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© INTRODUCTION
@ The AdS/CFT correspondence
@ Holography at finite temperature
@ Holographic Wilson loops



THE ADS/CFT CONJECTURE

THE STRONGEST VERSION OF THE CONJECTURE

4d N = 4 SYM with SU(N) is dynamically equivalent to type IIB superstring
theory(contains strings and D-branes) on AdSs x S® with a string length £, = v/a'
and coupling constant g, with the radius L and N units of F(s5) flux on S5.

L4
g%,M:27rgs, Qg%MN:ﬁ, )\:g%MN.

Forms of the AdS5/CFT, correspondence

N =4SYM IIB theory on AdS5 x S°
Strongest form | any N and )\ Quantum string theory, gs # 0, o' /L% # 0
Strong form N — 00, fixed but arbitrary | Classical string theory, gs — 0,0’ /L? # 0
Weak form N — 00, large Classical supergravity, gs — 0,0’ /L? — 0




HOLOGRAPHY AT FINITE TEMPERATURE

@ Pure AdSs & T =0 4d N =4 SYM at strong coupling with SU(N)
(Maldacena’97)
> the isometry group SO(2,4) of AdSs is a symmetry group of the dual CFT

> field theory "lives” on the boundary of the gravity background
» flat boundary < CFT on R*; spherical boundary < CFT on cylinder R x S*

Example: global AdSs

d 2
ds? = —(1 + y20?)dT? + y(dO? + sin? Odd? + cos? OAT?) + ﬁ
Boundary: y — 00, R x S?: ds? = —2dT? + dO? + sin? Od®? + cos? Od¥2.
@ AdSs BH < thermal ensemble of N' =4 SYM SU(N) at strong coupling
(Witten'98)
T of CFT is identified with the Hawking temperature Ty of black hole
Sundborg’00: free N =4 SYM on R x S at T # 0 has a phase transition at the

Hagedorn temperature
Harmark et al.’18'20 the Hagedorn temperature at any value of the 't Hooft coupling



HoLoGRAPHIC WILSON LOOPS

o d=4 N =4 SYM with SU(N)

1 . )
wW(C) = NTr’P exp <7{ dsA, " + |x'z|‘1)i02>

@ The AdS/CFT duality (Maldacena'98): NG action of an open string in AdSs
(W(©)) = e Sromns:

1
Snag = m/dadn/—det(gag),

where (hqg) is the induced metric on the string worldsheet

9op = GunOa XMy XN,

Nambu-Goto action

Gy n— spacetime metric, XM — embedding coordinates, a, 3 — WS indices.
Zarembo et al.’98; Gross et.al.'98: (W) |x_y00 ~ €Y*

Sonnerschein et al.’98; Theisen’98: finite T' holographic WL for "planar” AdS
BH



OUTLINE

© HOLOGRAPHIC CALCULATIONS
@ Temporal Wilson Loops in Schwarzschild-AdS5 black hole
@ Temporal Wilson loop in Kerr-AdSs black hole
o Light-like Wilson loop in Schwarzschild-AdSs



HOLOGRAPHIC MODEL

1
2K 9,2

S = /d%\ﬁ(RS —2A).

Solutions to Einstein equations with S3-symmetry:
o Anti-de Sitter-Schwarzschild black hole (A1)

dr? 1 2M

ds* = dt* + + r2dQ3 =02+ - =
f( ) f( ) 3 f 2 rd
o Kerr-Anti-de Sitter black hole (M, .J)
d 2
ds? ~ —(1+4y2)dT?+ % y2(dO? + sin? ©d®d? + cos? OdT?)
1+ - AZy2
2M o  2Ma?sin*© _,  2Mb%costO
+ Aig? dT* + Ady? dd“ + Aiy? dv~ —
_ 4Masin? (9de(I> _ 4Mb cos? ede‘l/ n 4Mabsin? © cos? qu)d‘L
A3y2 A3y2 ABy2

The conformal boundary of 5d AdS BH is 4d R x S* at r — 0o (y — 00):
ds® = —dT? + d©* + sin® Od®* + cos” OV’



THE DEPENDENCE
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FIGURE: A logarithmic dependence of free energy on T on various values of a and b.



WILSON LOOP IN SCHWARZSCHILD-AdSs BLACK HOLE

Schwarzschild-AdS5 black hole:

2
g = S0 T

=-"5 o) dr? + r? (d92 + sin? d¢p? + cos? 9d1/12) ,

with

OVBITEM +1 -1 o2t
= H_

2 -2 4
=r +/ —2M =
f('r) r r B Th \/i 5 27T’I"hé2

Nambu-Goto action of an open string

1
SNG = o /dO’dT\/M& Jap = GMNaaXMaNXNa

Parametrizing the static string coordinates by :

r=t, o=0¢, ¢c0,2nls], r=1(s).
Non-zero components of the induced metric are

e _ [0 e 2 2 wn2 ” r_
9rr = Gy = 7"2 ) Goo = ¢¢+7" Gm«—T Sin 9+ s T _dT‘/d¢

The boundary conditions for endpoints r (QS = —LT(”) =r ( = Ld’) = 0.
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FIGURE: The string endpoints at ¢ = —% and ¢ = % and static straight strings(dashed lines)
Ly
2
T 102 2
Sng = dep /[ f(r)sin® 6 + r'2.
2o’
Lo

The integral of motion
o sin2 0+/ f(r)

102 2
sin“ 6 + o)

The string has a turning point: ’|4 =0,

sin? 04/ f(r) . ¢ ¢
——Y - — —sinf\/f(r =—= whereC = ——1,—,. .
sin2 6+ ;‘(/f) f( )|¢m C sin()\/f(r-)| m
Tm = 7(Pm).



