q

dp dy T





−− 
= − − 

 

Identified hadrons Charged-hadron yields 

pp pp

Pb Pb+

A.S.P., O.V.Teryaev, J.Cleymans

Eur. Phys. J. A 53 (2017) 102  

M.D. Azmi, T. Bhattacharyya, J. Cleymans, M. Paradza

J. Phys. G: Nucl. Part. Phys. 47 (2020) 045001



Tsallis statistical mechanics
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Probabilities of microstates –
eigenvalues of statistical operator: 

The statistical operator is determined from 
the principle of thermodynamic equilibrium : 

Thermodynamic potential:

Additional equation: 

The solution is the equilibrium statistical operator as a function of the thermodynamic state variables : 1( , , )nX X X= 

êq
- statistical operator is unknown

1( , , )nX X X=  - thermodynamic variables 
of state



Definitions of different variants of nonextensive statistics in grand canonical ensemble

Tsallis-1 statistics Tsallis-2 statistics q-dual statistics 
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- Tsallis entropy - Tsallis entropy - q-dual entropy
1/q q→

The Tsallis-2 statistics is inconsistent since the mean value of unity is not equal to unity               . The Tsallis-1 statistics and q-dual statistics 
are correctly defined and consistent. 
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Tsallis-1 statistics in the grand canonical ensemble: General formalism 
The statistical averages of the operators in the Tsallis-1 statistics:
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The Boltzmann-Gibbs 
quantities:
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- distribution in Tsallis-1 statistics: Relativistic ideal gas  

The relativistic transverse momentum distribution for the Tsallis-1 statistics in grand canonical ensemble ( -B-E statistics,             -F-D statistics,               - M-B 
statistics)                                   
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- distribution in Tsallis-1 statistics: Maxwell-Boltzmann statistics of particles  
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Relativistic transverse momentum distribution for the Tsallis-1 statistics in grand canonical ensemble for Maxwell-Boltzmann statistics of particles:                                       

Norm function : 
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- distribution in Tsallis-1 statistics: Zeroth term approximation  

The relativistic transverse momentum distribution for the Tsallis-1 statistics in zeroth term approximation ( -B-E statistics,              -F-D statistics,              
- M-B statistics)                                   
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The relativistic transverse momentum distribution for the Tsallis-1 statistics in zeroth term approximation                 for Maxwell-Boltzmann statistics of particles:                               
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The transverse momentum distribution for the Tsallis-1 statistics in the zeroth term approximation for Maxwell-Boltzmann statistics of particles exactly 
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Ultrarelativistic - distribution in Tsallis-1 statistics for Maxwell-Boltzmann statistics of particles  
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Ultrarelativistic transverse momentum distribution for the Tsallis-1 statistics in grand canonical ensemble for Maxwell-Boltzmann statistics of particles:                                       
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The ultrarelativistic transverse momentum distribution for the Tsallis-1 statistics in the zeroth term approximation for Maxwell-Boltzmann statistics of 
particles exactly recovers the ultrarelativistic phenomenological Tsallis transverse momentum distribution under the transformation  ( )1/q q→ 9



Tsallis-2 statistics in the grand canonical ensemble: General formalism 
The statistical averages of the operators in the Tsallis-2 statistics:
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The Boltzmann-Gibbs 
quantities:
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- distribution in Tsallis-2 statistics: Relativistic ideal gas  

The relativistic transverse momentum distribution for the Tsallis-2 statistics in grand canonical ensemble ( -B-E statistics,             -F-D statistics,               - M-B 
statistics)                                   
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- distribution in Tsallis-2 statistics: Maxwell-Boltzmann statistics of particles  
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Relativistic transverse momentum distribution for the Tsallis-2 statistics in grand canonical ensemble for Maxwell-Boltzmann statistics of particles:                                       

Norm function Z in the Tsallis-2 statistics: 
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- distribution in Tsallis-2 statistics: Zeroth term approximation  

The relativistic transverse momentum distribution for the Tsallis-2 statistics in zeroth term approximation ( -B-E statistics,              -F-D statistics,              
- M-B statistics)                                   
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The relativistic transverse momentum distribution for the Tsallis-2 statistics in zeroth term approximation                 for Maxwell-Boltzmann statistics of particles:                               
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The phenomenological Tsallis distribution [J. Cleymans, D. Worku, Eur. Phys. J. A 48 (2012) 160] coincides exactly with the transverse momentum distribution 
for the Tsallis-2 statistics in the zeroth term approximation for Maxwell-Boltzmann statistics of particles.

