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Introduction

In the context of modern field theory one often encounters a problem of constructing a
variational principle for a given system of partial differential equations (inverse problem of
variation calculus).

PDEs can be defined in an invariant way Lagrangian formulation depends on
by specifying the equation manifold M equipped explicit set of variables

with the involutive Cartan distribution D 1

The invariant approach to Lagrangian formulation is based on a distinguished realization
of a given PDE as a surface in the jet-bundle of the equation manifold itself and
geometric structure determined on it. A natural candidate for a role of this geometric
structure is the presymplectic structure. 2

1A. Vinogradov, 1977; M. Vasiliev, 1988
2J. Kijowski and W.M. Tulczyjew, 1979
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Jet-bundle

Total derivative on J∞(F × X ):

Da =
∂

∂xa
+ ϕia

∂

∂ϕi
+ ϕiab

∂

∂ϕia
+ ... (1)

The decomposition of the tangent space into the direct sum of the vertical and horizontal
subspaces induces an additional degree on the algebra

∧
(J∞) of local differential forms

on J∞ and hence induces the decomposition of the de Rham differential

d = dh + dv , d2
h = d2

v = 0 , dhdv + dvdh = 0 (2)

dh = dxaDa (3)
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Presymplectic potential

The first variational formula can be written in a following way 3:

dvL = dvϕ
iEi − dhχ̂ , (4)

where L is (n, 0) form, χ̂ is (n − 1, 1) form and Ei is Euler-Lagrange operator.

Ei =
∂L
∂ϕi

− Da
∂L
∂ϕia

+ DaDb
∂L
∂ϕiab

− ... (5)

It can be shown that

χ̂ = ((
∂L
∂ϕa

− Db
∂L
∂ϕab

)dvϕ+
∂L
∂ϕab

dvϕb)(dx)
n−1
a (6)

3I. M. Anderson, 1989
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Presymplectic structure

ω is (n − 1, 2) form:

ω̂ = dv χ̂ = d(χ̂+ L)− dvϕ
iEi (7)

Pulling this back on equation manifold M one can find

ω = d(χ+ l) (8)

l can be obtained from χ:

dhχ = −dv l (9)
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Intrinsic action

If σ : X → M is a section then one defined the following action functional 4:

SC [σ] =

∫
σ∗(χ+ l) (10)

In coordinates:

SC [ψ] =

∫
(dψA(x)χA(ψ(x), x , dx)−H(ψ(x), x , dx)) , (11)

χ = dvψ
AχA , H = dhψ

AχA − l (12)

Despite the fact that M is generically infinite-dimensional the intrinsic action depends
only on a finite number of coordinates because χ is local. It is natural to gauge fix those
fields on which the action does not depend.

4M. Grigoriev, 2016
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Example: metric gravity

Action for Einstein-Hilbert gravity:

S =

∫
dnx

√
−g(R(gµν)− 2Λ) (13)

χ̂ =
√
−g(Γρµν − 1

2
gρµΓ λν

λ − 1

2
gρνΓ λµ

λ +
1

2
gµνΓ λρ

λ − 1

2
gµνΓρλ λ)dvgµν(dx)

n
ρ . (14)

xµ, gµν , Γ
λ
µν , ... can be chosen as coordinates on M. The intrinsic action takes the

following form:

SC [gµν , Γ
λ
µν ] =

∫
dnx

√
−g(R(gµν , Γ

λ
µν)− 2Λ) (15)
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Example: massive spin 1 field

□Aν −m2Aν = 0 , ∂µA
µ = 0 . (16)

This system has 5 equations for 4 variables. Still, action exists:

S [Aν ] =

∫
dnx(−1

4
FµνFµν +

1

2
m2AνAν) (17)

∂µF
µν −m2Aν = 0 (18)

Making all same steps we obtain:

SC [Aν ,Fµν ] =

∫
dnx(−1

2
(∂µAν − ∂νAµ)Fµν +

1

4
FµνFµν −

1

2
m2AνAν) . (19)

9 / 19



Massive spin-2 field

(□−m2)ϕµν = 0 , ∂µϕµν = 0 , ϕµµ = 0 (20)

The number of fields does not match the number of equations. Action for this system:

