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The Hamilton-Jacobi equation

The Hamilton-Jacobi equation for a test particle of mass m in a
gravitational field with the metric tensor g,g(2”) has the form:

oS 0S
ap Y~ Ye — 2.2
oo 0gB
a,B,7v...=0,...,(n—1),

where the capital letter S denotes the test particle action function, n is the
space dimension.
We will set the speed of light ¢ to be equal to unity.

(1)
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The Shapovalov wave spacetimes 1

The Shapovalov wave spacetimes considered in this report admit the
existence of "privileged” coordinate systems, where the complete integral of
the Hamilton-Jacobi equation for test particle can be written in the
"separated” form:

S = gbO(an )‘k) + qbl(ajl? )\k) + d)Q(:L‘Qa )‘k:) + ¢2($2a )\k) + ¢3($37 >‘/€)7 (2)

where \j are independent constant parameters.
Moreover, one of the separated variables is null (wave) variable, i.e. the
space-time interval along this variable is zero.
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The Shapovalov wave spacetimes 2

Thus, in the Shapovalov space-times, one can obtain the complete integral
S of the Hamilton-Jacobi equation for test particles.

Since the test particles move in the gravitational field along geodesic lines,
then we get a complete integral for the geodesics.

There are three classes of Shapovalov space-times according to the number
of commuting Killing vectors they admit, or, which is the same, according
to the number of variables on which the metric in the privileged coordinate
system depends. For example, Shapovalov type Ill spacetimes admit 3
commuting Killing vectors in "complete set".
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The particle trajectory equations

The test particle coordinates @ are functions of proper time 7 on the base
geodesic line along which the test particle moves, and is given in the
Hamilton-Jacobi formalism by the particle trajectory equations in the form:

85(900‘, Ak>

8A] = 0y, T:S(J; 7)‘]6)

(3)

m:l’
a’/37’7:0717273; i7j7k:172?3;

where )\, o) are independent constant parameters determined by the
initial (or boundary) data for the motion of a test particle along the base
geodesic line, the variable 7 is the proper time of the particle.
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The equations of geodesic deviation

On the other hand, the presence of a complete integral for the equations of
geodesics makes it possible to integrate the equations of geodesic
deviation: .
n

dr?
where 7 is the proper time along the base geodesic line, R%g+s is the
Riemann curvature tensor, u® = dz®/dr is the four-velocity vector along
the base geodesic, and n*(7) is the deviation vector of infinitely close
geodesics.

= R%g su’un’. (4)
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Exact solution of the geodesic deviation equation for the model

We can construct the general solution of the geodesic deviation equation
through the complete integral of the Hamilton-Jacobi equation.

The deviation vector n® can be found as a solution of a linear algebraic
system of equations on the trajectory of the "base” test particle

o Oue (2P, \)) %S (2P, \))

o Pk AN, =1, (5)

ua (2’ M) 1 =0, (6)
i,5,k=1...3; a,B,v=0...3,

where \;, p;, ¥; are independent constant parameters.
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Shapovalov type Ill wave space-time metric

Shapovalov type Il wave space-time metric in a privileged coordinate
system depends on one wave variable and can be reduced to the following
form:

ds? = 24" + gay(2) (da? + g () da ) (s + g0 i), (7)

where indices a, b run through the values 2, 3. Thus, in the general case,
the metric includes 5 arbitrary functions of the wave variable .
Einstein's equations with cosmological constant A in vacuum

Roc,B = Agaﬁ (8)
for the metric (7) lead to the following necessary conditions:
A=g*=0. 9)

The space-time metric for a gravitational wave (7) has type N according to
Petrov’s classification.
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The Shapovalov type Il wave model

The Shapovalov type Ill wave model metric for vacuum Einstein's
equations in a privileged coordinate system can be represented as:

0 1 0 0
ii 1 0 0 0
g’ = 0 0 922(x0) gZS(xO) > 922933 - (923)2 > 0, (10)

00 gBE) )
where ¥ is the wave (null) variable and:
/ / / / / 2 /
» 6(g2%)2 <g22 g 4 g3 2) _ 129222323 33 | 34222 (332
g =
2922 (g2g33 — (¢B3)2)
" !/ / / /
g2 (g%)2 + 3g22¢%'2 4 g2 (2923 '922 _ 6g22' g23 )
92 (923 — (423)2)
9332 (3922/2 _ 2922'/922> _ 4923'/9233
2922 (g22¢33 — (¢23)2) : (11)

+ g33

+
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Symmetries of the Shapovalov type Il wave model

The space with the metric (10) admits a covariantly constant vector K
and, therefore, is a plane-wave space:

VKo =0 — K,=(Ko,0,0,0), (12)
where K is a constant.

