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R? - aplane with coordinates x = (x%):=(x",x")=(r,0), a=0,1

RYP~1_ D_dimensional Minkowskian space-time with
Cartesian coordinates X = (XA), A=0,1,...D-1 D>2

and Lorentz metric e diag(—5=)

Sufficiently smooth embedding: R*>U> (r,0)H— (XA (2',0)) e R’
String worldsheet X (U)

The induced symmetric quadratic form: haﬂ " GaXAﬁﬁXBnAB = GaXAé?ﬂXA
2 . . .
Properties of the embedding: (GOX) = Xh= XAXBUAB >0

(81)()2 s (i e
: : 2
L 7:=deth,, = XX (X, X'} <0
The induced metric haﬂ of Lorentzian signature 1



Definition
Open string is the embedding X (U) where U: —owo<7r<ow, 0<o<7x

Closed string is the embedding X (U) where U: —wo<7r<o0w, ~7<o <7
and'c Mk | e B="01 X iz —0N 1505

oO=7m"

Dynamics of the Nambu-Goto string

SNg = _Iﬁ dx\/m = —jﬁ drda\/(X,X')z —X?X'*  -the action

;S 1
NG =|:|(h)XA =0 <\/| h| h“ﬂaﬂXA) = () - the Euler-Lagrange
\/|h| 5XA \/|h| equations
SﬂaﬂXA ls=0.-=0 - boundary conditions for open string
S components of a spacelike vector

perpendicular to the boundary

Naps Map = diag(+-)

I:I(h)XA 82 X —82 XA 0 - the Euler-Lagrange 5
equations

The conformal gauge: ha/; =€




The idea of the proof

t=t"0, and s=s5%0, are timelike and spacelike vector fields on U.

with properties: 1) (¢,s)=0, t*+s°=0, t*>0, VxeU
where (1,5):=1"s"h,5, 1> =(t,1), s :=(s,s)
2) commutativity [¢,s]=0
ox“ ox“
Two families of integral curves x“(7,6) : —=tY, —=s"
0T 0o
os® ot”
— :tﬁﬁﬁsa —Sﬂﬁﬂt“ =i sl
0T 0o
There exists the coordinate transformation (z,0)+— (7,6) on U
}f; ha,b’ ox* 8x )
oT 82’
In new coordinates 3 0f e ox” ox” ——=(¢,5)=0 - the conformal gauge
0T 00
~ 8x ax 2 2
h, = =§" =—t
1= % 55 56

The final step is the analysis of domains of definitions of new coordinates 7,o.



Infinite string (r,0) e U = R*

Two arbitrary timelike and spacelike tangent vector fields 7" and § to the string
worldsheet can be decomposed on X and X':

R A(coshgoXJr sinhng’)
S = B(sinth+costh') (*)

where A(x) >0, B(x)>0, ¢(x), w(x) are some functions.

Lemma 1. Vector fields 7 andS on U satisfy equalities
(T,8)=0, T*+S5°=0

if and only if vector field S is given by Eq.(*) with arbitrary functions B > ( and
w € R, and the second vector field 7' has the form

B
| 7]
B

| 7]

T =———] coshy X" +sinhy (X, X") | X +

_|_

[sinhwf(z + cosh w(X,X')]X’



Proof

7,5)
coshgcoshy

= tanhy X * + (1+ tanhg tanhyw )(X, X') + tanhp X'* = 0

tanhy X* + (X, X")
X'"* +tanhy (X, X")

N

& :—IZI[X’Z +tanhl//()'(,)(')])'(—|—IZl[tanhl//X’2 +(X,X')]X'

tanhgp = —

where A:= Zl\/[tanht//X2 4—()3,)(’)]2 +[X’2 +tanhw(X,X’)]2.