S =

∫
dnx(−1

2
∂λϕ

µν∂λϕµν + ∂µϕµν∂λϕ
λν +

1

2
∂µϕ

ν
ν∂

µϕλλ − ∂λϕλµ∂
µϕνν−

− 1

2
m2(ϕµνϕµν − ϕµµϕ

ν
ν)) (21)

Here, ϕµν is traceful. EoM for ϕµν :

(□−m2)ϕµν − (□−m2)ϕττηµν−
− ∂µ∂

λϕλν − ∂ν∂
λϕλµ + ∂µ∂νϕ

λ
λ + ∂τ∂ρϕ

τρηµν = 0 (22)
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Massive spin-2 field

xµ, φµν , φµν|λ, φµν|λρ, ... can be chosen as coordinate system on M. Here φµν and
φµν|λ are traceless parts of ϕµν and ϕµν|λ respectively.

χ̂ = dvϕ
µν(−ϕµν |λ + 2ϕρν

|ρηλµ + ηµνϕ
ρ|λ
ρ − 1

2
ϕρρ|νη

λ
µ − 1

2
ϕρρ|µη

λ
ν − ηµνϕ

ρλ
|ρ)(dx)

n−1
λ (23)

Pullback to M gives:

χ = −dvφ
µνφµν

|λ(dx)n−1
λ (24)
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Massive spin-2 field

H = (−1

2
φµν

|λφµν
|λ +

1

2
m2φµνφµν)(dx)

n (25)

SC [φµν , φµν|λ] =

∫
dnx(−∂λφµνφµν

|λ +
1

2
φµν

|λφµν
|λ − 1

2
m2φµνφµν) (26)

This action does not reproduce equation ∂νϕµν = 0.
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Minimal multisymplectic formulation

Parent action for system with Lagrangian L = L(ϕi , ϕi|α, ϕ
i
|αβ) has the following form:

SP [ϕ, ϕα, ϕαβ, π
|α
i , π

|αβ
i ] =

∫
dnx(L − π

|α
i (∂αϕ

i − ϕi|α)− π
|αβ
i (∂αϕ

i
|β − ϕi|αβ)) (27)

Massive spin-2 field case:

SP =

∫
dnx(−1

2
ϕαβ|γϕ

αβ|γ + ϕαβ
|αϕγβ |γ +

1

2
ϕα|γα ϕββ|γ − ϕγβ |γϕ

α
α|β−

− 1

2
m2(ϕαβϕ

αβ − ϕααϕ
β
β) + παβ|γ(∂

γϕαβ − ϕαβ|γ)) . (28)
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Minimal multisymplectic formulation

Varying this action with respect to ϕµν |λ one can obtain

πµν
|λ = −ϕνµ|λ + ϕγµ

|γηλν + ϕγν
|γηλµ + ϕγ|λγ ηµν − ϕγλ|γηµν −

1

2
ϕγγ|µη

λ
ν − 1

2
ϕγγ|νη

λ
µ . (29)

This equation can be solved with respect to ϕµν |λ. Substitution (29) into (28) gives

S =

∫
dnx(−ϕµν|λ∂λϕµν + 2ϕλµ|λ∂

νϕνµ + ϕµ|λµ ∂λϕ
ν
ν − ϕλµ|λ∂µϕ

ν
ν − ϕµ|λµ ∂νϕνλ+

+
1

2
ϕαβ|γϕ

αβ|γ − ϕαβ
|αϕγβ |γ −

1

2
ϕα|γα ϕββ|γ + ϕγβ |γϕ

α
α|β − 1

2
m2(ϕαβϕ

αβ − ϕααϕ
β
β)) (30)
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Minimal multisymplectic formulation

We can decompose ϕαβ |γ into φαβ
|γ , ϕ

λµ
|λ = ψµ, ϕλλ|µ = ξµ and ϕαβ into φαβ and

ϕλλ = ρ.

