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Introduction
We describe associative superalgebra and Hopf superalgebra structures on
super Yangians, quantum loop superalgebra and affine super Yangians. We
use an isomorphism (of associative superalgeras) between the completions
of the Yangian of a special linear Lie superalgebra and the quantization of
a loop superalgebra of a special linear Lie superalgebra. This last result is
natural generalization of result by Sachin Gautam and Valerio Toledano
Laredo on isomorphism between completions of Yangian of general linear
algebra and quantum loop algebra of Lgln ([4], see also the paper [6] for
futher development of this theory). Let’s note that from existence of such
isomorphism Φ between completions of super Yangian and quantum loop
superalgebra does not imply equivalence representation categories because
this isomorphism Φ is given by formal power series which do not converge
on these representations, and do not allow for the numerical specialisation
of the deformation parameters. We also consider separetly the problem on
categories representation equivalence. We use idea by S. Gautam and V.
Toledano-Laredo that the matrix coefficient of image of Cartan field under
representation ρ(ψ(z)) =

qz−q−1a
z−a is the monodromy of the additive

difference equation f (u+1) = Af (u),



whereA(u) =
u+ h̄−a
u−a is image Cartan field of Yangian (in the case of

even roots) under representation. The main our results related to the
problem of description Hopf superalgebra structures on super Yangian and
quantum loop superalgebra and also on quantized enveloping
superalgebras of some basic Lie superalgebras. The main tool of such
description is a quantum Weyl groupoid. We define the structures of
quantum Weyl groupoid and quantum affine Weyl groupoid in terms of
action of elements of these groupoids and describe Hopf superalgebra
structures on above mentioned quantum superalgebras.
The report presents a work that is a natural continuation of [3], [10]. At
the end it is briefly presented some results related to the super Yangian of
affine Kac-Moody algebras, namely related to the afiine super Yangian
Yε1,ε2(s̃l(m,n)), where s̃l(m,n) is defined by arbitrary simple root system
Π. We show that such super Yangian are isomorphic for different simple
root systems. We alsdo consider affine Weil groupoid and consider
description Hopf superalgebra strucures.



Quantization

I recall the notion of quantization of Poisson manifolds.

Definition
Given a Poisson algebra (A,{·, ·}) , a deformation quantization is an
associative unital product ∗ on the algebra of formal power series in h̄,
A[[h̄]] , subject to the following two axioms

1 f ∗g = fg +O(h̄)

2 [f ,g ] = f ∗g −g ∗ f +O(h̄)

3 f ∗g = fg + ∑
∞
n=0 h̄kBk(f ⊗g),

where Bk are linear bidifferential operators of degree at most k.



The Drinfeld quantization of Poisson groups is, in essence, a special case
of deformation quantization. It can be defined in an equivalent way as a
deformation of the structure of a Lie bialgebra.
The Lie bialgebra is the tangent space to the Poisson group.
In short, a Lie bialgebra is a Lie algebra g such that the dual vector space
g∗ is also a Lie algebra. Moreover, the bracket on g induced by the
operation of the bracket on g∗ it is one cocycle with coefficients in the
module g⊗g,where module structure is defined by
a · (b⊗ c) = [a⊗1+1⊗a,b⊗ c] = [a,b]⊗ c +b⊗ [a,c].
The main object of my report are Yangian and quantum loop algebra
which are quantization of the following bialgebras, correspondingly:
current Lie algebra g[t] and loop Lie algebra g[t, t−1] with cobrackets
which can be defined using some standard r-matrices or by equivalent way
using language of Manin triples.
Let Ah̄ be a QUE superalgebra: Ah̄/h̄Ah̄ ∼= U(g). Then the Lie
superalgebra g has a natural structure of a Lie superbialgebra defined by
δ (x) = h̄−1(∆(x̃)−∆op(x̃)) mod h̄,where x ∈ g, x̃ ∈ Ah̄ is a preimage of
x, ∆ is a comultiplication in A and ∆op := τU(g),U(g) ◦∆, where τU(g),U(g)

be a (super)permutation of tensor multipliers.



More precisely, we will deal with the superanalogues of the Lie bialgebras
introduced above, that is, g will be some Lie superalgebra. More precisely,
we restrict ourselves to considering the particular case when
g = sl(m+1,n+1) = A(m,n) is a special linear superalgebra.



Completion

Suppose that E is an abelian group (vector space, ring and so on) with
descending filtration E = F 0E ⊃ F 1E ⊃ F 2E ⊃ ·· · of subgroups. One then
defines the completion with respect to the filtration as the inverse limit:

Ê := lim
←

(E/F nE )

This again an algebraic group. If E has additional algebraic structure
compatible with filtration then its completion is an again an object with
the same structure that is completenin the topology determined by the
filtration. One of the example is a so called Krull topology which defined
by the ideal I of ring R and filtration F nR := In. If A be an algebra over
ring of formal power series k[[h̄]]the ideal I = F 1A, where filtration is
defined by degrees of h̄. In the last case we obtain completion in the
h̄-adic toplogy which used further.
Basic problems



1 Isomorphism Φ : Ûq(Lg)→ Ŷh̄(g) between completions of
(super)Yangian and quantum loop superalgebra. It has been
constructed for the Lie superalgebras of A(m,n) (for other types is
interesting question which in progress).