B
| 7]

Algebraic equation T2 + S* =0 has the unique solution A = coshy



The differential of the embedding:
T(U)> t=t%0, »T=t“0,X"0, eT(R"*")

Properties: T~ =1, S*=s", (7,8)=1(t,s)

B

t=— [costh’z+sinhw(X,X’)]80+

h B . :

i + lh‘[sinhl//Xercoshw(X,X')]@l,
s = Bsinhy 0, + Bcoshy 0,
Another form | 1% = €aﬂsﬂ & S, = gaﬂtﬂ (1)

e¥ =—gf* =_1/|h| -the totally antisymmetric
second rank tensor

Lemma 2. Vector fields ¢ and s on U related by equalities (1) commute

if and only if
4 _9aX oy* ::h“ﬂéa;((?ﬂ;(>0 (2)

where % is a nontrivial solution of the wave equation

For any nontrivial solution of Eq.(2) vector fields ¢ and s commute.



Proof

[£,5]1=0
Ve
1 1
SQVﬁSﬂ—EVaSZ—SﬂVﬂSa:O = taVﬂtﬂ—EVatz—tﬂVﬂta:O
Ve

5 4
vaES—zj:O = 8aﬂva(—§j:0
S l

Poincare lemma:




Global conformal gauge for infinite string_

O<e< lim |dethy,|<M<wo = 0<g<t’<M; <o (3)
o>

i — (0 does exist on the whole plane U = R?
Asolution of 0, 7 =0 R J. Hadamard, 1932

Solutions are parameterized by the Cauchy data.
There are such Cauchy data that 6y~ >0 ..

ot
— — Z‘O
oT
The same is true for & =  (7,6) e R?
Theorem 1. Let an arbitrary metric /1, of Lorentzian signature be given on the whole
plane R" Let it be nondegenerate at infinity (3). Then there exists a surjective

) dr .
= z'~j — diverges because tOSM2

diffeomorphism R2 5 (xa) I ( ~a (x)) cR2 (4)
such that metric haﬂ in new coordinate system has conformally flat form
~ ox” ox°
= ="h P -
BT o5 oxf 4

where ¢@(X) is some function on R* separated from 0 at infinity 72 + 6 —> o0.
8



Corollary. Let

U,={(7,6)eR*: 6¢[6,,6,], F <R}

be a closed vertical strip with vertical boundaries on the plane of new coordinates
7,0 and assumptions of theorem 1 hoId Then there exists dlffeomorphlsm
(4) of a closed domain (7,0) € U © R? bounded by integral curves x(7, G1,):

ox(7,07,)
PR lo
P

where ¢ , are inverse images of vector fields 0/ 07 on the boundaries of @0 .
Example
Consider h,zdx*dx? =€’ (dr* —do’)=e*dédn, ¢ =¢(x)
where &:=7+0, n:=1—oc arelightcone coordinates.

Then gux=0-0)x=0 = x=F(&)+G(n)

oy’ =4eF'G'>0 = F'G'>0

2
€¢ e

dé&dn
F'G’ o4
E=2F(), n=2G(n) -conformaltransformation 9

New metric h, ﬂdi“dfcﬁ =




Open string

Consider an open string which worldsheet is an infinite strip with left 71 and

right ¥ boundaries. First, we assume that the induced metric is nondegenerate
on the boundaries. The problem is that after diffeomorphism 7,0 — 7,0 the

boundaries may be not straight vertical lines.
7/L: ﬁ:ﬁL(g)a 7/R: ﬁ:ﬁR(g)a §€R

A dny g
Assume 1 >7p, 0<e< 1z <M<wo, ¢,MeR

Theorem 2. The conformal transformation
EIEEE R =G e G e’

such that the boundaries of an open string become straight vertical lines

N N

Lt n=¢, VR el 270, SQER

on the plane &,7 € R? exists.

10



First strengthen the left boundary by conformal transformation .f F(af) =G(n)
The equation =0 = F(f) - G(nL (rf)), V§ € R uniquely defines G(?])

