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Introduction

In the context of modern field theory one often encounters a problem of constructing a
variational principle for a given system of partial differential equations (inverse problem of
variation calculus).

PDEs can be defined in an invariant way Lagrangian formulation depends on
by specifying the equation manifold M equipped explicit set of variables
with the involutive Cartan distribution D !

The invariant approach to Lagrangian formulation is based on a distinguished realization
of a given PDE as a surface in the jet-bundle of the equation manifold itself and
geometric structure determined on it. A natural candidate for a role of this geometric
structure is the presymplectic structure. 2

A, Vinogradov, 1977; M. Vasiliev, 1988

2J. Kijowski and W.M. Tulczyjew, 1979
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Jet-bundle

Total derivative on J*(F x X):

0 0 0

Do = g+ g + Vg + (1)

The decomposition of the tangent space into the direct sum of the vertical and horizontal
subspaces induces an additional degree on the algebra A(J>) of local differential forms
on J* and hence induces the decomposition of the de Rham differential

d=dy,+d,, d>=d?>=0, duyd, +d,d,=0 (2)

dp, = dx°D, (3)
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Presymplectic potential

The first variational formula can be written in a following way 3:

dyL = d0'E; — dn, (4)
where L is (n,0) form, { is (n —1,1) form and E; is Euler-Lagrange operator.
oL oL oL
00" gL 0, ©
It can be shown that
oL oL oL
% = - D V + V d 6

3], M. Anderson, 1989
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Presymplectic structure

wis (n—1,2) form:
©=dR=dX+L)-do'E (M)
Pulling this back on equation manifold M one can find

w=d(x+/) (8)

| can be obtained from y:

dpx = —d,/ (9)
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Intrinsic action

If o : X — M is a section then one defined the following action functional #:

SClo] = /0*(X+ ) (10)

In coordinates:
SC] = / (dy?(x)xa(¥(x), x, dx) = H(1h(x), x, dx)) , (11)
X =dt*xa, H=dpxa—1 (12)

Despite the fact that M is generically infinite-dimensional the intrinsic action depends
only on a finite number of coordinates because x is local. It is natural to gauge fix those
fields on which the action does not depend.

4hﬂ.GHgoHev,2016
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Example: metric gravity

Action for Einstein-Hilbert gravity:

5—/WﬁﬁdM&ﬂ—M) (13)

. y, 1 S T VNI DTS VRS SN
X =V—g(™* —Egp“rﬁ —58"Ty “+§g“ ry ”—§g" M )dvgu (dx); . (14)

x*, guv rAW, ... can be chosen as coordinates on M. The intrinsic action takes the
following form:

fmmﬂMz/ﬁqum@mﬂwram (15)

8/19



Example: massive spin 1 field

DAY — m?AY =0, 9,A"=0. (16)
This system has 5 equations for 4 variables. Still, action exists:

1

SIAY] = / dx(— g F* Fu 5 mPAYA,) (17)
OuF" — m?A” =0 (18)
Making all same steps we obtain:
Crpav v n v v 1 v 1 2 AV
SHAY,F = | d"x 8“/4 — 0"A")F, + ZF“ Fu — 5m A"A)) . (19)
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Massive spin-2 field

(O - Mg =0, "¢ =0, ¢ =0 (20)

The number of fields does not match the number of equations. Action for this system:
1 1
S = [ d'X(- 30080 by + 06,0 + 0,006} — 002,061
1 v v
= 5m* (0" B = Bi0})) (21)

Here, ¢, is traceful. EoM for ¢,

(8= M) — (O — m*)$ T~
o 8ﬂa)\¢>\l’ - &/a)\‘b)\u + 8M8V¢3\\ + 07 0p™ Ny = 0 (22)
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Massive spin-2 field

X, Oy Puuins Puvrpr - €an be chosen as coordinate system on M. Here ¢, and
©,|x are traceless parts of ¢, and ¢\ respectively.

v 1 n—
Ay (= by + 200007, + 1 ) — f¢p| T = 5O — v 1p) ()57 (23)
Pullback to M gives:

X = _dv@uu%wp\(dx)g_l (24)
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Massive spin-2 field

1 1
H= (—5()0“”‘)\()0“”‘)‘ + §m290'uy90;w)(dx)n (25)

1

v 1 v v
SC[SOuVa SD;WP\] = /d”x(_aMOM cP,ul/l)\ + 590“ |>\90,u1/|>\ - 5”7290“ So;w) (26)

This action does not reproduce equation 9"¢,,, = 0.
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Minimal multisymplectic formulation

Parent action for system with Lagrangian £ = £(¢', gzﬁ"'a, \iaﬁ) has the following form:

SP(6, s by 7L, 1) = / X(L — 7(0a — 0,) — T (Budly — 0.5))  (27)

Massive spin-2 field case:

5P = [ ax(= 30+ 0al® G + 366 — 6703

,m2(¢a5¢aﬁ - ¢g¢ﬁ) + 7Ta,3|7(87¢a/3 - d)aﬁh)) : (28)
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Minimal multisymplectic formulation

Varying this action with respect to ¢*”|, one can obtain

1
Wyul/\ = _¢u,u|>\ + ¢'yu|7771i\ + Qﬁ'yuh"ﬁ + cﬂ“n;w - ¢7>\|7an - ¢7|u77u - 7¢'y|u77ﬂ (29)

This equation can be solved with respect to ¢*”|5. Substitution (29) into (28) gives

5= / d"x(= ¢ POrds + 20M130" by + S O], — wuamz — B purt

+ %w P — a7, —f¢a”%+¢ﬂ 8% — M (Gapd™® — 6263))  (30)
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Minimal multisymplectic formulation

We can decompose gbo‘ﬁh into gao‘ﬁh, gf))‘“|,\ =Pt ¢§\u =¢, and ¢*F into ¢ and
¢ = p.