Coming to the integration in terms of r we obtain

Csinf\/f

sin” 0 flr

Sng =

The distance between quarks L:

oo

Tm

ﬁ: .g /dr ! .
20 sl ) R Jcsin0p(r) - 2

The renormalization is a subtraction of the action of two free quarks which
corresponds to the straight lines configuration from the horizon r;, up to r = oo:

(oo}

ren T /d Csinf./f(r) .
o/ "

SNG = SNG - SO =
VO sin? 0f(r) — 2

*Tm+7"h
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One can try to estimate the relation between S77f and Ly. Denote
rTen T
SNG = @Il(rmr (7)’ LqS - 212(7‘7”1 0)

We find that derivatives of these quantities with respect to C' are related

aIQ(T'maC) _ gajl(rmac)
oC S/ oc

re T ¢ (L
SNé = 7TO/6 (; +13(7“m,0)> ,

It leads to

T (yJorsin?os(r) - e o
IS(Tm’C):/dT NG

We get the following relation for the quark-antiquark potential

- o (3 Bew0).

997 ro/C\ 2

(rm —7Th)

Tm




WILSON LOOP IN KERR-AdS5 BLACK HOLE

KERR-AdS5 BLACK HOLE

d 2
(14 y2)dT? + % + y%(dO? + sin? ©@d®? + cos® OdT?)

1+4? — x5z

ds?

1

2M o, 2Ma®sin*®© _, 2Mb%costO _,

A3g? dT* + 7A3y2 dd“ + 7A3y2 dv= —

4Masin® © 4Mbcos? © n 4Mabsin? © cos? © AV,
A3y2 A3y2 A3y2

where A = 1 — a202sin? © — b202 cos? O©.

STRING WORLDSHEET PARAMETRIZATION

T=T, o=9, y =y(P), ® € [0,21Lg).

The boundary conditions y (—LT‘I’) =y (L—;) =0.



WILSON LOOP IN KERR-AdS5 BLACK HOLE

The Nambu-Goto action is

~
il

\N‘

v = Far(y)

2o

dd \/y/Qng(y) + 42 Fps(y) sin? O,

&~
N

where we redefine
2M

_ 2M _
faz(y) =14 520 Q_ATyQ’ fas(y) =14 420 2_A3y2

2Ma?sin? © _
Fas(y) = fas(y) + AT (1+4%077%).

The integral of motion
y>Fas(y)sin® ©

\/y 2 ;Az(z) + 92 Fps(y)sin? ©

H=



The turning point is defined by 3/ = 0, so

ysin ©+/Fas(y ‘ = Ym = Y(Pm)

Y=Ym

The equation of motion is

y'? = y*Fas(y) [0262 sin? @yQFAs( ) — 1]

The renormalized NG action

/ \/ﬂ CtsinoyFal) | 77‘@ Jaow) |
faz(y) \/0242 sin? @y2Fas(y) — 1 faz(y)

The distance between quarks Lg:

o0

Le _ [, 1 fax(y)
5 — | W faz(y)
o sin@yM\/Cz@SiHQGyzFAS(y)_1 azly
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The relation between the string action and the quark-antiquark distance

T Lg
SNG: J— (y’mvc)7 7 :IQ(yWHC)
We have the following relation :
ocC ' oC '
L e
7(? = (ym» C),

where

/ W \/6202sin2®y2FA3<y)*1 o 7 \/U
3(Ym,C faz(y) ysin@m )

We find for the quark-antiquark potential

C
Vag = ( + I3 (Ym, C)) .

o/ 2



L1GHT-LIKE WILSON LOOP IN SCHWARZSCHILD-AdS5

"Light-cone” coordinates
det = 2(dt — Ldp), dx~ = £*(dt + Ldp).
The string parametrization
T=z2", o=1, z'=a"(c), 0(c)=const, xt(c)= const.

The Nambu-Goto action is

L/2
L~ fr) oo ”? _
S = ) / drp 222\/<7"; ./ 2r251n29> (c0829+ ;(r))’ r'=0r/oy

—L/2

The first integral is given by

cos? 0\/f(r) —r4(—2sin?@

202, /cos? 0 + fr(/j)

The equation for r(o)

n_ f(r)cos? 6

10270 [cos? O(f(r)¢* — rtsin® @) — 4C?(5), C = const



THE REGULARIZIED STRING ACTION

gres — / V()2 = risin?6 ( cos 0/ f(r)¢2 — r4sin? 0 B 1) .
o

72
203/ f(r) \/cos2 (f(r)f2 — r4sin? §) — 4C2(5

Expanding for small C' (in the low energy limit)

oo

g _LTiPCP / dr
7w cos2f7 N )2 2
AV f(r)y/ri2sin® 0 — f(r)

and r,, is defined as a positive real solution to the equation

r2 4+ 1472 cos? 9§ — 2M = 0.

To find the relation between L and C' we remember that r(+L/2) =

£ B /@ 7 2063/ dr
2 " cosf m\/cosz B(rsin? 0 — f(r)e2) — AC2(5

TH TH



For small C we have

L €2C
2 00529
Then we come to
reg L7 L2 cos? 6
- w1602 dr '
frm \/Tr)\/f(r)—r‘ll_2 sin2 6

rm > g and rg coincides with rg only for # = 0, and in this case we need to
shift the turning point to regularize the divergence near ry, i.e. Tp,lg =1y + €.

WILSON LOOP AND JET-QUENCHING PARAMETER (RAJAGOPAL’06)
1
WA(C)) ~ ex [——AL*L2 .
(WA(©)) ~ exp|— Nex
The jet-quenching parameter is
220N

qA = 2 o0 dT ’
Vameos f, VIO F(r)=rie=25in2 0

. 71.2\AT3 3/21-\(%) 5
L S VY VAT
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Thank you for attention!
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