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Introduction



Basics

Why interesting?  


Massless fields of spin >1/2 inevitably lead to symmetries.

Symmetries are important in physics and mathematics. In particular, these lead to improved 
quantum behaviour. Higher-spin theories — a promising approach to quantum gravity.

Definition


Higher-spin theories are theories involving massless fields of spin greater than 2. It is usually 
assumed that graviton is in the spectrum, so these are extensions of gravity.



Basics

Problems


Interacting higher-spin theories are very hard to construct. For some natural assumptions, no-go 
theorems show that interacting higher-spin theories in flat space do not exist.

[Weinberg ’64; Coleman, Mandula ’67]

Roughly speaking, there are too many symmetries for any interactions to be possible. 



Basics

Positive results


Interacting higher-spin theories in AdS were suggested by Vasiliev.
[Vasiliev ’90, ’03]

Holography gives solid support for the existence of higher-spin theories in AdS

[Sezgin, Sundell ’02, Klebanov, Polyakov ’02]

Via holography, the boundary theory defines «the AdS space S matrix» of higher-spin theories. 
This S-matrix can then be used to reconstruct the action

[Petkou ’03, Bekaert, Erdmenger, DP, Sleight ’15, Sleight, Taronna ’16]



Basics

Positive results


Chiral (self-dual) higher-spin theories can be constructed in 4d flat space
[Metsaev ’90, DP, Skvortsov ’16]

There is no contradiction with no-go theorems, as scattering in self-dual theories is (almost) trivial



This talk

We will make an extension with self-dual higher-spin theories in a way that scattering becomes 
more non-trivial.

Symmetries is the main guiding principle

We will define the theory via its S-matrix

The S-matrix is expected to be rather exotic, not to contradict the no-go theorems.

We will learn the recipe from the AdS case 



No-go theorems



The Coleman-Mandula theorem

If the following assumptions are satisfied:

[Coleman, Mandula ’67]

There are finitely many particles with mass below any M

Then, the symmetry of the S-matrix may only be a direct product of the Poincare group and 
internal symmetry.

The S-matrix is non-trivial at almost all energies

The S-matrix is analytic at almost all energies



The Coleman-Mandula theorem

If the following assumptions are satisfied:

Then, the symmetry of the S-matrix may only be a direct product of the Poincare group and 
internal symmetry.

The S-matrix is non-trivial at almost all energies

The S-matrix is analytic at almost all energies



Higher-spin holography



Boundary theory

In the simplest case, the boundary theory is a theory of N free massless scalars
<latexit sha1_base64="sRAKgd2INuE49E+sicqJXKqe7Qw=">AAACEnicbZC7TsMwFIadcivlFmBksaiQYKmSUgELUgUMjEXQi9SkkeM4rVXnIttBVFGegYVXYWEAIVYmNt4Gt80ALb9k6dN/zpHP+d2YUSEN41srLCwuLa8UV0tr6xubW/r2TktECcekiSMW8Y6LBGE0JE1JJSOdmBMUuIy03eHluN6+J1zQKLyTo5jYAeqH1KcYSWU5+tHtueVzhFMzS6uZRUMJvd7xA7TiAe0haF1EU3aQo5eNijERnAczhzLI1XD0L8uLcBKQUGKGhOiaRiztFHFJMSNZyUoEiREeoj7pKgxRQISdTk7K4IFyPOhHXD2108T9PZGiQIhR4KrOAMmBmK2Nzf9q3UT6Z3ZKwziRJMTTj/yEQRnBcT7Qo5xgyUYKEOZU7QrxAKmEpEqxpEIwZ0+eh1a1Yp5Uaje1cv0qj6MI9sA+OAQmOAV1cA0aoAkweATP4BW8aU/ai/aufUxbC1o+swv+SPv8Ad+knP0=</latexit>
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Higher-spin fields are dual to higher-spin conserved currents

<latexit sha1_base64="eYIUBxnKdNaj7cQwrRjvUieddp0="></latexit>

Jµ1...µs =: �a@µ1 . . . @µs�a : + . . .

Higher-spin S-matrix is computed by the correlators of these currents

<latexit sha1_base64="m1mm5MFOw35I6Ji/mDQ/uRVjs6Y="></latexit>

hJµ1...µs1
(x1) . . . Jµ1...µsn

(xn)i

[Sezgin, Sundell ’02, Klebanov, Polyakov ’02]



Higher-spin symmetry
Higher-spin symmetry is defined as a symmetry of the free equation of motion