S =

∫
dnx(−φαβ|γ∂γφαβ +

1

2
φαβ|γφαβ|γ −

1

2
m2φαβφ

αβ+

+
2(n2 − 2)

n2 + n − 2
ψβ∂γφγβ − n2 + n − 4

n2 + n − 2
ξβ∂γφγβ +

n − 2

n
ξγ∂

γρ− n − 2

n
ψγ∂

γρ−

− n2 − 2

n2 + n − 2
ψαψα − n2 − 3

2(n2 + n − 2)
ξαξα +

n2 + n − 4

n2 + n − 2
ψαξα +

1

2
m2 n − 1

n
ρ2) (31)
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Stueckelberg formulation

There is a way to construct complete intrinsic action for massive spin-2 field. If the
starting point is Stueckelberg spin-2 system the intrinsic action reads as

S [ϕµν , ϕµν
|λ,Aµ,Aµ|ν ,C ,Cν , ...] =

∫
dnx(−ϕµν |λ∂λϕµν + 2ϕλµ

|λ∂νϕ
νµ + ϕµ|λµ ∂λϕ

ν
ν−

−ϕλλ|ν∂µϕ
µν −ϕµλ|µ∂λϕνν +Cµ∂νϕ

νµ−Cµ∂µϕ
ν
ν +2Aµ|λ∂λAµ−2A|ν

ν ∂µA
µ+2mϕµν∂µAν−

−2mϕνν∂µA
µ+ϕµν |µ∂νC−ϕµ|νµ ∂νC+

1

2
ϕµν |λϕµν

|λ−ϕλν |λϕµν |µ−
1

2
ϕµµ|λϕ

ν|λ
ν +ϕλν

|λϕµ|νµ −

− 1

2
m2(ϕµνϕ

µν − ϕµµϕ
ν
ν) + Aµ|νA

µ|ν − A|µ
µ A|ν

ν − C νϕλν
|λ + C νϕλλ|ν) (32)

Here C and Aµ are Stueckelberg fields.
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Stueckelberg formulation

By gauge-fixing C and Aµ and eliminating Aµ|ν one can obtain:

SC [ϕµν , ϕµν
|λ,Cν ] =

∫
dnx(−ϕµν |λ∂λϕµν + 2ϕλµ

|λ∂νϕ
νµ + ϕµ|λµ ∂λϕ

ν
ν − ϕλλ|ν∂µϕ

µν−

−ϕµλ|µ∂λϕνν +Cµ∂νϕ
νµ−Cµ∂µϕ

ν
ν +

1

2
ϕµν |λϕµν

|λ−ϕλν |λϕµν |µ−
1

2
ϕµµ|λϕ

ν|λ
ν +ϕλν

|λϕµ|νµ −

− 1

2
m2(ϕµνϕ

µν − ϕµµϕ
ν
ν)− C νϕλν

|λ + C νϕλλ|ν) (33)

This action is equivalent to Fierz-Pauli one (21).
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Conclusion

• For natural systems (Einstein-Hilbert gravity, massive spin-1 field. Massless field of
arbitrary spin and other examples are described in article) intrinsic action reproduces
all equation of motion.

• For systems with differential consequences of zeroth order (massive spin-2 field,
massive spin 3 is described in article) intrinsic action is not complete.

• For massive spin-2 field (and massive spin-3 field) minimal extenson of intrinsic
action is constructed as an equivalent reduction of the multidimensional version of
the Ostrogradsky Lagrangian (parent action).

• If the starting point is Stueckelberg spin-2 system the intrinsic action is complete.
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Thank you for attention.
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R

R = gµν(∂λΓ
λ
µν −

1

2
∂µΓ

λ
νλ − 1

2
∂νΓ

λ
µλ + ΓγµνΓ

λ
γλ − ΓγµλΓ

λ
νγ) (34)

Γγαβ = gγλ(∂αgλβ + ∂βgλα − ∂λgαβ) , (35)
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EoM of massive spin-2 field from intrinsic action

φαβ
|γ = ∂γφ

αβ − n

n2 + n − 2
(∂λφ

λβηαγ + ∂λφ
λαηβγ ) +

2

n2 + n − 2
∂λφλγη

αβ (36)

∂γφαβ
|γ −m2φαβ = 0 . (37)
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Massless field of arbitrary spin

SC [ϕµ(s), ϕµ(s)|ρ] =

∫
dnx(−∂ρϕµ(s)ϕµ(s)|ρ + s∂νϕ

νµ(s−1)ϕλµ(s−1)|λ+

+
s(s − 1)

2
∂ρϕ

ν
νµ(s−2)ϕ

λµ(s−2)|ρ
λ − s(s − 1)

2
∂λϕρλµ(s−2)ϕ

νµ(s−2)|ρ
ν −

− s(s − 1)

