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Fusion matrix

[Lmy Ln] = (m — n)Lmgn + 1—(:2(n3 — n)0p,—m + right copy
Bulk OPE has the form

_ _ cx _
¢;(Z]_,Z]_)¢j(22,22) = Z ’21 — 22’Ai+Aj_Ak ¢k(22722) T
k

By the BPZ arguments we have for 4-point correlation function
(®i(00)®k(1)P;(x,x)®/(0)) in s and t channels

Zcpcka[ . ”(x)ﬁ;“ ”(2)

p

Saacr| ] wr] ] e,
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where F; [ l,( JI ] (x) and F [ //( J, ] (x) are s and t channels

conformal blocks correspondingly. Conformal blocks in s and t
channels are related by the fusing matrix

s| k J _ ki j| | k J
f”[i / (X)_;FP"’ i) Tel |0, O
and hence one has:

2. i Pq[lf J)]Ffiq[f J,]= (02)

Ck_/ q/
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Liouville field theory

Let us review basic facts on the Liouville field theory. Liouville field
theory is defined on a two-dimensional surface with metric g,p by
the local Lagrangian density

1
L= fgabaawabso + pe®? + QRw, (0.3)
s 47

where R is associated curvature. This theory is conformal invariant
if the coupling constant b is related with the background charge @

as i
The symmetry algebra of this conformal field theory is the Virasoro
algebra
_ €L, 3
[Lm, Lp) = (m —n)Lpmyn + E(n —n)on—m (0.5)
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with the central charge
a=1+6Q%. (0.6)

Primary fields V,, in this theory, which are associated with
exponential fields e, have conformal dimensions

Ay =0o(Q— ). (0.7)

a3 Q2 o N(a47a37aS)N(aS’a2aat an a1 | s
Fasﬂxt - }b

s o N(ag, ar, a1)N(ag, az, ap) * 43

(0.8)
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6j-symbols
6/-symbols of the Faddeev modular quantum double:
UQ(S/(27R) S5, U&(SI(2,R), q= eﬂ’be and []' — e7rfb72

-~ a5+a2—a1)5b(a1+at—a4)5 IRCINT
a3 a4 }b Oét—l-az —043)513(@3 T o, —Oz4)| b( at)| h(ﬁa?’}/a)

ico 4
/83773 / Hsb(z+7a)5b( Z+ﬁ)

IOOal

Sp(x) =~ (x, b, b71) (0.9)

where v(?)(x, w1, ws) is hyperbolic gamma function.
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Ponsot-Teschner parametrization

1n=-Q2+tas—as, p;=Q/2+as,
v =—-Q/24 a1 — az, By =Q/2—ar+ as+ az,

o : (0.10)
13 =Q/2— a3 —a, s =—-Q/2+ ar+ as+ az,
v =Q/2— a1 —ay, Ba=3Q/2 — as.
4
> (5 +89)=2Q. (0.11)
a=1
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The function 7(2)(y;W1,W2) has the integral representation

7(2)(y;w1,w2) = exp (—/ <S|n.h(2y - wl_ — wa)X _ 2y —w1 — w2>\
0

2sinh(w1x) sinh(wox) 2wiwox y

and obeys the equations:

2) : (2) ;
YNy + wr;wr, wa) — 9 n7ry 1y + waiwy, wo) —2sin Y,

Y@ (y; wi,wn) w2 Y@ (y; wi,wn) w1

The function v (y; w1, w,) has the following asymptotics
limy,_, e 5 Baa(yiwrwa) ~(2 )(y;wl,wg) =1, argw; < arg y < arg wp+m,

limy o€~ 3 B2205192) 1) (yr 1 ) = 1, arg wi—7 < arg y < arg wy,

where B »(y; w1, w2) is the second order Bernoulli polynomial:

2 1w 1
Bro(y;wi,w2) = Y yy+< 1+w1)+2
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Define

o 4
100 dz
_ @5 _ . 2) .
In(B,7) /_ioo al_ll’Y (Ba — ziw1,w2) 7" (72 + z; wl,wz)i s

(0.12)
with the parameters (3,, v, satisfying the balancing condition

> " (a + Ba) = 2(wi + w2). (0.13)
a=1
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W (E7)-group transformation laws: 7-symmetry
Consider the function /Iy(s) defined by the integral

ico H (SJ +z;w)  dz

Ih(s) = , 0.14
h(s) = —ioo (:t2z,w) 2i\/wrws (0.14)
with s; satisfying the conditions Re(s;) > 0 and

8

ZSJ':2Q, Q = wy + wo. (0.15)
j=1

W)= I "Pg+sew) [T 725+ scw) b)),
1<j<k<4 5<j<k<8

where
. " . 1
Sj = 5j+777 Sj+4 = Sj+4—1, J = 1) 2737 47 n= 5(“1‘{'&)2—2 S_I)
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Let us parametrize

51256 = V1,2,3,4 T i/, $3.4,7,8 = P1,2,3,4 — it (0.16)

n (0.14), shift the integration variable z — z — it on both sides of
this relation, and take the limit © — —o0.

