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Preamble: Supersymmetry and higher spins

>

Supersymmetric higher-spin theories are under intensive development
for last decades. One of the basic origins of interest in them is that they
could provide a bridge between superstring theory and low-energy
(super)gauge theories.

Free massless bosonic and fermionic higher spin field theories have
been pioneered in Fronsdal, 1978; Fang, Fronsdal, 1978.

The natural tools to deal with supersymmetric theories are off-shell
superfield methods. In the superfield approach the supersymmetry is
closed on the off-shell supermultiplets with the correct sets of the
auxiliary fields and so is manifest. Unconstrained superfield
formulations are most preferable.

The component approach to the description of 4D, A/ = 1
supersymmetric free massless higher spin models was initiated in
Courtright, 1979; Vasiliev, 1980.

The complete off-shell Lagrangian formulation of 4D free higher spin

N = 1 models (including those on the AdS background) has been given
in terms of A/ = 1 superfields in a series of works by S. Kuzenko with
collaborators (Kuzenko et al, 1993, 1994).



Until present, an off-shell superfield Lagrangian formulation for
higher-spin extended supersymmetric theories, with all
supersymmetries manifest, was unknown even for free theories.

This gap was recently filled in |. Buchbinder, E. lvanov, N. Zaigraev,
JHEP 12 (2021) 016, arXiv: 2109.07639 [hep-th]. An off-shell manifestly
N = 2 supersymmetric unconstrained formulation of 4D, N' = 2
superextension of the Fronsdal theory for integer spins was constructed
for the first time, based on the harmonic superspace approach.

Manifestly ' = 2 supersymmetric off-shell cubic couplings of
4D, N = 2 to the hypermultiplets were given in |I. Buchbinder, E. lvanov,
N. Zaigraev, JHEP 05 (2022) 104, arXiv: 2202.08196 [hep-th].

Our papers open a new area of applications of the harmonic
superspace formalism, that time in A/ = 2 higher-spin theories.



Harmonic superspace

> At present, in four-dimensions, the self-consistent off-shell superfield
formalism for AV = 2 and N = 3 theories is the harmonic superspace
approach (Galperin, lvanov, Kalitzin, Ogievetsky, Sokatchev, CQG
1984, 1985).

» Harmonic A/ = 2 superspace:
Z=©x", 07, 0% v, ut esu@)/uM), utu =1.

» Analytic harmonic A" = 2 superspace:

CA _ (XAH’9+a7§+d7 U:i:i)7

o7 =07yt xg = X" - 200"
» All basic V' = 2 superfields are analytic:

matter hypermultiplets : gt (), dt(ca),
SYM : VT (Ca) s
supergravity :  h"""(Ca), TN (Ca), HTTEN(CA), TO(C) -




N = 2 spin 1 multiplet

>

An instructive example is supplied by Abelian N = 2 gauge theory,
VIH(Ca), sV =DYTA(C), DT =0 20070 00s + 0770 .
Wess-Zumino gauge:

V++(C ) _ (0+)2¢)+ (9_+)2(]_5—|—2i9+a§+d/4 .

+ (020 pau + (02059 U + (07)(07) Dy

aDfields ¢, ¢, Asa , ¥h , ¥% , DU constitute an Abelian gauge N = 2
off-shell multiplet (8 + 8 off-shell degrees of freedom).

Gauge-invariant action:
S~ /d122 (Vv
D"V T —-D V' =0, 6§V T =D "A.
D™~ =0 =200 “Oaa +0"0; .



N = 2 spin 2: linearized N = 2 supergravity
> Analogs of V**(¢a) are the following set of analytic gauge potentials:
(F7(Ca) s H5(a) s P4 (R))s A= (o),
5 h++m _ D++/\m+2i()\+ozo_aa9+a +€+aa_m )\+a)
Sy h++5 D++)\5 2I(A+a9: _ 0;:)\+a) ,
h++u+ DHHtA
» Wess-Zumino gauge:
" = —2i07 %0 o + [(67)20 Ty U +cc] + ...
W5 = —2i0 60" Ca+ ..., hTHHF =
» The residual gauge freedom:
A= a"x), A = b(x), A= e“'(x)uf’+0+”l(y“)(x).