Thus, the phenomenological Tsallis distribution is inconsistent in the case of the Tsallis statistics since the Tsallis-2 statistics is incorrect,    !1 1
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Ultrarelativistic - distribution in Tsallis-2 statistics: Maxwell-Boltzmann statistics of particles  
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Ultrarelativistic transverse momentum distribution for the Tsallis-2 statistics in grand canonical ensemble for Maxwell-Boltzmann statistics of particles:                                       

Norm function Z: 

Ultrarelativistic zeroth term                 approximation:                                       ( )0n =
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The ultrarelativistic phenomenological Tsallis distribution [J. Cleymans, D. Worku, Eur. Phys. J. A 48 (2012) 160] coincides exactly with the ultrarelativistic
transverse momentum distribution for the Tsallis-2 statistics in the zeroth term approximation for Maxwell-Boltzmann statistics of particles. 
Thus, the ultrarelativistic phenomenological Tsallis distribution is inconsistent in the case of the Tsallis statistics since the Tsallis-2 statistics is incorrect,    !1 1 14



q-dual statistics in the grand canonical ensemble: General formalism 
The statistical averages of the operators in the q-dual statistics:
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Norm function  in the q-dual statistics: 
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- distribution in q-dual statistics: Relativistic ideal gas  

The relativistic transverse momentum distribution for the q-dual statistics in grand canonical ensemble ( -B-E statistics,             -F-D statistics,               - M-B 
statistics)                                   
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Norm function  in the q-dual statistics: 
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A.S.P., Eur. Phys. J. A 56 (2020) 106
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- distribution in q-dual statistics: Maxwell-Boltzmann statistics of particles  
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Relativistic transverse momentum distribution for the Tsallis-1 statistics in grand canonical ensemble for Maxwell-Boltzmann statistics of particles:                                       
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- distribution in q-dual statistics: Zeroth term approximation  

The relativistic transverse momentum distribution for the q-dual statistics in zeroth term approximation ( -B-E statistics,              -F-D statistics,              
- M-B statistics)                                   
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The relativistic transverse momentum distribution for the q-dual statistics in zeroth term approximation                 for Maxwell-Boltzmann statistics of particles:                               
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A.S.P., Eur. Phys. J. A 56 (2020) 106

The phenomenological Tsallis distribution [J. Cleymans, D. Worku, Eur. Phys. J. A 48 (2012) 160] coincides exactly with the transverse momentum distribution 
of the q-dual statistics in the zeroth term approximation for Maxwell-Boltzmann statistics of particles.

Thus, the phenomenological Tsallis distribution is consistent in the case of the q-dual statistics since the q-dual statistics is correctly defined,              !1 1=
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Comparison of exact      - distribution of the Tsallis-1 statistics with experimental data 

Charged pions (pp collisions): Ultrarelativistic transverse momentum distribution A.S.P., Eur. Phys. J. A 52 (2016) 355

• Transverse momentum 
distributions of charged 
pions produced in pp
collisions at SPS, RHIC and 
LHC energies

• The yields were integrated 
in the experimental rapidity 
interval 

• The solid curves are the fits 
of the experimental data to 
the ultrarelativistic (m=0)  
transverse momentum  
distributions of Tsallis-1 
statistics

• The curves are the same for 
all statistics but only the 
parameters are different. 

Experimental Data: NA61/SHINE, EPJC 74 (2014) 2794; PHENIX, PRC 83 (2011) 064903; ALICE, EPJC 71 (2011) 1655;                                   

ALICE, EPJC 75 (2015) 226; ALICE, PLB 736 (2014) 196

0 1y y y 

Tp
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Phenomenoligical Tsallis distribution

Exact Tsallis-1 distribution 



Thermodynamic parameters of exact      - distribution of the Tsallis-1 statistics 

Charged pions (pp collisions): Ultrarelativistic transverse momentum distribution A.S.P., Eur. Phys. J. A 52 (2016) 355

• Solid points are the results of the fit by ultrarelativistic
pT-distribution of the Tsallis-1 statistics

• Open symbols are the results of the fit by the 
phenomenological Tsallis distribution (pT-distribution 
of the q-dual statistics in the zeroth term approximation) 

Tp
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Comparison of exact      - distribution of the Tsallis-1 statistics with experimental data 

• The solid curves are the fits of 
the experimental data to the 
exact transverse momentum 
distribution of Tsallis-1 statistics 
considering the mass of particles 
at different values of the cut-off 
parameter 

• The curves are the same for all 
values of the cut-off parameter 
but only the thermodynamic 
parameters are different. 