It is generated by differential operators L such that 

with trivial symmetries 

<latexit sha1_base64="Gw8Jxa0jJ/+k3aEZe05dkJn8rws=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVol6Eoh48KFSwH7BdSjZN29BssiRZsSz9GV48KOLVX+PNf2Pa7kFbHww83pthZl4Yc6aN6347uaXlldW1/HphY3Nre6e4u9fQMlGE1onkUrVCrClngtYNM5y2YkVxFHLaDIdXE7/5SJVmUjyYUUyDCPcF6zGCjZX8W3SB7lD7Uj6hTrHklt0p0CLxMlKCDLVO8avdlSSJqDCEY619z41NkGJlGOF0XGgnmsaYDHGf+pYKHFEdpNOTx+jIKl3Uk8qWMGiq/p5IcaT1KAptZ4TNQM97E/E/z09M7zxImYgTQwWZLeolHBmJJv+jLlOUGD6yBBPF7K2IDLDCxNiUCjYEb/7lRdI4KXun5cp9pVS9zuLIwwEcwjF4cAZVuIEa1IGAhGd4hTfHOC/Ou/Mxa8052cw+/IHz+QMGQ4/O</latexit>

L = M⇤
factored out.

Higher-spin symmetry alone allows one to fix the n-point correlator up to an overall factor.

<latexit sha1_base64="BFs2fB5zKCsTQkrjun9/A03GqG8=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuiqJFHUjFHXhoosK9gJtKJPptB06yYSZSbGEvokbF4q49U3c+TZO2iy09YeBj/+cwznz+xFnSjvOt5VbWV1b38hvFra2d3b37P2DhhKxJLROBBey5WNFOQtpXTPNaSuSFAc+p01/dJvWm2MqFRPho55E1AvwIGR9RrA2Vte2OzfiCVXRNaqeopS7dtEpOTOhZXAzKEKmWtf+6vQEiQMaasKxUm3XibSXYKkZ4XRa6MSKRpiM8IC2DYY4oMpLZpdP0YlxeqgvpHmhRjP390SCA6UmgW86A6yHarGWmv/V2rHuX3kJC6NY05DMF/VjjrRAaQyoxyQlmk8MYCKZuRWRIZaYaBNWwYTgLn55GRrnJfeiVH4oFyt3WRx5OIJjOAMXLqEC91CDOhAYwzO8wpuVWC/Wu/Uxb81Z2cwh/JH1+QPTF5Hc</latexit>

⇤L = L0⇤

L : ⇤' = 0 ) ⇤(L') = 0

<latexit sha1_base64="ZHJh/X2B3en5xFFncpFDD/+ySeY="></latexit>

⇤' = 0

<latexit sha1_base64="z7OmRhY5kARWAvpW9/OifGtSqm4=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuykwR6kYo6sJlBfuATimZ9LYNzSRjkimWoZ/ixl9x40IR3enXmD5AbT0QOJxzLjf3hDFn2njep7O0vLK6tp7ZyG5ube/sunv7VS0TRaFCJZeqHhINnAmoGGY41GMFJAo51ML+5divDUBpJsWtGcbQjEhXsA6jxFip5RaDELpMpHCXTJRRNhDSkG42uJD3OBgQFfcYPsceDkC0f2ItN+flvQnwIvFnJIdmKLfcj6AtaRKBMJQTrRu+F5tmSpRhlINdm2iICe2TLjQsFSQC3UwnB47wsVXauCOVfcLgifp7IiWR1sMotMmImJ6e98bif14jMZ2zZspEnBgQdLqok3BsJB63hdtMATV8aAmhitm/YtojilBjO83aEvz5kxdJtZD3T/PFm0KudDWrI4MO0RE6QT4qohK6RmVUQRQ9oCf0gl6dR+fZeXPep9ElZzZzgP7A+foG4Y2jbA==</latexit>



Employing SL(2,C) spinors



SL(2,C) spinors
Four dimensional Lorentz algebra is isomorphic to

<latexit sha1_base64="59+zHeN6Ze9qh3HWHFnAgJ6KQoU=">AAACCXicbVBNS8NAEN3Urxq/oh69LBahhVKSWtRjoR48VrC10ISy2W7apZts2N0IJfTqxb/ixYMiXv0H3vw3btoctPXBwOO9GWbm+TGjUtn2t1FYW9/Y3Cpumzu7e/sH1uFRV/JEYNLBnHHR85EkjEako6hipBcLgkKfkXt/0sr8+wciJOXRnZrGxAvRKKIBxUhpaWBBU/LyedWpmNCVNISSletVN0Rq7Ptpa1apDaySXbPngKvEyUkJ5GgPrC93yHESkkhhhqTsO3asvBQJRTEjM9NNJIkRnqAR6WsaoZBIL51/MoNnWhnCgAtdkYJz9fdEikIpp6GvO7Mb5bKXif95/UQFV15KozhRJMKLRUHCoOIwiwUOqSBYsakmCAuqb4V4jATCSodn6hCc5ZdXSbdecy5qjdtGqXmdx1EEJ+AUlIEDLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/ABHWl3M=</latexit>

so(3, 1) ⇠ sl(2,C).

Accordingly Lorentz vectors can be converted to sl(2,C) bispinors and back
<latexit sha1_base64="c11qPyQQ4xmFZjRFOf0d54W9EWg="></latexit>

p↵↵̇ ⌘ pa(�
a)↵↵̇, pa = �1

2
(�a)

↵̇↵p↵↵̇.