Jn(B,7) = H’Y(2)5+’ka H’y (Bj +vk;w)  (0.17)

J,k=1 J,k=3
XJIp(Br +m, B2+ 1,83 =1, s — 10,71 + 0,72+ 10,73 — 1,78 — 1),

n=3(wi+w— (B1+ B2+ 7+ 7))
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W (E7)-group transformation laws: reflection

ws)= II Plgtsaw)h), N==7" -3
1<j<k<8

For deriving another symmetry transformation, we replace in (0.18)

sj — j +ip, Sjiya = Bj —ip, j=1...,4, z — z—ip.

4
The balancing condition takes the form > (3; + ;) = 2Q. After
j=1
taking the limit 4 — —o0, we come to the identity
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W (E7)-group transformation laws: 7n+reflection or
Teschner-Vartanov

4

/h(§) = H ’Y(z)(SJ + Sk+4; w)/h(G —51,...,G — s, (020)
k=1

Q—-—G—s5,...,0 — G —s3),

4
where G = % lej and @ = wi + wy. Now, for the

J:
parametrization (0.16), the u — 0 limiting procedure yields
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2
JB.7) = T] vy + Busai P (2 + Bri w)I(G — 71, G — 72,
k=1

Q-G6G—713,Q-G—1G—01,6—02,Q—G—f3,Q0—G—f4),

where G = 3(71 + 72 + B1 + B2).
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J(8°7°) = ) J(8°,7°) (0.21)
where
Y=o, 73 =2Q, Bl =—am:, 5= —as,
V5 = u3st Vg = Qoast,  PB5 = —ouar, B = —azus,
Qjjk = oo+ ok, Qi = o+ o+ ag+
and
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and

Qa) =v(Q + as — a3 — ag; w)YP(Q + as — a1 — az;w)
X ’7(2)(Q —at+ax —asz; w)’y(z)(Q — o+ oag — ;W)
x YD(=Q + ot + iz + 03; W)Y D(Q — a5 + @3 — g; W)
Y(=Q + ar + g + a1;w) TP (Q — a5 + a1 — az;w).
The equality (0.21) was derived by Teschner and Vartanov in a
more complicated way and it was used for derivation of the

hyperbolic volume of a non-ideal tetrahedron in the quasi-classical
limit of 6j-symbols for the Faddeev modular double.
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Comment on Regge symmetry

s\ _ J S—a1 S— s
{(malay={amsalal (0.22)
where )
S= 5(041 + az + a3z + ag) (0.23)
Setting

ar = Q/2 —i(N1/2 4 016), az = Q/2 —i(N3/2 + 030),
az = Q/2 —i(Na/2 + 0206), ag = Q)2 +i(Na/2 + 046),

ar = Q/2 —i(M1/2+ p16), as=Q/2+i(M2/2+ p2d),

. Joa1 | as o1,N1 02,N2 | p1,M
hmé%’{ asag lai S p=it6 X Uos,Nz 04,Ny |027M2}

where on the rhs we have 6j-symbols for the group SL(2,C).
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—jib —jab | —jsb Ji 2 (s
—jab —jab fjtb}b“ Ja Ja jt}q (0.24)

where, 2j; € Z, q = e™” and on the rhs we have 6/-symbols for
the Uqy(su(2)).
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N=1 Super Liouville field theory

Let us review basic facts on the N = 1 Super Liouville field theory.
N = 1 super Liouville field theory is defined on a two-dimensional
surface with metric g, by the local Lagrangian density

L= LI PObipt 5 (w&pwaw)+2/ub2¢¢eb@+2w2b2 2be
(0. 25)
The energy-momentum tensor and the superconformal current are

T = —2(0p0p — QP + ), (0.26)
G =i(vdp — QOY). (0.27)

The superconformal algebra is
[Lms Lol = (m = m)Lsn + 5m(m? = omen,  (028)
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m— 2k
[Lm, Gk] = 5 Gmak, (0.29)
c 1
{Gk, G/} =20+ 3 (k2 — 4) Okl (0.30)
with the central charge
3 2
= +3Q°. (0.31)
where 1