2
∂ρϕ

ν
νµ(s−2)ϕ

ρµ(s−2)|λ
λ +

s(s − 1)(s − 2)

4
∂ρϕννρµ(s−3)ϕ

τµ(s−3)|λ
τλ −H) , (38)

where

H = (−1

2
ϕµ(s)|ρϕµ(s)|ρ +

s

2
ϕµ(s−1)|ν
ν ϕλµ(s−1)|λ +

s(s − 1)

4
ϕνµ(s−2)|ρ
ν ϕλλµ(s−2)|ρ−

− s(s − 1)

2
ϕνµ(s−2)|ρ
ν ϕλρµ(s−2)|λ +

s(s − 1)(s − 2)

8
ϕνρνµ(s−3)|ρϕ

τµ(s−3)|λ
τλ )(dx)n (39)
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Massive spin-3 field

L[ϕ, ρ] = (−1

2
∂γϕ

µνλ∂γϕµνλ +
3

2
∂λϕ

µνλ∂γϕµνγ +
3

4
∂γϕ

µγ
µ ∂λϕννλ +

3

2
∂νϕ

γ
γµ∂

νϕλµλ −

− 3∂µϕλγλ ∂νϕµνγ −
1

2
m2ϕµνγϕ

µνγ +
3

2
m2ϕννµϕ

λµ
λ +

9

4
m2ρ2+

+
3(n − 1)(n − 2)

2n2
∂µρ∂

µρ− 3(n − 2)

2n
mρ∂µϕ

νµ
ν )(dx)n (40)

SC =

∫
dnx(−∂γφµνλφµνλ

|γ +
1

2
φµνλ

|γφµνλ
|γ − 1

2
m2φµνλφµνλ) (41)
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Massive spin-3 field

S =

∫
dnx(−ϕµνλ|γ∂γϕµνλ + 3ϕλµν |λ∂

γϕµνγ +
3

2
ϕµγµ |γ∂λϕ

νλ
ν + 3ϕγγµ|ν∂

νϕλµλ −

− 3ϕ
λγ|µ
λ ∂νϕµνγ − 3ϕµνγ |γ∂µϕ

λ
λν +

3(n − 1)(n − 2)

n2
ρ|µ∂µρ+

3(n − 2)

2n
mϕννµ∂

µρ+

+
1

2
ϕµνλ

|γϕµνλ|γ −
3

2
ϕλµν |λϕγµν

|γ − 3

4
ϕµγµ |γϕ

ν
νλ

|λ − 3

2
ϕγγµ|νϕ

λµ|ν
λ + 3ϕ

λγ|µ
λ ϕγµν

|ν−

− 1

2
m2ϕµνλϕ

µνλ +
3

2
m2ϕννµϕ

λµ
λ +

9

4
m2ρ2 − 3(n − 1)(n − 2)

2n2
ρµρµ) . (42)

24 / 19



Stueckelberg action

L = (−1

2
∂γϕ

αβ∂γϕαβ + ∂αϕαβ∂γϕ
γα +

1

2
∂αϕ

β
β∂

αϕγγ − ∂γϕγα∂
αϕββ−

− 1

2
m2(ϕαβϕαβ − ϕααϕ

β
β)− ∂αAβ∂

αAβ + ∂αAα∂
βAβ + 2mϕβα∂βAα − 2mϕαα∂βA

β+

+ ∂βϕ
βα∂αC − ∂βC∂

βϕαα)(dx)
n (43)

Gauge transformation:

δϕαβ = ∂αf β + ∂βf α (44)

δAα = ∂αg +mfα (45)

δC = −2mg (46)
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Stueckelberg equations

∂α∂βϕ
αβ − ∂β∂

βϕαα = 0 (47)

∂β∂
βAα − ∂α∂βAβ −m∂βϕ

βα +m∂αϕββ = 0 (48)

(∂γ∂
γ −m2)ϕαβ − (∂γ∂

γ −m2)ϕττηαβ − ∂α∂
γϕγβ − ∂β∂

γϕγα + ∂α∂βϕ
γ
γ+

+ ∂τ∂ρϕ
τρηαβ +m(∂αAβ + ∂βAα)− 2m∂γA

γηαβ − ∂α∂βC + ∂γ∂
γCηαβ = 0 (49)
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