Here sigma are the Pauli matrices. For light-like vectors (massless momenta) one has
<latexit sha1_base64="0hcTTyFdcY9qknx61czBt1PTQiY="></latexit>

papa = 0 , det(p↵↵̇) = 0 , p↵↵̇ = ��↵�̄↵̇.

For real positive energy momenta
<latexit sha1_base64="hOr6zV7gq2dCNWfXOrVEGLvPfHs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUkTIjRd0IBV24rGAf0KnDnUzahmYyQ5IRytCfcOOvuHGhiFvBnX9j+hC09UDgcM49Se7xY86Utu0vK7OwuLS8kl3Nra1vbG7lt3fqKkokoTUS8Ug2fVCUM0FrmmlOm7GkEPqcNvz+5chv3FOpWCRu9SCm7RC6gnUYAW0kL3/s+iBdbgIBeKkbRNoFHvdgeIGLP/JEObw78vIFu2SPgeeJMyUFNEXVy3+aG0kSUqEJB6Vajh3rdgpSM8LpMOcmisZA+tClLUMFhFS10/FWQ3xglAB3ImmO0His/k6kECo1CH0zGYLuqVlvJP7ntRLdOW+nTMSJpoJMHuokHOsIjyrCAZOUaD4wBIhk5q+Y9EAC0abInCnBmV15ntRPSs5pqXxTLlSupnVk0R7aR0XkoDNUQdeoimqIoAf0hF7Qq/VoPVtv1vtkNGNNM7voD6yPbyVLnsw=</latexit>

�̄↵̇ = (�↵)
⇤

We will relax this condition: lambda’s are independent, hence, momenta are complex.



Massless on-shell fields
In terms of sl(2,C) spinors massless representations are realised by

<latexit sha1_base64="iAv5BW3Rbpnn/KWx2TfQek4GJ78="></latexit>
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✓
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,

P↵↵̇ = ��↵�̄↵̇,

which act on functions                on                 One can introduce the helicity operator 
<latexit sha1_base64="/olE2mD5SKke2SeMdixCepoBvLA=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIFaQkUtRlQRcuK9gHNKFMJpN26GQSZiZCKcWNv+LGhSJu/Qp3/o3TNgutHhg4nHMPd+4JUs6Udpwvq7C0vLK6VlwvbWxube/Yu3stlWSS0CZJeCI7AVaUM0GbmmlOO6mkOA44bQfDq6nfvqdSsUTc6VFK/Rj3BYsYwdpIPfvAawxYxeMmEeJTL8Ay5yc9u+xUnRnQX+LmpAw5Gj370wsTksVUaMKxUl3XSbU/xlIzwumk5GWKppgMcZ92DRU4psofz06YoGOjhChKpHlCo5n6MzHGsVKjODCTMdYDtehNxf+8bqajS3/MRJppKsh8UZRxpBM07QOFTFKi+cgQTCQzf0VkgCUm2rRWMiW4iyf/Ja2zqnterd3WyvXrvI4iHMIRVMCFC6jDDTSgCQQe4Ale4NV6tJ6tN+t9Plqw8sw+/IL18Q09CJa1</latexit>

�(�, �̄)
<latexit sha1_base64="PEpKLN0M9sEecVJdAXITHxJv9Js=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcxaQUdVmoC5cV7AOaWCbTSTt0MgkzEyGE+CtuXCji1g9x5984abPQ1gMDh3Pu5Z45fsyoVLb9baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+rF34/UciJI34vUpj4oVowmlAMVJaGpk1N0Rq6vtZO39oXLiZ7ebWyKzblj0HXCVOSeqgRGdkfrnjCCch4QozJOXQsWPlZUgoihnJq24iSYzwDE3IUFOOQiK9bB4+h2daGcMgEvpxBefq740MhVKmoa8ni6hy2SvE/7xhooJrL6M8ThTheHEoSBhUESyagGMqCFYs1QRhQXVWiKdIIKx0X1VdgrP85VXSa1jOpdW8a9ZbN2UdFXACTsE5cMAVaIFb0AFdgEEKnsEreDOejBfj3fhYjK4Z5U4N/IHx+QPdW5RG</latexit>

C2/{0}.
<latexit sha1_base64="knpCrOq8Vf7eGeHGHOzAwG1ArZY="></latexit>
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Its eigenspaces
<latexit sha1_base64="LT+efYNMphK7xIugWICqL3O8jeU=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSKepGKOiiywr2Am0Ik+m0GTqZhJmJUmIfxY0LRdz6JO58G6dtFtr6w8DHf87hnPmDhDOlHefbKqytb2xuFbdLO7t7+wd2+bCt4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8M6t3HqhULBb3epJQL8IjwYaMYG0s3y43+s2Q+SG6RuGCfLviVJ250Cq4OVQgV9O3v/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzyiPYMCR1R52fz0KTo1zgANY2me0Gju/p7IcKTUJApMZ4R1qJZrM/O/Wi/VwysvYyJJNRVksWiYcqRjNMsBDZikRPOJAUwkM7ciEmKJiTZplUwI7vKXV6F9XnUvqrW7WqV+m8dRhGM4gTNw4RLq0IAmtIDAIzzDK7xZT9aL9W59LFoLVj5zBH9kff4AzmeTFQ==</latexit>

