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Setup

Ïóñòü g = g− ⊕ h⊕ g+ ïðîñòàÿ êîìïëåêñíàÿ àëãåáðà Ëè

Ïóñòü U = U(g) åå óíèâåðñàëüíàÿ îáåðòûâàþùàÿ àëãåáðà

ñ òðåóãîëüíûì ðàçëîæåíèåì U ≃ U− ⊗ U0 ⊗ U+

ãäå U± = U(g±) è U0 = U(h)

Îáîçíà÷èì R åå êîðíåâóþ ñèñòåìó,

R+ ìíîæåñòâî ïîëîæèòåëüíûõ êîðíåé,

Π áàñèñ ïðîñòûõ ïîëîæèòåëüíûõ êîðíåé.

Âåêòîð Âåéëÿ ρ = 1
2

∑
α∈R+ α



U-ìîäóëè

Ïóñòü V � U-ìîäóëü
Âåêòîð v ∈ V èìååò âåñ λ ∈ h∗ åñëè

hv = λ(h)v , ∀h ∈ h

Âåñîâîé âåêòîð v íàçûâàåòñÿ ñèíãóëÿðíûì (ýêñòðåìàëüíûì,

îñîáûì) åñëè g+v = 0.

V íàçûâàåòñÿ ìîäóëåì ñòàðøåãî âåñà λ åñëè îí ïîðîæäåí

îñîáûì âåêòîðîì âåñà λ.

Ìîäóëü ñò.âåñà λ íàçûâàåòñÿ Âåðìà åñëè îí ñâîáîäíî ïîðîæäåí

íàä U− ñòàðøèì âåêòîðîì, ò.å. U− ≃ Vλ.

Êàæäûé ìîäóëü ñò. â. åñòü ôàêòîð ìîäóëÿ Âåðìà.

Êàæäûé îñîáûé âåêòîð åñòü ñòàðøèé âåêòîð ïîäìîäóëÿ ñò.

âåñà.



Ïðîáëåìà: ÿâíî îïèñàòü îñîáûå âåêòîðà â Vλ

Ãèïåðïëîñêîñòü Êàöà-Êàæäàíà

Pβ,m = {λ ∈ h∗|(λ+ρ, β∨) = m}, β ∈ R+, m ∈ N, β∨ =
2β

(β, β)

Vλ ïðèâîäèì i� λ ∈ ∪β,mPβ,m.
Ïóñòü λ ∈ Pβ,m, òîãäà åñòü îñîáûé âåêòîð vλ−mβ ∈ Vλ,

vλ−mβ = θβ,mvλ, θβ,m ∈ U− ≃ Vλ.

Åñëè β ∈ Π (ïðîñò), òî θβ,m = f mβ (ãäå fβ-êîðíåâîé âåêòîð).

▶ Bernstein-Gelfand-Gelfand (1971) (ñâåäåíèå ê ïðîèçâåäåíèþ

θβ,m)

▶ Malikov-Feigin-Fuchs (1986) (îïèñàíèå θβ,m ñ ïîì.

èíòåðïîëÿöèîííîé ïðîöåäóðû)

▶ Zhelobenko (1990) (ôàêòîðèçàöèÿ θβ,m â âèäå

ïðîèçâåäåíèÿ θβ,1)

▶ Musson (2017) (ôàêòîðèçàöèÿ äëÿ òèïîâ A,B,C,D)



Ìàòðèöà Øàïîâàëîâà
Ïóñòü V ∗

λ - "äâîéñòâåííûé"ìîäóëü Âåðìà ìëàäøåãî âåñà −λ.
V ∗
λ ïîðîæäåí ìëàäøèì âåêòîðîì, v∗λ , àííóëèðóåìûì g−.

Èìååòñÿ åäèíñòâåííîå U-èíâàðèàíòíîå ñïàðèâàíèå
Vλ ⊗ V ∗

λ → C ò.÷. (vλ, v
∗
λ) = 1.

Ìû íàçûâàåì ýòî ñïàðèâàíèå (èíâàðèàíòíîé) ôîðìîé

Øàïîâàëîâà (ÔØ)

ÔÙ íåâûðîæäåíà i� Vλ íåïðèâîäèì.