Here k and / take integer values for the Ramond algebra and
half-integer values for the Neveu-Schwarz algebra.
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NS primary fields N, in this theory, N, = e*¥, have conformal
dimensions

ANS = %a(Q —a). (0.33)

The physical states have a = % + iP.
Introduce also the field

No = G_1/oNo = —icpe®?. (0.34)
The R-R is defined as

RE = oFe®?, (0.35)
where ¢ is the spin field . The dimension of the R-R operator is

AR = %Jr 1a(Q—a). (0.36)
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Supersymmetric Racah-Wigner symbols for the supergroup
Uq(osp(12))

S (%) S (52/ + (2?) = Sns(y) = Si(y),

Sb <)2/ + g) Sb <}2/ + b;) = Sr(y) = So(y)-

The subscript a of S,(y) is defined mod 2: S,.2(y) = Sa(y)-

{ o1 a2 as}V3V4 —

az ag ot Jpv,

Su(as+az —a1)Sy, (a1 + ar — ag) [ a3 o ]VW
Qs,0t

Su(ar 4+ ag — a3)Sy, (a3 + as — aa) ag o1

9

vivp

where @y = Q —as, v; = 0,1, i =1,2,3,4, 7, v; = 0 mod 2,
and
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V3l
a3z Qo
Iozsm =

Ay,

oo 1
(—1)V3V2+V4/ > (=) TS s (v 4 19) St (Y +75)

i00 ,—0

X St (Y +73)St4vtua (Y +73)Su(=y + B7)Svtvatis(—y + 52)

[¢] (e} d
X 5V+V2+V3(_y + /83)51/(_)/ + 54)27): (037)
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Pt | xz %z R i (0.38)
Fui | N | tmzisn )
i, | N0 N (@siml o)
T VARl R CEA P A CYS)
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General Supersymmetric Racah-Wigner symbols

al as as v3vg
{ Qp Az Qs } _
ar as at -

Oé2 Oé4 (o7

vz

1
Plas) [ du > (40X Stmsuetalu - anzd)
¢ v=0

X51+1/(U - a534)51+1/1+1/4+1/(u - a23t)51+1/2+1/4+1/(u - a1t4)

XSV4+V(a1234 - U)SV1+V+al(a5t13 - U)SV2+V+32(a5t24 - U)
Sirar(2Q =)

where

(_1)X _ (_1)l/(asV1+a1V3+a4l/4+alas+aza4+as+at) ,
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4
Zu; =as+armod?2, (0.42)
i=1

as = a1 + a» = az + azmod 2, ay = a1+ as = a» + azmod 2.
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@ What is reason of all weird signs?

@ If for the case when all a; = 0 the expression for the susy 6]
symbols in the Teschner-Vartanov parametrization is
equivalent to the expression in the Ponsot-Teschner
parametrization?

o What is expression for the susy 6j symbols in the
Ponsot-Teschner parametrization for general values of a;?
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Lens hyperbolic gamma functions

Ay; m;w) =~ (y + mwl;wl, 1 +w2>
r r

x~(?) <Y+ (r— m)wz;wz’ w1 +w2> '
r r

For the fundamental region 0 < m< rone has
k
(2) (1 _ E) .
Ay, m,w) ||7 ( + w> p +(w1+w2)r,w

r—m—1
m k
X H ~? ({ +w (w1 + wz);; w> : (0.43)

ANy, m+ kriw) = (— 1)mk+r /\(y, m;w). (0.44)
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_im(1 oNam 1
lim, s A(y: miw) — e 3 (B2l 5 omii—go)

for arg w1 < arg y < arg ws + 7,

iT . m? r
limy oo A(y; miw) = F (Bl omii-g)

for arg wy; — 7 < arg y < arg wo.
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Recall the relation between Sns(x), Sr(x) and the function

Ay, m;w) for r =2 . Settingwy, =bandw; = b1, Q=b+ b1,
and using the notation accepted in conformal field theory literature
v (z; b,1/b) =: Sy(z), we obtain

No0:78,0) = 55 (5) 56 (5 + 5 ) = Susr) = i)
| (0.45)
Nt 8,0) =55 (5 +5) 5o (5 + %5 ) = Sa) = o),
(0.46)

The subscript a of S,(y) is defined mod 2: S,12(y) = Sa(y). Let
us describe the relation between A(y, m; b1, b) and S,(y) for
arbitrary m. Recalling formula (0.44), we see that for r =2 it
takes a simple form:

Ay, m+2k;w) = (=1)™ A(y, m;w) . (0.47)
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Formulae (0.45), (0.46), and (0.47) imply
Ay, K; b7t b) = Sxs(y) = Si(y), if K is even,
Ay, K; b1, b) = (1) Sa(y) = Soly), if K is odd,
or, combining these equalities, we have