The Shapovalov space with a metric (10) admits the Abelian group with
Killing vectors X (), X(1y, and X (2, which can be chosen in the privileged
coordinate system in the form

X =(0,1,0,0),  X{)=(0,0,1,0),  X{ =(0,0,0,1), (13)

The Killing vector X ) is a null vector, because gagX(O{))X(%) =0.
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The complete integral of the Hamilton-Jacobi equation

We will look for the complete integral of the Hamilton-Jacobi equation in a
separated form:

Sz \) = )+ Z Apzh, (14)

where the independent constant parameters A\ are determined by the
initial (or boundary) conditions for the motion of a test particle.
Then the Hamilton-Jacobi equation gives for the function ¢o(2°) (A1 # 0):

do(a0) = _)\22122 + 229 A3123 + A3 I35 — 20

15
> ; (15)

Iy = /gQZ(JEO)dmO, Ipg = /923($0)d$0, Iz = /933($0)d$0-
(16)
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The trajectories of a test particle

We present the result of solving the trajectory equations (3) in the form of
a test particle trajectory in a privileged coordinate system:

29(1) = M7, (17)
o299 + 2Xa 3103 + A32 1.
x1(7_):L_ 2722 + 272 3223-1— 37133 ’ (18)
2\ 2\ z0=X\17
Ao I A3l
xg(T) _ A2 22 + Azlas ’ (19)
A 0=\ 7
Ao 1. A3l
1,3(7_) _ A2 23 + A3l33 ’ (20)
M 0=\ 7

where 7 is the proper time of the test particle.
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The 4-velocity of the test particle in the privileged coordinate system

For the solutions obtained, we find the 4-velocity of the test particle in the
privileged coordinate system u®(7) = Dz®/dr:

0 — )\13 :1:0 = >\1T7

L )\22 22 +2)\2)\3923 4 A32 33 -1
u )
21

20=X\17

2 _ )\2922 +)\3g23
3 _ )\2923 + )\3933’

Konstantin Osetrin Geodesic Deviation and Tidal Acceleration Dubna, August 08, 2022



The exact solution for the geodesic deviation vector (Part 1)

We present the exact solution for the geodesic deviation vector (1) in
the privileged coordinate system (7 is the proper time of the particle):

770(7') = P17 — )\19, xo = )\17', (21)
1 (plT — )\19) ()\22922 + 2)\2)\3923 + /\32933 + 1)
n(r)=— 3
21
_ 2Dp3(MoR3 + A3Ra) + 200 Rolop + 2\3R3l33 Loy, (22)
2)\13 >\1
A (o1 — M) (A2g?? + A39%) + Raolos + R3log
() = ( it : ) +,  (23)
A
)\1 P1T — )\19 )\2923 + )\3933 + R2I23 + Rg[g3
(1) = ( ) e ) +73, (24)
1
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The exact solution for the geodesic deviation vector (Part 2)

Where, for brevity, the auxiliary notation Ry, R3 and € is introduced:
Ry = Aap1 — Aipe, R3 = A3p1 — Aips, (25)

Q = M1 + A9t + A3d3, (26)

Here the constants Ak, pr and ¥ are given by the initial (or boundary)
conditions for the velocities and mutual positions of particles on
neighboring geodesics.
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The synchronous frame

The transformation from the privileged coordinate system x® to the
synchronous frame £ has the form z® — % = (7, A1, A2, A3):

20 = il (27)
52 2[ 2~2~3I 3 2[ _ Al
xlz_(l‘) 20 + 22°x %31,—;—(112) 33— 2T ’ (28)
2($ ) 20=7311
o @I + 313
€ 20=317

g g+ 353
jl

x0=z11
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The gravitational wave metric in the synchronous frame (Part 1)

We can write down the form of the gravitational wave metric in the
synchronous frame of reference:

ds? = dr* — dI? = dr? + gy (7, #%) d#'d7?, i,k =1,2,3; (31)

where 7 is the time variable (the observer's proper time on the base
geodesic), dl is the spatial distance element, ¥ are the spatial coordinates.