H�h = h�h

are irreducible helicity h massless representations. Spin s = helicity +s and helicity -s. For  
bosonic fields

<latexit sha1_base64="LhN31hPy9xDK/oBZN6gFblA8dxU="></latexit>

h 2 Z, �(��,��̄) = �(�, �̄)



Massless on-shell fields

In summary, we use lambda, bar lambda spinors to encode momenta, and the homogeneity 
degree operator H to encode spin. This is very efficient when dealing with amplitudes!

<latexit sha1_base64="irZOqHMl5/X+qPzzTLiQfVdyj+s="></latexit>

A+1,+1,�1 =
[12]4

[12][23][31]
�4(�1�̄1 + �2�̄2 + �3�̄3)

where
<latexit sha1_base64="Ay05rUUkjkXaVrxR/v46T1WAdh8="></latexit>
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Practical convenience

Instead of a multiplet of fields                with trace, divergence, on-shell constraints and gauge 
invariance, now we have a single field  

<latexit sha1_base64="PPRylGN8FB1/2Fafbeqvdzr36IM=">AAAB+nicbVBNS8NAEN34WetXqkcvwSK0l5JIUY8FPXisYD+gjWWy3bRLN5tld1MpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCwSjSrvut7W2vrG5tZ3bye/u7R8c2oWjpooTiUkDxyyW7QAUYZSThqaakbaQBKKAkVYwup75rTGRisb8Xk8E8SMYcBpSDNpIPbvQHYMUQ/qQQkmVpyVR7tlFt+LO4awSLyNFlKHes7+6/RgnEeEaM1Cq47lC+ylITTEj03w3UUQAHsGAdAzlEBHlp/PTp86ZUfpOGEtTXDtz9fdECpFSkygwnRHooVr2ZuJ/XifR4ZWfUi4STTheLAoT5ujYmeXg9KkkWLOJIYAlNbc6eAgSsDZp5U0I3vLLq6R5XvEuKtW7arF2k8WRQyfoFJWQhy5RDd2iOmogjB7RM3pFb9aT9WK9Wx+L1jUrmzlGf2B9/gB8q5OC</latexit>

'a(s)(p)
<latexit sha1_base64="pTB11isOSpqiIrtt/r3DLzklLI0=">AAACA3icbVDLSsNAFL2pr1pfUXe6CRahgoREiros6MJlBfuAJpTJZNIOnUzCzEQooeDGX3HjQhG3/oQ7/8Zpm4VWDwwczrmHO/cEKaNSOc6XUVpaXlldK69XNja3tnfM3b22TDKBSQsnLBHdAEnCKCctRRUj3VQQFAeMdILR1dTv3BMhacLv1DglfowGnEYUI6WlvnngNYe05jGdCNGpFyBR8BO7b1Yd25nB+kvcglShQLNvfnphgrOYcIUZkrLnOqnycyQUxYxMKl4mSYrwCA1IT1OOYiL9fHbDxDrWSmhFidCPK2um/kzkKJZyHAd6MkZqKBe9qfif18tUdOnnlKeZIhzPF0UZs1RiTQuxQioIVmysCcKC6r9aeIgEwkrXVtEluIsn/yXtM9s9t+u39WrjuqijDIdwBDVw4QIacANNaAGGB3iCF3g1Ho1n4814n4+WjCKzD79gfHwDsPiW7Q==</latexit>

�(�, �̄).



Massless on-shell fields in AdS

Massless fields in AdS can be realised as
<latexit sha1_base64="8Z17Ac0X62MDm31XJfPYZ4/rBMI="></latexit>
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The rest remains the same except that helicity +s and helicity -s are equivalent representations.

[Vasiliev theory, twistor literature]



Higher-spin invariant amplitudes in AdS
[Colombo, Sundell ’12; Didenko, Skvortsov ’12; Gelfond, Vasiliev ’13]




Higher-spin algebra
Higher-spin algebra in AdS space is defined in terms of the associative star product (Weyl-Moyal)

<latexit sha1_base64="lwJSgaZMIub4hEgkKcUrMxltGVE="></latexit>

( 1 ? 2)(�3, �̄3) ⌘
Z

d2�1d
2�̄1d

2�2d
2�̄2 1(�1, �̄1) 2(�2, �̄2)e

i([21]+[13]+[32])ei(h21i+h13i+h32i).

The Lie algebra commutator is just
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[ 1, 2]? =  1 ? 2 � 2 ? 1.