Experimental Data: 
NA61/SHINE, Eur. Phys. J. C 74 (2014) 2794; 

ALICE, Eur. Phys. J. C 71 (2011) 1655

0y =

0n

Tp

Charged pions (pp collisions): Relativistic transverse momentum distribution ( )0m 

• Transverse momentum 
distributions of charged pions
produced in pp collisions at SPS 
and LHC energies

• The yields were calculated at
rapidity 

A.S.P., T.Bhattacharyya, Eur. Phys. J. A 56 (2020) 2, 72
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Inconsistent Tsallis-like distributions 

Tsallis-like distributions
obtained in ref.[1]: 

1

1

1

1

         

1

        
1

1 (1 )

1 (1 )

            
q

q

n q n
T

q
T

 

 

 

−

−

− 
  = − −   = 

  − 
− −  

 

p

p p

p

- M-B statistics, - F-D and B-E statistics

The Tsallis-like distributions (1) are erroneous for the Tsallis statistics since they were derived inconsistently in ref. [1].  

[1]  F. Buyukkilic et al., Phys. Lett. A 197, 209 (1995)

Tsallis-1 statistics Tsallis-2 statistics
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Buyukkilic et al.

( )1

The derivation scheme of F. Buyukkilic et al. in ref.[1]

This scheme is incorrect because we have  
(2) (1)(2) (1)   and       i ip A p A  - from maximum entropy principle  

Thus, the calculations of Buyukkilic et al. in ref.[1] lead to the incorrect results for the Tsallis statistics.
Therefore, the Tsallis-like distributions (1) obtained in ref.[1] are inconsistent for the Tsallis statistics! A.S.P., T.Bhattacharyya, J. Phys. A 54 (2021) 325004

- contradicts the maximum entropy principle  
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Derivation of the Tsallis-like distributions in ref. [1]

1.)  Factorization approximation adopted in ref. [1]: 

- M-B statistics, - F-D and B-E statistics

Tsallis-like transverse momentum distributions: 

[1]  F. Buyukkilic et al., Phys. Lett. A 197, 209 (1995)

Calculation of the mean occupation numbers of Tsallis-1 statistics using the probability distribution of the Tsallis-2 statistics: 
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A.S.P., T.Bhattacharyya, J. Phys. A 54 (2021) 325004

- F-D statistics

- B-E and M-B stat

- F-D and B-E stat

- M-B statistics
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2.) Additional factorization approximation: 

These Tsallis-like transverse momentum distributions are not consistent with the Tsallis statistics! 24



Conclusions 

25

1) The exact transverse momentum distributions for the Tsallis statistics and q-dual statistics in the grand canonical 
ensemble for the Fermi-Dirac, Bose-Einstein and Maxwell-Boltzmann statistics of particles have been found.  

2) The exact       -distributions of the Tsallis statistics have been used to describe the experimental data for transverse 
momentum distributions of identified hadrons produced in        collisions at LHC and RHIC energies.

3) The q-dual statistical mechanics based on the q-dual entropy obtained from the Tsallis entropy by the multiplicative 
transformation                  was introduced. 

4) It was demonstrated that the phenomenological Tsallis -distribution is not consistent with the Tsallis statistics 
because it is equivalent to the      -distribution of the Tsallis-2 statistics in the zeroth term approximation. The Tsallis-2 
statistic is incorrect since it contains             . 

5) It was proved that the phenomenological Tsallis -distribution is consistent with the q-dual statistics because it is 
equivalent to the      -distribution of the q-dual statistics in the zeroth term approximation. The q-dual statistics is well 
defined and consistent. 

6) It was proved that the Tsallis-like       -distributions are not consistent with the Tsallis statistics.  
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