» The physical fields are 7, wﬂ”, Ca ((2,3/2,3/2,1) on shell). The spin
1 part of 7 is gauged away by the local “Lorentz” parameters
/(V;J,)(X)7 /(b;l)(x):

OF ~ Dgpai = Paaysa) +Easas®-



» The invariant action:
S~ / d'xdau(G* G + GG,
G++//.u h++uu + 2,(h++u+9 Iz +0 uh++;/.+)
G++5 = h++5 —9j (h++,u+0; o ;l h++,u+) ;
DG M =D TG,
D++6775 _ foG++5 )
» After passing to components, the spin 2 part of the Lagrangian reads:
G++aaG——aa + G G——S =
_ 1 plesias (@B)(&h) ;
Leoy=—4 [CPEITO 05— @ Oac 0" P 5) 5

ad [1‘
+200°07 0, 55 — 66010,

> Itis invariant under 69,5, . = 3 (Jaadys + 95380a) , 0P = ;0aaa™®.



N = 2 spin 3 and higher spins
A generalization to higher integer spin A" = 2 supermultiplets goes rather
straightforwardly. The spin 3 example is significative.

» The spin 3 triad of analytic gauge superfields is introduced as :
h++(aﬁ)(dﬁ)(c) , h++ad(C), h++(“ﬁ)d+(g), h++(dﬁ)a+(o 7

and has the following transformation laws, with the analytic gauge
parameters:

6h++ (aB) (aﬁ) D++>\ (aB)( aB) + 2 [)\-%- (aB) (<19+,3 4 9-%— (x)\+,(‘3 aﬂ ]
6h++ao’< _ D++>\aof _ 2/[)\ (aB) oz9+ + >\+ aB ao-ﬂ
6h++(aﬂ)d+ — D++)\+(a[3 5h++ aﬁ)a+ D++A+ 0/[3)0/ .
» The bosonic physical fields in the WZ gauge are collected in
pr(eB)@d) _2i9+p9‘+b¢g;ﬁ)(d6) + [(é*)zew(“ﬂ)("’m’uﬁ + C.C.} + ..
h++a(’x _ _2i9+pé+p' C?f;i +
> The physical gauge fields are '%”(“") (spin 3 gauge field), C55* (spin 2

gauge field) and 1{*# ) (spin 5/2 gauge field). The rest of fields are
auxiliary. On shell, we end up with the multiplet (3,5/2,5/2, 2).



» Some residual gauge freedom can be used to put the physical bosonic
gauge fields into the irreducible form

®s(ap)a) = Plasmiasn T E1aEv5Pas)
C’y"y(u'x = C('ya)("yo'z) + 5'yu5"y(iec7

with the following gauge transformations

4 .

0P pyast) = As@@aman s 0®Pap = 507" &anas) »
1 (et
5C(a/3)(a5) = 8(5(Bb04)d)7 0C = Zaadb .

» These are just the correct gauge transformations for the Fronsdal spin 3
fields (®(,5.)(a54): Pag) @and spin 2 fields (C, 544 C)-



» The invariant superfield action is constructed literally on the pattern of
the spin 2 case

Ses— / dtxeoau { G DG,

++af A —
s+ G G}

with

)

GHHeB)Iah) — pr+aB)(ap) | Zi[h++(a6)(d+g—6) _ h++(d3)(a+9—ﬁ)}
Grtef — prtes _ 2i[h++(aﬂ)ﬂ+95 0 h++(d5)a+]7
DG (@ANeh) _ pm-GtHefeh) g
DG — DG = 0.
» The component spin 3 bosonic action reads

4y 1 plarazas)(ardads) o
S 3) /d D(D (ayopag)(dry cepéig)

7¢ (arazag)(dydzdg) g

~5 ycry 8pp¢(ﬂaza3)(ﬁd2d3)
ajasag)(adoa 15 ad
_|_3¢( japag)(bydp 3)8a1d1 aazdzd)asds _ ch Odbaa
3 aqdy Qi
g Do 11, 0722 |



» The general case with the maximal spin s is spanned by the following
analytic gauge potentials
h++o¢($71)d¢(sf1)(C'-)7 h++a(572)d(s,2)(4)7 thJrcz(Sf1)é¢(572)+(§)7 h++d(sf1)a(572)+(g)

)

where a(S) := (a1 ... as), &(8) == (ay ... &s).

» The relevant gauge transformations can also be defined and shown to
leave, in the WZ-like gauge, the physical field multiplet
(s,s—1/2,s—-1/2,s —1).

» The invariant action has the universal form for any s

S( 1)s+1/d4Xd89dU{G++as 1a(s— 1G—— Ja(s—1)
a(s—2)a(s—2 ——
+ GHrals—2as )Ga(s—Z)d(s—Z)}7
where
GEEals—Nals—1) _ pta(s—1)é(s—1) +zl-[hiia(s—1)(a(s—2)+§—as,1)
_h:t:td(s—1)(a(s—2)+ 97%,1)] 7
Giia(572)d( hiias 2)a( 2I[hii a(s—2)ag_1)a(s— 2+0;s 1

_’_h:l::l:a(s—Z)(d(sfz)a( 07 ]
s—1

and the negatively charged potentials are related to the basic ones by
the appropriate harmonic zero-curvature conditions.