1-(-DKK-1

My, Kb b) = (1) S (y).  F(K) = = 5
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Parafermionic hypergeometric function
For some positive integer r we define the function

4
/ Z H Ny + Bai la — m;w) (0.48)

© mez, a=1

dy
X Ay + Tty mMw)——— .
;!]; (y Yai la )”_ o1

Here t,, [, € Z . Parameters vy;, 3; and [}, t; satisfy the constraints:

4

Z('YJ + /BJ) =2Q, Z I + tj =0. (0.49)

Jj=1 j=1
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Define the function:

/ioo o A(saty;natmw) dy
N(£2y; £2m; w) 2ir,/wiwy

—ico meZ,+e

where A(x £y;n£ myw) =ANx+y;n+ mw)\(x —y;n—m;w)
and n, € Z+¢€,e =0, % Also the following balancing constraints
on the parameters s; and n; hold true:
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Parafermionic Symmetry |

We(s, n;w) = Ws(3, i; w) (0.50)
X H A(sj + sk; nj + ny; w) H A(sj + si; nj + ni; w),
1<j<k<4 5<j<k<8
S=s54¢ Spa=saa—& j=1,234, (0.51)
1 4
§= §(w1 + w2 — Zsj)
j=1
{ fia=ns— (i1 mp), a=1,2,3,4, (0.52)
ﬁa: na+%(2i:1 nb)v 32576’7787 .
Here § = 0, % and one should take § = ¢, if % <Zf):1 nb> is an

integer, or otherwise § # e.
BLTP, AANL, Russia, Armenia
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Let us parametrize the variables n, and s, in (0.50) in the
following way:

51256 = V1,2,3,4 T i1, mose = ti234, (0.53)
S3,47,8 = 1,234 — ift, n3478 = hp3.4,
where v;, B; and [;, t; satisfy the constraints (0.49).

Now shifting the integration variable y — y — iu on both sides and
taking the limit ;4 — —o0, we obtain
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J(B, Ly, 1) = m[t3+t4+l1+lz]_/(5 %5, t%) (0.54)

2 4
H 'Y_/"‘/Bk t_]+lk UJ H ’Yj+ﬂk;tj+/k;w), (0.55)
=1 j,k=3

Ba = Ba ©(a)n, Ha=1va+0O(a)n,
I =1—-(©(a)+1)N, t;=t,—(©(a) —1)N, a=1,23,4

where ©(a) is the sign function taking the values

©(a)=1, a=1,2 and ©(a)=-1, a=3,4 (0.56)

1 1
N:§(f1+t2+/1+/2), UZE(Q*VI*’Y2*BI*B2)-
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Parafermionic Symmetry -Reflection

We(s,mw) = We(Q/2—s,—nmw) [ Alsi+ sk nj + niciw).
1<j<k<8

Parameterize s; and n, as:

Sj = Yjtip, Siya = Bj—ip, nj=1t;, nii4=1 j=1...,4

(0.57)
Now shifting the integration variables on both sides y — y — iu of
the latter identity and taking the limit © — —o0, we come to the
relation
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4
Je(B,1; i 1) = =it T A+ Bty + i w)

j.k=1
ico 4 Q
x/. ZH/\(E—y—%;—ta—m;w)
10 mez, a=1
Q dy

N+ — Bai—1a W) —/—.
x (2 Tty B tm w)ll’\/wlc@
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Parafermionic Teschner-Vartanov formula

We(s, mw) = Wy(5, iiw) [ A(so+ scrai nb+ neya; w)(0.58)

1<b,c<4
1 4
§=G-sj, $14=Q-G—s11, j=1,2734, G:§ Zsj ’
j=1
ﬁ = —n +l 24: ng), 321,2;3;47

~ 1 4
fia=—ns—5(>y-1m), a=5,6,7,8.

As before, the discrete parameter p should be taken p =, if
% (22:1 ng) is an integer, or p # € otherwise.

Gor Sarkissian BLTP, AANL, Russia, Armenia
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J(B, ;7. 1) = ™3, I;4, 1)

2
x T Mo+ Beszi i + 2 )A(ji2 + Bis tiz + i w),
k=

B:=Q/2+0(a)(6 -~ Q/2) — 7 h=—t:+(0(a) - M,
Ja=Q/2+0(a)(G - Q/2) = fa, =1+ (6(a) + )M,
a=1,2,3,4.
1 1
M=3S(t+t+h+h) G =(n+72+ 061+ f). (0.60)
©(a)=1, a=1,2 and ©(a)=-1, a=3,4 (0.61)

Gor Sarkissian BLTP, AANL, Russia, Armenia

A parafermionic hypergeometric function and supersymmetric 6j-symbols .