After strengthening the left boundary we are left with conformal transformations
E=F(&), 1=F@)
G=r = F(ix(§))=F()-27. VEcR (**)
T A, K 77R(§) e R - bijective map

{f k € Z} - cyclic group
[77R (0), O] - fundamental domain

~—

T P (@)= FE) % 40

dé dg
Arbitrary function F'(£) on fundamental domain [ﬁR (O),O] F eC'(R)

11




Open string (boundary conditions)

Parameterization of the metric: /1, = pzkaﬂ, detk,; :=—1
kaﬂ - unimodular metric (tensor density of degree 1).

The induced and unimodular metrics are conformally flat simultaneously.

0
. n .
The boundary conditon »n°X?+r'X'?1=0 = X' = ——IXA
n

deth,,; = —p =X, X)) -XX*>0
Construct vector fields 7 and s for the unimodular metric kaﬂ.

1
D(h)XA — ?D(k)XA =0 - equations of motion are the same on U

0aXOm X _ 9aXBi X _

O -
2 2
Om X Oy X - - do not depend on p.
h*0 51 £0,y
= o7 0,, §= P O~

If needed, one can compute pusing equation AL pzkaﬂt“tﬂ. 12



Closed string

In 7,6 coordinates

alXA

06!

o Xy

06!

eV AT e =0 2R

O=7

In the original coordinate system ViXA‘ v = VéXA \
O=—T O=7



The Euclidean signature

t=t“0, and s=5%0, are two nonzero vector fields on U, related by ¢* = g“ﬁsﬂ

with properties: 1) (¢,s)=0, t*—s°=0, t*>0, VxeU
where (1,5):=1"s"h,5, 1> =(t,1), s :=(s,s)

2) commutativity [¢,s]=0
ox* Ox
Two families of integral curves x“(7,6) : — =Y, —=s
oT 0c
os® ot”
— —— :tﬁﬁﬁsa —Sﬂﬁﬂt“ =[t,s]”
0T OO0
There exists the coordinate transformation (r,o)+— (7,6) on U
~ ox” ax 2
af =1
07 0fF
. ~ ox% oxP
In new coordinates hyy =h,s——==(¢,5)=0 - the conformal gauge
0T 00
~ ox” 8x 2 2
h, = ——=s5"=t
=4 Ge 06 00
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Lemma 3. Vector fields ¢ and s on U related by equalities (1) commute
if and only if Glehs
e azzzzh“ﬂﬁa;((?ﬁ;(>0 (2)

where Y is a nontrivial solution of the Laplace-Beltrami equation

For any nontrivial solution of Eq.(2) vector fields ¢ and s commute.

. . . ) 2
X -is a harmonic function on a whole plain R~

Example
Consider hyzdxdx’ =e*?(dr® +do’)=edzdz, ¢ =p(x)
where z .= x + iy is the complex coordinate.
Then A ¥ =0,0:)y =0 = x=w(z)+W(Z) - real valued solution
Oy’ =e o, wo.w>0

New metric /,zdi“d%” = e*%0,,z0,7 dwdw

z — w(z) - conformal transformation P



Theorem 3. Let an arbitrary metric h of Euclidean signature be given on the whole
plane R” Let it be nondegenerate at |nf|n|ty (3)- Then there exists a surjective

diffeomorphism R2 5 (x ) ( (x)) cR2 (4)
such that metric haﬂ in new coordinate system has conformally flat form

~ ox” ox? 24

hO[,B = h7/5 8)’2.’05 a)’z =e 50[ﬂ’

where ¢@(X) is some function on R* separated from oo at infinity 72 + &2 —> 0.

16



Conclusion

1) Let a sufficiently smooth Lorentzian metric h,5(x) be given on
the whole plane R

Then there exists the coordinate system where this metric is
conformally flat

ds® = h,z(x)dxdx’ =’ (d7* -dé?),  (7,6)eR”.

2) The conformal gauge for open and closed string does exist on
the whole string worldsheet which is represented by a strip
with straight boundaries.

3) Let a sufficiently smooth Euclidean metric h,5(x) be given on
the whole plane R?

Then there exists the coordinate system where this metric is
conformally flat

ds® = hg(x)dx*dx’ =¥’V (d7? +d6?),  (F,6)eR”

17
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