The AdS isometries so(3,2) are generated by commutators with quadratic polynomials 

<latexit sha1_base64="wYUrRYCj+fa+fLYyMjdfsFG6uNk="></latexit>

P↵↵̇ ⇠ �↵�̄↵̇, J↵↵ ⇠ �↵�↵, J̄↵̇↵̇ ⇠ �̄↵̇�̄↵̇.

[Fradkin, Vasiliev ’87]




On-shell fields

The representation of this algebra, which carries on-shell fields is constructed as

<latexit sha1_base64="U/aMYtx7YhpQeana4I1zC1I67nE="></latexit>

� � = � ? �+ � ?  ̃,  ̃(�, �̄) ⌘  (��, �̄) =  (�,��̄).

It can then be checked that for Psi that correspond to the so(3,2) generators, Phi, indeed, 
transform as massless on-shell fields.



Invariants of the higher-spin algebra

The star product features a trace, which is cyclic for bosonic fields

Together with associativity, this implies that

<latexit sha1_base64="MlTmoGGt3tIseFRww7EJrR66Sow=">AAACKHicbVDLSgMxFM34rPVVdekmWIS6KTOlqDsLCrqsYB/QKUMmTdvQTGZM7hTK0M9x46+4EVGkW7/EtJ1FbT0QODnn3pvc40eCa7DtibW2vrG5tZ3Zye7u7R8c5o6O6zqMFWU1GopQNX2imeCS1YCDYM1IMRL4gjX8we3UbwyZ0jyUTzCKWDsgPcm7nBIwkpe7ufeky55jPsSJqwIMalxwq5p7DnY1EIVnl1LKOyHoRV1eeLm8XbRnwKvESUkepah6uQ8zhcYBk0AF0brl2BG0E6KAU8HGWTfWLCJ0QHqsZagkAdPtZLboGJ8bpYO7oTJHAp6pix0JCbQeBb6pDAj09bI3Ff/zWjF0r9sJl1EMTNL5Q91YYAjxNDXc4YpRECNDCFXc/BXTPlGEgsk2a0JwlldeJfVS0bkslh/L+cpdGkcGnaIzVEAOukIV9ICqqIYoekFv6BN9Wa/Wu/VtTeala1bac4L+wPr5Bfivpe4=</latexit>

Gn ⌘ tr( 1 ? 2 ? · · · ? n)

Is invariant under higher-spin algebra transformations
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�⇠ = [ , ⇠]?.

Thus one constructs invariants of the higher-spin algebra. Here, however, Psi does not transform 
as fields, but as algebra parameters (adjoint representation).

tr( 1 ? 2) = tr( 2 ? 1), tr( ) ⌘
Z

d2�d2�̄ (�, �̄)�2(�)�2(�̄) =  (0, 0).
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Invariant scattering amplitudes

One can show that if 
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�⇠� = �⇠ ? �+ � ? ⇠̃

then                              transforms as                            
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 = � ? �2(�)
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�⇠ = [ , ⇠]?.
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Gn ⌘ tr(�1 ? �
2(�) ? �2 ? �

2(�) ? · · · ? �n ? �2(�)),

where Phi’s now transform as on-shell fields is HS-invariant.

These give candidate higher-spin amplitudes, which have been checked holographically.

[Didenko, Vasiliev ’09]

Accordingly,

[Colombo, Sundell ’12; Didenko, Skvortsov ’12; Gelfond, Vasiliev ’13]




Invariant scattering amplitudes

More explicitly, for 3-point functions one finds
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G3 =

Z
d2�1d

2�̄1d
2�2d

2�̄2d
2�3d

2�̄3�1(�1, �̄1)�2(�2, �̄2)�3(�3, �̄3)

ei[12]�2(�̄1 + �̄2 + �̄3)e
i(h21i+h13i+h32i).

The kernel of this integral can be regarded as an amplitude 
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A3 = ei[12]�2(�̄1 + �̄2 + �̄3)e
i(h21i+h13i+h32i).



Chiral higher-spin theory



Chiral higher-spin theory

In 4d Minkowski flat space there exists the so-called chiral higher-spin theory. It is constructed in 
the light-cone gauge, by requiring Poincare invariance of the action.

In a well-defined sense it can be regarded as the higher-spin generalisation of self-dual Yang-
Mills theory and self-dual gravity. It is also chiral, the action is not real in the (3,1) signature.

[Metsaev ’91; DP, Skvortsov ’16]

[DP ’17]



Chiral higher-spin theory

The three-point amplitude is

<latexit sha1_base64="cKd5ahYrMW3JF6O9DY+/802d5UU="></latexit>

Mh1,h2,h3
3 = g

`h�1

(h� 1)!
[12]h1+h2�h3 [23]h2+h3�h1 [31]h3+h1�h2 , h ⌘ h1 + h2 + h3.