J(B°, 70, t) = e2™Q(a, t,1)J(B°, I, 1°, '), (0.62)

where 35 and 7§ are Ponsot-Teschner parameters in and

Qa, t,1) = NQ+as—az —ag; h + t3)NQ +as — a1 —az; h + ta)
X/\(Q —ar+ax —az; b+ t3)/\(Q —or+og—ar b+ t4)

XA(—Q +ar+ar+oazk+ tl)/\(Q —ast+ a3 — o4 s + tl)
XN=Q+ ar+as+ar; b+ 0)ANQ — as + a1 — az; Iy + t).
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az ap |7
/[ . 2} — )

Ay,

where
jico 1
J(B° A% p) = / DAY 75 w3+ Ny + 95, v+ va)
IOOV O
XNy + 3, v+ 3)Ny + 4, v — va)N(—y + B1, —
XN(—=y+ 85, —v+1+va—v3)N—y+ 65, —v+1—vy—13)

v—1)

o d
Ny + B3 —v = 1) 3.

Note that 3.7, (t; + /;) = 0.
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V34
e | 02 2 = (~1)2"Q(a,v)J(a,v).  (0.63)
Sy a4 061 s

J(«

a,v)
oo 1
(_1)D/ Z SV27V37V+1(_y - 0423t)51/27u47u+1(_y - 0414t)

ico r=0
XS_vy—n—v+1(—y — 012s)S—v1(—y — 345)Su 0 (y + 1234)
dy
XS—V2+V3+V4+V(Y + a13st)51/3+1/(y + 2Q)5_l,2+1,(y + 0‘2451“)57

where D = o314 + 1oV + 1ovs + V304 + Vo + Ug.
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Qa,v) = (—1)22 S, (Q + as — a3 — a4)S,,(Q + as — a1 — a)
xS5,(Q — ar + ar — a3)S,(Q — ar + as — a1) Sy, (—Q + ar + a2 + a3
XSy, (Q —as + az — as)S,(—Q + ar + as + a1)5,(Q — as + a1 — )
ail 0433 chs }V3V4

The integral part of { a2 o o

with J(a, v) for a; = 0.

obviously coincides
1202
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aal . s v3vy

The integral part of { L3 s } for general a; is given
ay agt oot )

by the supersymmetric hypergeometric function

(a, v, a)
/ —y — Qo3t, V2 — V3 — V — as — ar)N(—y — azss, —1)
|OOV 0
XN(—y — a1at,v2 — va — V)N(—y — Quzs, —V3 — V4 — V)
XNy + a1234,v4 + v + D)A(y + Qoast, —v2 + v + 1 — a2)
XAy + oa3st, =12 + 3+ 14+ v — 1+ a + a;) (0.64)
d
XNy +2Q,v3+v —1+ a) 2};.
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Using parafermionic Teschner-Vartanov in the opposite direction

aa3 aag V3v4

_ votvstar—as)—1 3 2

J(Qa v, é) - (_]-) N *Q (Q7 v, é) Iais,a?t a34 aal ’
4 1 )

where
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a a v3lg
| 2s o [ azg’ ay -
ag”,a; asa al
Qy g v
ico

1
ZA(Y+’YT,V3+32+as+at+l/)/\(y+'y§,u+u4+a2)

—ioouzo
XA(y+’Y§aV+V3+as)/\(y+’)/z,l/—I/4+35)
XN(—y + B7,—v —1—as)N(—y + By, —v —1)
XN—y+ B3, —v+1+vy—v3—ay—as— at)

d
X/\(nyrﬁg,fqul7V27V3fagfas)2—);

we get integral part of the SUSY 6j-symbols in the
Ponsot-Teschner parametrization:
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v3l4
OégB 0452
/ as it as -

ag” o a Oéal
4 1 ViV

i 1

100

(—1)F/. Z(_l)E51+u+u3+a4(y + 1) St4v4vatar (Y +72)
10 =0

X51+V+V3+as (y + 7;)51+V+V4+35 (.y + 72)511—85(_,)/ + B]C.))

o o oy dy

X5V+V2+V3*a4(_y + 52)5V+V2+1/3731(_y + ﬁ3)511(_y + B4)v

E )
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E =v(vo+va) +v(v3ap + v2ar + v4ar + vaas + azas + as + a¢) and

F = v3v2 + vg + vav3ar + vaanar + v2asar + V3a2as + v3ar +

Vpas + V2a2 + V4ds + az2a: + asar + as,
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