Hypermultiplet couplings

» The construction of interactions in the theory of higher spins is a very
important task. The simplest higher spin interaction is described by a
cubic vertex, e.g., bilinear in the matter fields and of the first order in
gauge fields. At present, there is an extensive literature related to the
construction of cubic higher spin interactions (e.g., Bengtsson et al,
1983; Fradkin, Metsaev, 1991; Metsaev, 1993; Manvelyan, Mkrtchyan,
Ruehl, 2010, 2011, and many others).

» Supersymmetric N/ = 1 generalizations of the purely bosonic cubic
vertices with matter and the corresponding supercurrents were explored
in terms of V' = 1 superfields in the papers by Gates, Koutrolikos,
Kuzenko, |. Buchbinder, E. Buchbinder and others.

» In JHEP 05 (2022) 104, arXiv: 2202.08196 [hep-th] we have
constructed, for the first time, the off-shell manifestly N' = 2
supersymmetric cubic couplings 3 — 3 — s of an arbitrary higher integer

superspin s gauge A/ = 2 multiplet to the hypermultiplet matter in

4D, N' = 2 harmonic superspace.



» Our starting point is the A/ = 2 hypermultiplet off-shell free action:

5= [dc Ly = - [dc9 Jqrp*ar, a=1.2

» We reproduce the gauge higher-spin N' = 2 superfields from gauging
the appropriate higher-derivative rigid (super)symmetries of this free
hypermultiplet action. The simplest symmetry is of zero order in
derivatives, it is U(1) transformation of g*2,

5qt = —XJg™?, Jg"? =i(m)%q"".

Gauging of this symmetry is just replacing Ao by analytic
superparameter, Ao — A(¢), and in order to make the g2 action
gauge-invariant, we perform the change

pH = ®++ — Dt 4 ?j{++’ A = h++J
HHTT =D A, A=X = AT =D

There is no direct relation between J and 9s: one can choose
0sq*® = 0 which corresponds to massless g™ or 9sq™% ~ mJq ™2,
which corresponds to massive g*4.



> The global symmetry to be gauged in the spin 2 case looks somewhat
more complicated, it is of first order in derivatives

5rigq+a - —/A\n'nga
/A\rig _ (Aad _ 2,-)\7119_4»& _ 2/0#»@5\*&) 804(54 + >\+a6; =+ 5\+dag
n ()\5 n 2/A@—9§) 95 = A\"oy, D™, Al =0.
It involves five constapt bosﬁo'nic parameters A%, \®, four constant
spinor parameters A*¢ = A“’u,i and can be treated as a copy of the
rigid V' = 2 supersymmetry transformations in their active form. We

gauge just these transformations, leaving A/ = 2 supersymmetry
realized on the coordinates rigid.

» In this case there are two possibilities for gauge transformations of the
hypermultiplet:
5197 = -AN2yq™?, Az = Aoy = Ao+ AT +AT0; + 2%,

§2q+a _ _%Q(Z)q+a7 Q(2) = (_1 )P(M)aM)\M _ 6&(&)\@& —8(; >\+a —6; /_\Jr('x )

1 .
(01 + 02) Lipge = §q+a[D++>/\(2>]q;



> Next, we introduce the differential operator
7:[(4;{ _ h++0¢daad + h++ﬂ+a‘; + h++585,
with the transformation law
G =D, A

Then the linear in gauge superfields part of the gauge-invariant action
reads ’
R e L 8

» |n fact £§§,§§§2) can be made fully gauge invariant (and not at the

linearized level) by deforming the gauge transformation law of ’}QH as
Sty = D7 + Hzy A
» A complete nonlinear harmonic superfield action of N = 2 supergravity

including the pure supergravity part was constructed in A.Galperin,
Nguen A. Ky and E. Sokatchev, 1987.



> A surprising peculiarity of the superspin 3 case is that the relevant rigid
two-derivative transformations to be gauged and the resulting couplings
of the relevant gauge superfields to the hypermultiplet can be
consistently defined only at cost of breaking rigid SU(2)pg symmetry
down to U(1) generator which is manifestly present in all formulas. This
peculiarity extends to all odd A = 2 spins.