Îáðàòíàÿ ôîðìà: èíâàðèàíòíîå îòîáðàæåíèÿ (coevaluation)

C→ V ∗
λ ⊗ Vλ.

C ∋ 1 7→ S ∈ U+ ⊗ U− ≃ V ∗
λ ⊗ Vλ.

Äëÿ âñïîìîãàòåëüíîãî ìîäóëÿ V êàòåãîðèè O ñ

π : U → End(V ) îïðåäåëèì ìàòðèöó Øàïîâàëîâà

S = (π ⊗ id)(S) ∈ End(V )⊗ U−

..



Çàâèñèìîñòü îò ñòàðøåãî âåñà

Äëÿ êàæäîãî µ ∈ h∗ ïîëîæèì hµ ∈ h s.t. λ(hµ) = (λ, µ),
∀λ ∈ h∗.

Äëÿ êàæäîãî âåñà µ ∈ Γ+ = Z+Π ïîëîæèì

ηµ = hµ + (µ, ρ)− 1

2
(µ, µ) ∈ h⊕ C. (1)

Ðàñøèðèì U0 äî Û0 äðîáÿìè íàä ìóëòèïëèêàòèâíîé ñèñòåìîé

< ηµ >µ∈Γ+ .

Ðàñøèðèì ïîäàëãåáðó Áîðåëÿ B− = U−U0 äî B̂− = U−Û0.

S = S(λ) - ðàöèîíàëüíàÿ ìàò. ôóíêöèÿ ñòàðøåãî âåñà Vλ.

Ìîæíî ðàññìàòðèâàòü S êàê ýëåìåíò èç End(V )⊗ B̂−.



Äèàãðàììû Õàññå, ñâÿçàííûå ñ ïðåäñòàâëåíèÿìè

Ïóñòü C =
∑

α∈R+ eα ⊗ fα - "ïîëó-Êàçèìèð"áåç êàðòàíîâñêîãî

÷ëåíà

è C = (π ⊗ id)(C) ∈ End(V )⊗ U−.

Âûáåðåì âåñîâîé áàçèñ {vi}i∈I ⊂ V ñ âåñàìè wt(vi ) = νi

Ìàòðèöà C = (Csr ) òðåóãîëüíà: Csr = 0 òîëüêî åñëè

νs − νr ̸∈ R+ ⊂ Γ+.

Äèàãðàììà Õàññå H(V ) ìîäóëÿ V :

Óçëû {vi}i∈I
Ñòðåëêè - ïðîñòûå êîðíå vi

α←− vj åñëè νi − νj = α è Cij ̸= 0.

Ââåäåì ÷àñòè÷íûé ïîðÿäîê íà {vi}i∈I , ñ÷èòàÿ vi ≻ vj åñëè
ñóùåñòâóåò ïóòü vi ← . . .← vj .



Ïðèìåð H(V )

g = sl(4), V ≃ g
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Ýëåìåíòû ìàòðèöû Øàïîâàëîâà

Proposition. (A.M., 2016)

sijηνi−νj = cij +
∑
k⩾1

∑
vi≻vk≻...≻v1≻vj

cik . . . c1j
(−1)k

ηµk
. . . ηµ1

∈ B̂−,

ãäå µl = νl − νj ∈ Γ+, l = 1, . . . , k .

Îáîçíà÷èì ÷åðåç ω : U → U èíâîëþöèþ Øåâàëëå,

ω èäåíòè÷íà U0 ïåðåñòàâëÿåò ωU± = U∓.

Ñèììåòðè÷íàÿ áèëèíåéíàÿ ôîðìà íà V íàçûâàåòñÿ

êîíòðàâàðèàíòíîé åñëè

(xv ,w) = (v , ω(x)w), x ∈ U, v ,w ∈ V .

Ïðåäïîëîæèì, ÷òî îíà íåâûðîæäåíà è îïðåäåëèì ìàòðè÷íûé

ýëåìåíò

⟨v |w⟩ = (v , S1w)S2 ∈ B̂−.



Ñïåöèàëüíûå âñïîìîãàòåëüíûå ìîäóëè

Äëÿ ïðîñòîãî êîðíÿ α ∈ Π

îáîçíà÷èì ÷åðåç ωα åãî ôóíäàìåíòàëüíûé âåñ.

