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Introduction

@ to study the gauge-invariant N' = (1,0) supersymmetric sigma-model in six
dimensions

@ to develop the manifest gauge invariant formulation of quantum corrections
in the model

@ to calculate the one-loop divergent contribution to the effective action

@ to obtain the leading low-energy contributions to the effective action

The talk is based on:
A.S. Budekhina, BM, Phys.Rev.D 104 (2021).
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General motivation

The modern interest to 6D field theories is stipulated by the following reasons:

» The problem of describing the quantum structure of six-dimensional
supersymmetric gauge theories dimensionally reduced from superstrings and the
connection of effective action for the D5-branes at low energies with maximally
supersymmetric Yang-Mills theory in six dimensions. [N.Seiberg (1996), E. Witten
(1996); N. Seiberg, (1997)].

» Lagrangian description of the interacting multiple M 5-branes is related to 6D,
N = (2,0) supersymmetric gauge theory. The theory includes self-dual
non-Abelian antisymmetric tensor and it is not constructed still (see e.g. reviews
[J. Bagger, N. Lambert, S. Mikhu, C. Papageorgakis (2013), G. Moore (2012)]).

> Revised critical O(N) behavior in six dimensions [L. Fei, S. Giombi, I. Klebanov
(2014), S. Giombi, . Klebanov, S. Pufu, G. Tarnopolsky (2020)] and UV completion of
the CP(N) sigma-model [J.Gracey (2020), H. Khachatryan (2019)].
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Our motivations and interests

» The six-dimensional gauge-invariant A" = (1, 0) supersymmetric sigma-model
possess by hyper-Kahler manifold as a target space and was steadied in terms of
physical components in [G. Sierra, P.K. Townsend, (1983)].

» The off-shell formulation of the model is possible using the harmonic superspace
[A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, E. Sokatchev, (1984)]. Classification
hyper-Kahler metrics in such approach is provided in accordance with the analytic
superfield self-interactions potential in general d = 4, V' = 2 hypermultiplet theory
with self-interaction [A. Galperin, E. Ivanov, V. Ogievetsky, E. Sokatchev, (1985)].

» The study d = 1 hyper-Kahler sigma-models with extended supersymmetry with
hypermultiplet (see, e.g.,[S. Fedoruk, E. lvanov, A. Smilga, (2014),(2018)] and also for a
review [A. Smilga, Differential Geometry Through Supersymmetric Glasses,World Scientific
(2020)]) and tensor multiplet (see, e.g, [ S. Krivonos, A. Shcherbakov (2008)] and [G.
Moore, (2012)] for a review).

Our aim is to develop gauge invariant technique to study quantum corrections to
the effective action in the theory.
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6D supersymmetry

P.S. Howe, G. Sierra, P.K. Townsend, (1983).

6D Minkowski space
o Coordinates ™, M =0,1,2,3,4,5
e Metric nyy = diag(l,—1,—1,—-1,—1,—1)
@ Proper Lorentz group SO(1,5)
Two types of 6D Spinors
o Left (1,0) spinors ¢,, a =1,2,3,4
e Right (0,1) spinors ¢, a =1,2,3,4
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6D supersymmetry

Dirac matrices
@ 8 x 8 Dirac matrices I'yy,
F'mIn +Tnlar = 20w

@ Representation of the Dirac matrices

_ 0 M

@ Antisymmetric 4 x 4 Weyl-type matrices yas and s,

YMAN +INYM = —2NMN

=~ a 1 aobc
()™ = 7€ " (yar) e

@ Spinor representation of the vectors, V,;, = %('VM)
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6D supersymmetry

6D superalgebra

@ Two types of independent supercharges
Qs 1=1,..,2m;J=1,...2n

o N = (m,n) supersymmetry

@ Anticommutational relations for supercharges
I HK IK
{Qa) Qb } = QQ Pab

{Q5. QLY =20, P
Matrix Qrx belongs to USp(2n) group (R-symmetry group), Q;x Q%7 = §/
e N = (1,0) superspace, I =i, coordinates z = (z™,6%),i =1,2

@ Basic spinor derivatives

Dia

"= g7 i0%8u, {D%, D]} = 2070,
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Harmonic superspace

4D
A.Galperin, E. lvanov, S. Kalitsyn, V. Ogievetsky, E. Sokatchev, (1984).
A.Galperin, E. lvanov, V. Ogievetsky, E. Sokatchev, Harmonic Superspace, (2001).