To be non-trivial it requires complex momenta (feature of massless 3-pt amplitudes)

Other properties carry over from self-dual theories: integrability, vanishing of tree-level n-point 
amplitudes with n>3.



Chiral higher-spin theory

Chiral higher-spin theories have also been studied at quantum level: finite at one loop

Twistor space and free differential algebra reformulations are available

[Skvortsov, Tran, Tsulaia ’18’20]

[Krasnov, Skvortsov, Tran ’21; Skvortsov, Van Dongen ’22; 

Sharapov, Skvortsov, Sukhanov, Van Dongen ’22]



Chiral theory

Direct analysis in the light-cone gauge shows that there is no local parity-invariant completion. 
The same, however, applies to theories in AdS as well. 

This is why we attempt here to go beyond the self-dual sector using higher-spin symmetries — at 
least this works in AdS. 



Higher-point amplitudes in flat space



Chiral theory

What we will do: consider 2-pt and 3-pt functions in the chiral theory and try to identify the 
associative HS product and the cyclic trace, which will enable us to construct HS invariant higher-
point amplitudes



2-point amplitudes

By two-point amplitudes in flat space we understand the Wightman functions. For scalar fields 
one has

<latexit sha1_base64="/bvcxwWosLvjbGL6MAeEhK7ZuFM="></latexit>

G0
2 =

Z
d4p1d

4p2✓(p
0
1)�(p

2
1)�

4(p1 + p2)�1(p1)�2(p2).

Converting this to the spinor-helicity representation, using regularisation
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h=�1
zh = �(1� z).

to sum over helicities, we obtain
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A2 = �2(�1 � �2)�
2(�̄1 + �̄2).



3-point amplitudes

We need to sum 
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Ah1,h2,h3
3 = g

`h�1

(h� 1)!
[12]h1+h2�h3 [23]h2+h3�h1 [31]h3+h1�h2�4(�1�̄1 + �2�̄2 + �3�̄3)

over helicities on each leg. With the previous regularisation this gives
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A3 = g[12]3e`[12]�([12]� [23])�([12]� [31])�4(�1�̄1 + �2�̄2 + �3�̄3).

One can further simplify this expression by changing arguments of delta functions 
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A3 = ge`[12]�2(�̄1 + �̄2 + �̄3)�
2(�2 � �3)�

2(�1 � �3).

It is very reminiscent of the result that we have in AdS!



Algebraic structures

Following the AdS setup, we introduce the associative product
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(�1 n �2)(�3, �̄3) ⌘
Z

d2�1d
2�̄1d

2�2d
2�̄2�1(�1, �̄1)�2(�2, �̄2)e

`[12]�2(�̄1 + �̄2 � �̄3)�
2(�2 � �3)�

2(�1 � �3)

and trace, which is cyclic with respect to it
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trn(�(�, �̄)) ⌘
Z

d2�d2�̄�(�, �̄)�2(�̄), trn(�1 n �2) = trn(�2 n �1).

These are chosen so that the kernels of 
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G2 = trn(�1 n �2), G3 = trn(�1 n �2 n �3)

reproduce amplitudes that we have just computed



Higher-spin algebra in flat space

Associativity of the product and cyclicity of the trace implies that A_2 and A_3 are invariant under
<latexit sha1_base64="7w1avlQTX3lw3PCzbkWBHujNqPI="></latexit>

�̄"� ⌘ [�, "]n ⌘ �n "� "n �.

In this way we find that chiral higher-spin theories have some global higher-spin symmetry. This 
was not built in!

Relevance of this algebra was seen before when reformulating the chiral higher-spin theory as 
the self-dual theory, in terms of twistors and free differential algebras

[DP ’17; Krasnov, Skvortsov, Tran ’21; Skvortsov, Van Dongen ’22; 

Sharapov, Skvortsov, Sukhanov, Van Dongen ’22]



Higher-point amplitudes

In the same way as in AdS, one can construct higher point amplitudes
<latexit sha1_base64="mC9D2Ab6FeUU2URnKW+yb6L8Q3E="></latexit>

Gn ⌘ trn(�1 n �2 n · · ·n �n),

which are manifestly higher-spin invariant. 



Properties
Computing explicitly we find

<latexit sha1_base64="elU06np7kmLdgBxeuu26U/OvVVM="></latexit>

Gn =

Z nY

i=1

d2�id
2�̄i�i(�i, �̄i)

Y

n�i>j�2

e`[ji]�2(
nX

i=1

�̄i)
nY

i=2

�2(�1 � �i).

For four-point function one gets
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A4 = e`([23]+[24]+[34])�2(�̄1 + �̄2 + �̄3 + �̄4)�
2(�1 � �2)�

2(�1 � �3)�
2(�1 � �4).