The components of the gravitational wave metric in the synchronous frame
take the following form:

=1 §"=o, (32)
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The gravitational wave metric in the synchronous frame (Part 2)

g (r,i%) = - ~T122 - b (@ 29 + (T — 25797))
(@) @h)* ((¢* )—99)
+2123( Pz (F39% — 72g%2) + 21—22( 292 _ 73g3%))
(P~ 2%)
( )2I222 33 _2‘%2@3[22133923_’_( )21332 22
(501)4 ((g25)2 — g22459)
Gua(7 ) = 7 (Ing2g%* — 2050 Ir39% + I22°g™3)
’ (@) ((9%°)% — 9°2¢%)
i3 (Insl339*? — InaIs3g® + Inalasg™ — Ins®g*®)
(T1)® ((923)2 — 22433 ;
72 (I331339%% — InaI33g® + Inala3g™ — Io3%g*)
(T3 ((gB)2 — g22¢33)
73 (I3329%% — 219313397 + I»3%g>?)
(71)3 ((9%%)* — g*2¢°%) ’

: (33)

(34)

Gi3(7, %) =

+

(35)
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The gravitational wave metric in the synchronous frame (Part 3)

3?9 = 2I51539™ + Inp*g*

Goo (7, %) = G2 (0P) — g2g®) (36)

o3 (1,7%) = Ioal339% "‘~1232923 — Iz (I339%2 + In0g™) e
(12 ((923)2 — g22¢33)

a3 (r,7%) = _13329f2 — 2I31339% + [232933’ )
(@1)2 ((923)% — g22¢33)

where 2 — #lr7.
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The deviation vector in the synchronous frame (Part 1)

The deviation vector n®(7) in the synchronous frame:

i’ =0, (39)
- A0
771(7)2/)1—177 (40)
Q I I
(7)) = ps — A2 AU2133 i >2\1193 5 (41)
T Ipol33 — Io3”  Io3” — Ioal33
B (r) = ps — A3 AU2123 n AU3122 (42)

T I3? — Inol3s  Inolzs — Inz?’

Here the constants Ak, pr and ¥ are given by the initial (or boundary)
conditions for the velocities and mutual positions of particles on
neighboring geodesics.
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The tidal accelerations in the synchronous frame

The tidal accelerations in the synchronous frame

_ DZﬁa
A% = —— 4
o (43)
where . .
A’=o0, A=, (44)
A?2#£0,  A3#0. (45)

Then, in the synchronous reference frame used, the components of the
gravitational wave tidal acceleration are not equal to zero only in the plane

of variables 72, 3.

The gravitational wave propagates along the space variable 7.
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On retarded potentials generated by a charge in a gravitational wave

The Lienard-Wiechert potentials A for the Minkowski spacetime can be

written as:
(6%

A%(r,F) = e ﬁ,
where ¢ is the charge of the particle, u® is the 4-velocity of the charge at
time 7/, R® = {c(r — '), — 7'} is the difference of the observer’s
4-vector at time 7 and the 4-vector of the charge at the time 7/, ¢ is the
speed of light, 7 is the spatial radius vector of the charge, and the time 7/
and the components of the radius vector charges 7/ are related to 7 and 7
by the following relation:

(46)

RoR* = 0. (47)
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On retarded potentials generated by a charge in a gravitational wave

In the weak field approximation we can apply the Lienard-Wiechert
potential formula for an approximate, qualitative study of the problem, but
taking into account the specifics of the exact solution we obtained for the
deviation vector n®. The charge vector z*(7) and the vector R® in the
synchronous reference frame, one can take the expressions

#(r) = {er, qi(r)+ X},  R*={c(r—7),—i(r")}, (48)

ﬁ: {ﬁ17ﬁ27ﬁ3}7 5":{)‘17A27)‘3}' (49)

In the expression for the Lienard-Wiechert potentials A%(7) the values on
the right are taken at the moment time 7/, which is related to the time 7 in
the synchronous reference frame by the relation

0, (50)

A(r— 1)+ g iy

zo={er/, X} N

where k,1 = 1,2,3 and the gravitational wave metric §*° in the
synchronous frame (32)-(38).
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Conclusion

@ An exact solution for the trajectories of test particles in a
gravitational wave is obtained for Shapovalov type Il gravitational
wave models in a privileged coordinate system;

@ An exact solution of the geodesic deviation equations in a
gravitational wave is obtained for Shapovalov type Il models in a
privileged coordinate system and in synchronous frame;

@ An explicit form for the wave metric in a synchronous frame is
obtained,;

@ An explicit form of the tidal acceleration in a gravitational wave is
obtained for a privileged coordinate system and for a synchronous
frame.
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