General purpose:

to formulate A/ = 2 models in terms of unconstrained N' = 2 superfields.
General idea:

to use the parameters u*?(i = 1,2) (harmonics) related to SU(2) automorphism
group of the A/ = 2 superalgebra and parameterizing the 2-sphere, u™tu; = 1.

6D
P.S. Howe, K.S. Stelle, P.C. West, (1985).
B.M. Zupnik, (1986); (1999).

G. Bossard, E. lvanov, A. Smilga, (2015).

Note! Pure spinor approach to describe 6D SYM theories, [M. Cederwall, (2018)].
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6D, N = (1,0) harmonic superspace

N =

(1,0) harmonic superspace
e USp(2) ~ SU(2),I =i The same harmonics u™* as in 4D, N = 2
supersymmetry

@ Harmonic 6D, (1,0) superspace with coordinates Z = (™, 0% u*?)
@ Analytic basis Z ;) = (x(an),ﬂi“, Zi)
Tty = 2+ 5070 (M0, 0 = w0

The coordinates ( = (xé\;’n), 0+, uF) form a subspace closed under (1,0)
supersymmetry
@ The harmonic derivatives

.9 0
++ i :n+an+b +a
DTt =u Fut +i070 O + 0 50—’
;0 ;0 0 0
DO =T -y —— g1 -6
e " g T e U goe
@ Spinor derivatives in the analytic basis
Df = 9 p-__ 9 20,07, {DJF, Dy} = 2i0u

90—’ T T ggta
@ Analytic superfields ¢ do not depend on =%, DX¢ =0
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Harmonic superfields

Hypermultiplet and Vector multiplet in 6D
@ On-shell hypermultiplet:

g" = fT+ 6Ty, + ldots,
@ On-shell vector multiplet:

VI =0T Ay +2(07) A" + ..

Boris Merzlikin (Tomsk) 6D hypermultiplet model Dubna, 2022 10 / 21



The model

The action for the model is

1 duidu
Solgt, V] = @/dm ﬁv++(zaul)v++(zvu2)

—/dC(*‘l 6+D++q++iq~+v++q++L(+4)), (1)

where the coupling constant f has the dimension of the inverse mass. The gauge
transformations

SVTT =—DttA, S¢t =iAgT, &Gt = —iAGT, (2)

with a real analytic gauge parameter A = A((, u).
Gauge invariance restrict the structure of the potential

LY = L (G g™).
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Background field method

Aim: construction of gauge invariant effective action, (see, e.g., [B.DeWitt (1965)]).
Realization:

@ The superfields V*+, ¢ are splitting into the sum of the background
VT, Q" and the quantum v g™ superfields

VI S v 4 fot gt = Qt + fq*
@ The action is expending in a power series in quantum fields.
@ The gauge-fixing function are imposed only on quantum superfiled
;T(+4) = DHrutt = emib(VHTy el = e~ FEDib
o Faddev-Popov procedure is used. The effective action is constructed

analogous to one in 4D, N' = 2 SYM theory [I.L.Buchbinder, E.I. Buchbinder,
S.M. Kuzenko, B.A. Ovrut, (1998)].
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Background field method

The gauge fixing action for the 'quantum’ field v+

duyd
St = —f/d14 i duz U/Q vt (2, up ot (2, ug) /d14zduv (D)2t .
U1 “2
Introducing the covariant harmonic derivative
D++ — D++ —|—iV++ +i\I/++ (4)
and use the notations
g OLUN@QNQY) o PLUY@QTQY) (5)
oQTQY) 2(Q+QT)?