It has interesting features:
1) Scattering occurs at all lambda equal

2) Barred lambda is conserved separately

3) This means that scattering is non-trivial only for p_i p_j =0. That is all Mandelstam variables 

are vanishing

4) Chiral, relies on complex momenta
Distributions in HS occurred before

[Joung, Nakach, Tseytlin ’15;Taronna ’16; Bekaert, Erdmenger, DP, Sleight ’16; 
Beccaria, Nakach, Tseytlin ’16; Sleight, Taronna ‘16]



Contractions from AdS

Contractions at the level of star product 

eiR̄([12]+[23]+[31])eiR(h12i+h23i+h31i) ! eiR̄([12]+[23]+[31])�2(�1��2)�
2(�1��3), R ! 1.
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Product becomes commutative in lambdas.

Contraction at the level of 3-pt amplitudes

e�
i
R̄
[12]�2(�̄1+�̄2+�̄3)e

iR(h12i+h23i+h31i) ! e�
i
R̄
[12]�2(�̄1+�̄2+�̄3)�

2(�1��2)�
2(�1��3), R ! 1.
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We actually reproduce the flat space amplitude!



‘Global symmetry’
Consider quadratic generators

They commute as

J̄↵̇↵̇ ⇠ �̄↵̇�̄↵̇, P↵↵̇ ⇠ �↵�̄↵̇, L↵↵ ⇠ �↵�↵.
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[J̄ , J̄ ] ⇠ J̄ , [J̄ , P ] ⇠ P, [P, P ] ⇠ L,

[L, J̄ ] = 0, [L,P ] = 0, [L,L] = 0.
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This is not Poincare! It is some central extension of the chiral part of the Poincare algebra.

How do we get the Poincare algebra? 

J̄ ! J̄ , P ! 1

R
P, J ! 1

R2
L where R ! 1.
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Can be obtained as a chiral contraction of so(3,2):



‘Global symmetry’
The missing part of the Lorentz algebra — J — is the symmetry of amplitudes, but not part of the 
chiral flat space higher-spin algebra.

[J̄ , J̄ ] ⇠ J̄ , [J̄ , P ] ⇠ P, [P, P ] ⇠ L,

[L, J̄ ] = 0, [L,P ] = 0, [L,L] = 0,

[J, P ] ⇠ P, [J, J̄ ] = 0, [J, L] ⇠ L, [J, J ] ⇠ J.
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Moreover, fields transform in the representation with L = 0. Thus, translations commute and we 
indeed reproduce massless representation of the Poincare algebra.



Conclusion



Conclusion

1) We find that amplitudes in the chiral higher-spin theory quite manifestly have the form of 
invariant traces of a certain associative algebra. This pattern closely mimics the one in AdS, 
which was confirmed holographically.


2) This ensures that the chiral higher-spin theory has a certain global higher-spin algebra as a 
symmetry.


3) Using the associative product and the respective cyclic trace extracted from 2-pt and 3-pt 
functions, one can construct manifestly higher-spin invariant higher-point amplitudes


4) This gives us first flat space amplitudes in higher-spin gauge theories, which are non-
vanishing beyond 3-point level


5) Amplitudes involve distributions



Further directions

1) Restoring parity-invariance. Unlike in AdS, naive addition of parity-conjugate amplitudes 
breaks higher-spin symmetry. So, in the current form, amplitudes are chiral. This means, at 
least, that these crucially rely on complex momenta 


2) What is the theory (action) these amplitudes correspond to? Is it local? 

3) Fix undetermined relative factors for each n-point amplitude. This may require developing 

the holographic description of this theory.



Thank you!



External lines

As usual, on the external lines of the S-matrix one has the on-shell states, which are solutions to 
the free equations of motion. For massless fields in flat space EOM’s in the covariant form read

⌘aa'
a(s) = 0,

⇤'a(s) = 0,

@a'
a(s) = 0
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⌘aa⇠
a(s�1) = 0,

⇤⇠a(s�1) = 0,

@a⇠
a(s�1) = 0
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�'a(s) = @a⇠a(s�1)
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Gauge transformations are given by

These are usually solved in the Fourier space.



Constraints from gauge invariance

Gauge invariance leads to the familiar Ward identities in massless theories

Solutions from the previous slide define massless representations of the Poincare algebra. 
Amplitudes are Poincare invariant forms on these representations

Aa1(s1),...an(sn)(p1, . . . , pn) = Ma1(s1),...an(sn)(p1, . . . , pn)�
d(p1 + · · ·+ pn)
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pai
i Ma1(s1),...an(sn)(p1, . . . , pn) = 0, 8i.
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The Ward identities are, however, approach-dependent. In particular, one can use instead of phi 
their gauge-fixed counterparts. Then, there will be no gauge symmetries and no Ward identities. 
Global symmetries, in turn, are more universal



Global symmetries

Global symmetries in gauge theories occur as follows. One should look into the kernel of the 
free gauge transformation

�'a(s) = @a⇠̃a(s�1) = 0.
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Parameters that solve eqn above generate global symmetry transformations. In the non-linear 
theory this happens as follows

�nl
⇠̃
'a(s) = @a⇠̃a(s�1) + T (⇠̃,') + . . .
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where T is linear in phi and xi and gives the first non-linear correction to the gauge 
transformation law. Global symmetries are generated by

�gl
⇠̃
'a(s) = T (⇠̃,').
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They still survive in a gauge-fixed theory.