» Though in this case from the beginning one can define 4 independent
transformations of g™2, only two their fixed combinations can be
compensated by the appropriate transformations of gauge superfields:

fe%e 1 fe%e 1
5)\q+a = — |\ MaMaad =+ 5(600)\ M)aM + EQ(S) (TS)Hbq+b7

5eq™ = —€ Qo) Jg+ = —i€ Qs (75)a ™,
where
XMy = NG,y NI G 4 XD g4 X2,
Q@) = (aaaﬂ%)i), Q% = (_1)P(M)(8M>\aam).



» Defining
qptrad _ h++(aﬂ)(dé)865 + h++(°ﬂ)d+8§ + ,‘7++(d/%)a+03— 4 pttedgs
trad _ g pt(aB)(aB) _ g— prt(eB)at _ g— prta(éf)+
r = Ogph —0gzh —9;h ,
"++ _ Ayttadg ++ _ . Htaa
Ha =H Oaa, M) = Oaal
57#* D" A@],  Agy =A"YOmdas, TG =D Q)
we obtain a gauge invariant extension of the g™ action as
Coles® = ity — 2 (D + I+ er ) ai

» The presence of constant ¢ in the gauged Lagrangian shows that off
shell there are 2 types of possible interactions of the N' = 2 spin 3 with
the hypermultiplet. The coefficient £ is a dimensionless coupling
constant that measures the relative strength of these interactions.
Actually, we have checked that on shell the ¢ term does not contribute
to cubic vertex, it survives only off-shell and perhaps can play some role
in the quantum theory.



» In the superspin 4 case the transformations of g™ do not require
internal symmetry generators, so they preserve SU(2)p¢ invariance.
The rigid symmetry transformations are of third order in derivatives and
well defined. Their localization in the analytic subspace admit 6
independent variations, but only 3 of them turn out to finally matter

51" = —0ud _/A\a,gagq+a7 5.4 = _/A\aﬁ(xﬁaada g™,
55 pp
53q+a = —6adaﬁﬁﬂa6a6q+aa

where
AeBaB _ \(aB) (@) Mo, QaBeB _ (1)P(M)(8M>\(aﬂ)(d/?w)

and derivatives freely act to the right.
> One can calculate

1 N
(51 + 52 + 53) ‘Cfree = 2q+a[D++7 /\(4)]q;r

» Then the modified g*2 action reads
- 1 ~
Loise? =50 (D7 + 7 ) ad
with
Ot praB)(eB)M ..
i =h MDac

5”H++ D, /\ 1, /“\(4) — )\(am(dﬁ)MaM&maﬁg-



» The hypermultiplet couplings of the N' = 2 gauge multiplets of higher
superspins s can be constructed quite analogously and have the
uniform structure: gauge superfields and gauge parameters are the
appropriate differential operators of the rank s — 1.

» Everything can be easily extended to a system of several
hypermultiplets. The free Lagrangian of n hypermultiplets can be written
in the manifestly USp(2n) invariant form as

1 —~
£freen = §q+AD++qX7 qX = QAB(]E? A= 1527“'72”7

where Q%8 = —QP4 is USp(2n) invariant constant 2n x 2n symplectic
metric. It can be rewritten in an equivalent complex form as

~+aD++

‘Cfree n~q q;r - D++q+a(7a+ ) a= 1327 N, qA - (qa ) 7a+a)

so that the manifest symmetry is U(n) = SU(n) x U(1) C USp(2n), with
respect to which g3 and g+ transform in the fundamental and
co-fundamental representations. Then one can identify the U(1)
generator needed for description of odd spins as

+a +a

Jay =gy, JGTT=-ig"?,

so that USp(2n) gets broken to U(n). Some other options with SU(n)
also broken, are as well admissible.



Summary and outlook

The theory of N' = 2 higher spins s > 3 opens a new promising direction of
applications of the harmonic superspace approach which earlier proved to be
indispensable for description of more conventional A = 2 theories with the
maximal spins s < 2. Once again, the basic property underlying these new
higher-spin theories is the harmonic Grassmann analyticity (all basic gauge
potentials are unconstrained analytic superfields involving an infinite number
of degrees of freedom off shell before fixing WZ-type gauges).

Under way:

» The natural next steps are the construction and investigation of
4D, N = 2 higher-spin supercurrents of the hypermultiplet and more
detailed study of the component structure. In progress.

» A = 2 supersymmetric half-integer spins?

» An extension to AdS background?

» From the linearized theory to its full nonlinear version? At present, the
latter is known only for s < 2 (N = 2 super Yang - Mills and A/ = 2

supergravities). This problem will seemingly require accounting for all
higher N = 2 superspins simultaneously. New supergeometries?
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