We obtain the quadratic part of the action into the matrix form
1 T +
&@ﬂWﬂ—2/«<Wq+d+ﬂb”¢+9“)(}), (6)

where Q17 is defined as follows

Yo+ +)2
o =v( Gl Gor ) )
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Background field method

We remove such terms by the change of the quantum hypermultiplet variables in
the path integral (see, e.g., [I.L. Buchbinder, E.A. lvanov, B.S. Merzlikin, K.V.
Stepanyantz, (2017)])

?+> <?+>— d(_4)G(1’1)12(iQ~+> + 8
<q+ — gt f/Cz (1[2) —iO+ 2”2 (8)

The Green function G(1|2) satisfies the equation
(D++ 14 Q++)G<1’1)(1|2) =56 (1)2) 1. (9)
A formal solution of the equation (9) has a form
GHY =gth .1 _ghottgh) 4 (10)
where the Green function G(1'1) satisfies the equation

grrgt(12) = sB1(1)2). (11)
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Background field method

One-loop quantum correction to the classical action (1)
I = 1Ty 5, In (D++ 1+ Q++> + 1Tr (39 In (82 —4f2Q+g0VQF 4. ) :
reduced to

T = iTr (51, NG + iTr (50 In (32 —4f2QTGLAVQT + .. ) . (12)
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Background field method

For convenience, we introduce a notation

VIt =yt gt (13)
Then we consider the non-analytic gauge connection V™~ by the rule
D=Vt = iy (14)
which can be solved exactly in the abelian case
V- (ug)
V™ = [ duy—, 15
ot =

and introduce the gauge field strength W+
wte = —teabedprpEpty=— W o .=v Wt (16)
and the analytic superfield F*+ = DWW with the properties
Dt FTT =0, Dttwte—g, Dttwe—o, (17)
where W™ = D==W™4, Also we separate the contributions

WHe=Wwie +Whe, Frt=Fit+ 75T (18)
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Background field method

The divergent contributions from quantum hypermultiplet

_1
6(4m)3e

/d14zduV"82V++: ! /dc("‘)(Jf**)2 (19)

r iv —
ad 6(4m)3e

taking into account the connection of the variation JV*+ with V=~
V- =D )2Vt — DTN (D V), (20)
and the properties (17) for the superfield 71 we can rewrite (19) in the form
1
r = d (—4) ++ +-+\2 . 21
e = e | ACOF S (21)

The divergent contributions from quantum gauge multiplet reads

e 2’f / 4= Ot FHEQT (22)
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Background field method

Finally, we combine two contributions (19) and (22)

o_ 1
AV 6(4m

B / ATV (FET + FEO (R + FST+12i2Q7QT),  (23)

Let us discuss the final result (23). The classical equations of motion for the
background superfields have the form

Fit —2if2QtQt =0, DHtQt =0, (24)

where the covariant harmonic derivative D was introduced in (4).
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Background field method

As an example, we consider the case [A. Galperin, E. Ivanov, V. Ogievetsky, E.
Sokatchev, (1985)]

L(+4) _ %(Q+Q+)2,

B \I,++
v ——igret, v = [ oo

ui ug )?

=—iQ~ Q. (25)

The divergent contributions reads

dlv [Q+] 6(4711')35 /d14Zdu (Q_Q_a2(Q+Q+) + 16f2Q_Q_Q+Q+>

144

- [acv@rery, (26)
The leading low-energy finite contributions in case of constant background is

M@ = s [ =0, (27)
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Background field method

However, in four dimensions the one-loop effective action of the hypermultiplet
with gauge-invariant self-interacting term contains the divergent contribution of
the following form

1 1 __
LD e = 5 / A2z duymVE, (28)

and leading finite contribution

8D tead ~ / A2z duW? InW?. (29)
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Conclusion and outlook

@ We developed the manifest covariant superfield approach to study the
gauge-invariant A" = (1,0) hyper-Kahler sigma-model in six-dimensions

@ We calculate the divergent contribution to one-loop effective action and
simply demonstrate that leading low-energy contribution do not appear in the
model

@ The procedure can straightforwardly be applied to the hypermultiplet models
in divers dimensions

@ The procedure can be generalized to the arbitrary number of hypermultiplets
[I.L. Buchbinder, A.S. Budekhina, BM, Eur.Phys.J.C 82 (2022)]

@ The question of the dimension reduction of the model from six dimensions to
lower ones is open
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