Ïðåäïîëîæèì, ÷òî (ωα, β) ̸= 0.

Ââåäåì ϕα = ϕα,β ∝ ωα s.t. (ϕα, β
∨) = 1.

Îáîçíà÷èì ÷åðåç Wα,β íåïðèâîäèìûé ìîäóëü ñò. âåñà ϕα.

Îáîçíà÷èì ÷åðåç v ∈Wα,β åãî ñòàðøèé âåêòîð

Ïîëîæèì w = fβv ∈Wα,β

Îáîçíà÷èì θβ = ⟨v |w⟩ηβ ∈ B̂−



Ôàêòîðèçàöèÿ ýëåìåíòîâ Øàïîâàëîâà

Äëÿ ν ∈ h∗ îáîçíà÷èì ÷åðåç τν : U
0 → U0 àâòîìîðôèçì

(τνF )(λ) = φ(λ+ ν), ∀F ∈ U0, λ ∈ h∗

Theorem. (A.M.,2022)

1. θβ ÿâëÿåòñÿ ýëåìåíòîì Øàïîâàëîâà θβ,1

2. Äëÿ âñåõ m ∈ N, θβ,m = (τm−1
ϕα

θβ) . . . (τϕαθβ) θβ,

Ïðîáëåìà: îïèñàíèå θβ òðåáóåò çíàíèÿ H(V ) è
C ∈ End(V )⊗ B−.

Ðàâíîñèëüíî, çíàíèÿ ñòðóêòóðû U+-ìîäóëÿ íà V .



Ïðèñîåäèíåííàÿ äèàãðàììà Õàññå

Ïðîäîëæèì áàçèñ U+vj ⊂ V äî áàçèñà V .

òîãäà vi ⪰ vj åñëè è òîëüêî åñëè vi ∈ U+vj .

Ìîæíî ãîâîðèòü î ïîääèàãðàììàõ Õàññå H(vi , vj) ⊂ H(V )

(îáúåäèíåíèå âñåõ ïóòåé vi ← · · · ← vj). Âûáåðåì V = g áàçèñ

êîðíåâûõ âåêòîðîâ è

h∨α =
2

(α, α)
hα ∈ h, α ∈ Π

Ðàññìîòðèì ïîä-äèàãðàììó Õàññå H(b−) ⊂ H(g)

Äëÿ êàæäîãî α ∈ Π è β ∈ R+ òàêèõ, ÷òî (ωα, β) ̸= 0,

ðàññìîòðèì H(h∨α, fβ) ⊂ H(b−).



Ïðèìåð H(b−)

g = sl(4)
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Õàññå äèàãðàììà âñïîìîãàòåëüíîãî ìîäóëÿ Wα,β

Äëÿ β ∈ R+, α ∈ Π òàêîãî ÷òî (β, ωα) ̸= 0

âîçüìåì v ,w = fβv ∈Wα,β êàê ðàíüøå.

Proposition.

Ïîä-äèàãðàììà Õàññå

H(v ,w) ⊂ H(V ) èçîìîðôíà H(h∨α, fβ) ⊂ H(b−).

Èçîìîðôèçì çàäàåòñÿ h∨α 7→ v , fγ 7→ fγv ,

äëÿ α ≻ γ ≻ β

Ýòî òàêæå èçîìîðôèçì U+-ìîäóëåé,



Ýëåìåíò Øàïîâàëîâà ñòåïåíè 1

Äëÿ ν, γ ∈ R+, îáîçíà÷èì

Cν,γ =


0, γ − ν ̸∈ R+ ∪ {0}
(γ, ϕα), γ = ν,
c , where [eν , fγ ] = cfγ−ν , γ − ν ∈ R+

Òîãäà

θβ = Cβ,βfβ+
∑
k⩾1

∑
ν1+...+νk+1=β

(Cνk+1,γk . . .Cν1,γ0)(fνk+1
. . . fν1)

(−1)k

ηµk
. . . ηµ1

Çäåñü µi = ν1 + . . .+ νi è êîðíè νi ∈ R+, i > 0, óäîâëåòâîðÿþò
óñëîâèÿì

▶ γi ⪰ α, ãäå

▶ γ0 = β, γi = γi−1 − νi ∈ R+ for i = 1, . . . , k .