1 1
S= /d”X(—wo‘ﬁ'”@ysoaﬁ + 5@“5”%5\7 — 5 m*pape™+
2(n%2 -2 nP+n—4 n—2 n—
+ Q 2563%076 + &07p —

637 _ -
n2+n—2w Ll n?+n— n n

-2 n?—3 o n+n—4 1 o,n—-1,
I S Lz m2l 31
n2—|—n—2¢ Yo 2(n2+n—2)g §a+n2+n—2w §a+2m n ") (1)

2
Y07 p—

15/19



Stueckelberg formulation

There is a way to construct complete intrinsic action for massive spin-2 field. If the
starting point is Stueckelberg spin-2 system the intrinsic action reads as

(s G Ay Aupy, €, Gy ] = / d"x(— G NG + 202,12 0,0 + Pl Orel—
¢A|y Bt — 2,000, + CuOy "t — CHO, Y+ 2AFRO\ A, — 2A1 9, A+ 2mH O, A, —
1
—DmBLOUA+ By C— OV, C4 L A b P S0t P+ o Pt
1
— o m (Gt — Sy + A A — ALAY — CUo3 M+ C0),) (32)

Here C and A, are Stueckelberg fields.
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Stueckelberg formulation

By gauge-fixing C and A, and eliminating A, one can obtain:

S b b, G] = / d"x (=P ONH + 202,10, + PP ONGY — BY), e —
1 1
=087+ Cudy ™ — CHOu0Y + S |n By — o3 N — S U+ oa Pl —
1
= om* (ouw " = Bid}) = C'ox N + CVey,) (33)

This action is equivalent to Fierz-Pauli one (21).
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Conclusion

® For natural systems (Einstein-Hilbert gravity, massive spin-1 field. Massless field of
arbitrary spin and other examples are described in article) intrinsic action reproduces
all equation of motion.

® For systems with differential consequences of zeroth order (massive spin-2 field,
massive spin 3 is described in article) intrinsic action is not complete.

® For massive spin-2 field (and massive spin-3 field) minimal extenson of intrinsic
action is constructed as an equivalent reduction of the multidimensional version of
the Ostrogradsky Lagrangian (parent action).

® |f the starting point is Stueckelberg spin-2 system the intrinsic action is complete.

18/19



Thank you for attention.



1 1
R = g" O\ — EaurAuA - anr/\ﬂ)\ + Mo = FVM,\F)‘W) (34)

Mg = &7 (0agrs + 820 — Orgas) (35)
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EoM of massive spin-2 field from intrinsic action

n
#™h = 049" — 5 (One I+ 0 ) + S0 (36)

n?+n—

O, — mPp™? =0. (37)
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Massless field of arbitrary spin

SC[qb“(s),(b“(s) ] :/ x(—9P S)¢ (s)lp + 5O ¢Vu(s 1) %(s pit

L s=1) s(s ) B s 2¢>\Ms 2)] 5(52— 1)

s(s )

8)\pr)\,u(s—2) q%#(s—z) o

s— s(s—1)(s—2 y ruls—
P¢Vp,5 2¢§u( 2)|A _,_(‘)l()aqu - 3)¢u 3)IA —H), (38)

where

1 S S S— v ( 1) I/ S—
H = (_Ed)u( )|p¢u(s)|p + §¢5( 1)] ¢}/>(s_1)‘)\ 2 i 2)\p¢)\u(s i

S(S_ 1) vi(s— S(S— 1)(5 _2) v T(s—3)|A n
— TGt g eyt (@) (39)
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Massive spin-3 field

1 14 3 1% 3 14 3 174
L6, p] = (= 50,00 Gur + 50200 Gy + —awwawm + 500,08

v 1 v 3
- 38“‘17?78 ¢;w7 2 2¢;u/7¢“ T4~ m #<Z> + - m 1Y +

n 3(n —21,)7£n — )6Hp6“,0 ~ 3(n— 2)

1 1
s¢= / d"x(=0y " QA + 5 oyl = S 0y0)

mpdudy!)(dx)"

(40)

(41)
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Massive spin-3 field

s / 0"x(— 6 5 Gy + 3O B + ST OB+ 36,0

3(n—1)(n—

yulv

v v 3(n— v
— 3¢,\7|M8 Py — 30" Vwaqu)\u + 2) Iua + (2,7)m¢VM8“p+

1 v 3 v 3 v Ap|v A v
+ Eﬁbuu)\h/(ﬁu )\\'y - *¢A” |)\¢'yuuh - 'y¢) - 7¢7M|V¢ u + 3¢>\’YW¢WW| -
1 y 3 n—1)(n—2
= 5mbund” Az >m ,ﬂﬁ m*p® — A 2,)7g )p“pﬂ)- (42)
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Stueckelberg action

1 1
L= (=50:0"°0 Pap + 0" $aps " + S 00030 6] — 07500 ¢~
1
- §m2(¢a%a5 - ¢g¢§) — DA AP 4 0, AP AP+ 2mpPO5A, — 2meLas AP+
+ 9500 C — 93CO7¢3)(dx)"  (43)
Gauge transformation:
5¢o¢,3 = 0Oa fﬁ + 8,8 fa (44)

(SAa = On8 + mfa (45)

0C =-2mg (46)
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Stueckelberg equations

Da05¢*" — 05092 =0 (47)

030° A* — 9°0° Ag — mDgd™™ + mo* ¢ = 0 (48)

(0,07 — 1)y — (D07 — M) — Doy — D0 b+ 0uy ]+
+ 070,60 Nap + m(aaAg + 85/\&) — 2m0yA"nag — 0003C + 0,07 Cnopg =0 (49)
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