Examples

The Yang-Mills theory. Gauge transformations in the free theory are

�Aa(x) = @a⇠(x).
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So, the global symmetry parameters are x-independent. In the non-linear theory they generate

�⇠̃A
a(x) = @a⇠̃ + [A(x), ⇠̃] = [A(x), ⇠̃]
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which are, indeed, the global transformations in internal space.



Examples

Gravity. Gauge transformations in the free theory are

�gaa(x) = @a⇠a(x).

<latexit sha1_base64="y5Hrp8B5kggI+d6eaGp32lcVLXg="></latexit>

Global parameters are just the Killing vectors

⇠̃a(x) = aa + !a,bxb, !a,b = �!b,a.

<latexit sha1_base64="NhMZM5MD8ELDSLktGxHMivtxc+g="></latexit>

In the non-linear theory, these generate the flat space isometries, that is the global Poincare 
algebra

�⇠̃g
aa(x) = L⇠̃g

aa(x).
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Higher-spin case

In the general spin case global symmetry parameters 

@a⇠̃a(s�1) = 0
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are given by the traceless Killing tensors of the Minkowski space.

This defines the spectrum of the global higher-spin algebra.



Further consistency conditions

Global symmetry transformations should close into themselves

[�⇠̃1 , �⇠̃2 ]' = �⇠̃3' ⌘ �[⇠̃1,⇠̃2]',
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which defines the commutator of global symmetries. It should satisfy the Jacobi identity, that is 
global symmetries form a Lie algebra. If we want to have gravity as spin-2, it should have the 
Poincare subalgebra

Finally, 

�⇠̃' ! '
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should be a representation of this algebra. Moreover, under the Poincare subalgebra, fields 
should transform in the massless higher-spin representations that we started from.



2-point amplitudes

By two-point amplitudes in flat space we understand the Wightman functions. For scalar fields 
one has

<latexit sha1_base64="/bvcxwWosLvjbGL6MAeEhK7ZuFM="></latexit>

G0
2 =

Z
d4p1d

4p2✓(p
0
1)�(p

2
1)�

4(p1 + p2)�1(p1)�2(p2).

Converting this to the spinor-helicity representation, we obtain
<latexit sha1_base64="ZggD7nZEvzz3VS3bc6Bbz8ptXL0="></latexit>

A0
2 = h1µi[µ1]�(h1µi[µ1] + h2µi[µ2])�(h12i)�([12]).

Note that it is not manifestly Lorentz covariant due to the presence of the reference spinor.

Analogously, for helicity-h two-point function one finds
<latexit sha1_base64="TFTPSgrr67jomaDCctdDx7Je6Ns="></latexit>
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h1µi[µ1]�(h1µi[µ1] + h2µi[µ2])�(h12i)�([12]).



2-point amplitudes

To bring it to the form, which is reminiscent of that in AdS, we sum it over spins
<latexit sha1_base64="8gnx5trpE9kCjAMyuKL7vL93N6g="></latexit>
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h1µi[µ1]�(h1µi[µ1] + h2µi[µ2])�(h12i)�([12]).

To perform the sum, we use the following standard regularisation
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h=�1
zh = �(1� z).

This gives
<latexit sha1_base64="k4x61iHfAW8Mxk2sfdKv4Irt5VE="></latexit>

A2 = � (h2µi[µ1] + h1µi[µ2]) h2µi[µ1]h1µi[µ1]�(h1µi[µ1] + h2µi[µ2])�(h12i)�([12]).

By going to new arguments of delta-functions, this can be written as 
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A2 = �2(�1 � �2)�
2(�̄1 + �̄2).



Restoring parity-invariance

<latexit sha1_base64="ZNKyJVfQ8U5wirPabmt7i/F/EBg="></latexit>

Gn ⌘ tr(�1 ? �
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One can show that 
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Ḡn ⌘ tr(�1 ? �
2(�̄) ? �2 ? �

2(�̄) ? · · · ? �n ? �2(�̄)),

is invariant with respect to higher-spin symmetries as well. By adding these, we obtain a parity-
invariant amplitude

Amplitude

is superficially chiral (delta-functions on lambda but not on lambda bar).



Properties

One may try to cure chirality of amplitudes by adding 
<latexit sha1_base64="+YRUDoySDDLxG3wkZAEGuBgpjpE="></latexit>
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where
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is parity conjugate to the original      product. Unlike in AdS space, however, amplitudes above 
are not invariant with respect to the original symmetry 
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�̄"� ⌘ [�, "]n ⌘ �n "� "n �.

So, the naive way of curing parity by adding parity-conjugate amplitudes, unlike in AdS, breaks 
the original symmetry of the theory.