2 Equivalence between some counterparts of category O of
representations of super Yangian and quantum loop superalgebra.

3 Description Hopf superalgebra structures for superYangians and
quantum loop superalgebras and relations between these structures.
Construction of quantum affine Weyl groupoid

4 Geometric representation theory, study of Nakajima supervarities.

5 Affine super Yangians or Yangians of Kac-Moody superalgebras.



Current Lie superalgebra g[t] quantization → Yh̄(g), loop Lie superalgebra
g[t, t−1] quantization Uq(Lg). Let’s consider homomorphism defined on
generators by the following formula

exp∗ : g[t, t−1]→ ĝ[s], X ⊗ tn 7→ X ⊗ ens ,n ∈ Z.

We would to quantize the mapping exp∗ : g[t, t−1]→ ĝ[s] and obtain
Φ : Ûq(Lg)→ Ŷh̄(g).



Special linear superalgebra



Definition
The Lie superalgebra g = A(m,n) is generated by the generators: hi ,x±i ,
i ∈ I. The generators x±m+1 are odd, while the remaining generators are
even, that is, the parity function p takes on the following values:
p(hi ) = 0, i ∈ I,p(x±j ) = 0, j 6= m+1,p(x±m+1) = 1. These generators satisfy
the following defining relations:
[hi ,hj ] = 0, [hi , x±j ] =±aijx±j ,

[x+
i ,x−j ] = δijhi ,

[[x±m ,x±m+1], [x±m+1,x
±
m+2]] = 0 if αm+1 (This definition is suitable for

arbitrary Dynkin diagram if αm+1 be an arbitrary odd simple root.)
ad1−ãij (x±i )x±j = 0.
[x±i , [x±i ,x±j ]] = 0 if |i− j |= 1, [x±i ,x±j ] = 0 elsewhere (i 6= j).
What is the analogue of the Weyl group for Lie superalgebras?



Weyl groupoid

We will use notion of Cartan data.
Definition
Let C = C (A,D,E ,(Πd )d∈D,(ρα )α∈τd ,d∈D,(Cd )d∈D) be a Cartan scheme,
A = {ad}d∈D be a set of Dynkin diagrams, Πd is a basis of E , . For all
d ∈ D and α,β ∈ Πd define the function σd

α ∈ GLN(E ) by

σ
d
α (β ) = β − cd

α,β α.

We will also use equivalent data d = (E ,Π,Π∗,p), where p : E → E be a
parity function (αi , α̌j) = cd

ij , αi ∈ Π, α̌j ∈ Π∗. The Weyl groupoid of C is
the supercategory W (C ) such that Obj(W (C )) = A and the morphisms
are compositions of maps σd

α with d ∈ D and α ∈ τd , where σd
α is

considered as an element of super vector space HomW (C )(ad ,ρα (ad )). The
cardinality of D is the rank of W (C ).



Quantum Loop Superalgebra

Let denote by Lg the Lie algebra of (Laurent polynomial) loops with values
in the simple Lie algebra (basic Lie superalgebra) g . We note that this is
simply an affine (super) Kac-Moody algebra without a central element
(and a grading element d that defines differentiation d) or, more precisely,
factoralgebra of (derived) affine (super)algebra by center.
Let I = {1,2, . . . ,m+1, . . .m+n+1}. We will identify these set with the
set of simple roots Γ = {α1,α2, . . . ,αm,αm+1, . . .αm+n+1} of basic Lie
superalgebra. We’ll suppose that αm+1 be an odd simple root, that is, we
will deal with the isolated system of simple roots of the basic Lie
superalgebra A(m,n).



Definition of the Quantum Loop Superalgebra
Definition
Let Uh̄(Lg) be an associative superalgebra over C [[h̄]] generated by
{Ei ,k ,Fi ,k ,Hi ,k}i∈I,k∈Z, such that:
Q1) For all i , j ∈ I and r ,s ∈ Z [Hi ,r ,Hj,s ] = 0.
Q2) For all i , j ∈ I and k ∈ Z [Hi ,0,Ej,k ] = ai ,jEj,k , [Hi ,0,Fj,k ] =−ai ,jFj,k .
Q3) For all i , j ∈ I and r ,s ∈ Z\{0}
[Hi ,r ,Ej,k ] =

[rai ,j ]qi
r Ej,r+k , [Hi ,r ,Fj,k ] =− [rai ,j ]qi

r Fj,r+k .
Q4) For all i , j ∈ I and k, l ∈ Z
Ei ,k+1Ej,l −qaij

i Ej,lEi ,k+1 = qaij
i Ei ,kEj,l+1−Ej,l+1Ei ,k ,

Fi ,k+1Fj,l −q−aij
i Fj,lFi ,k+1 = q−aij

i Fi ,kFj,l+1−Fj,l+1Fi ,k .

Q5) For all i , j ∈ I and k, l ∈ Z [Ei ,j ,Fk,l ] = δi ,j
ψi ,k+l−ϕi ,k+l

qi−q−1
i

.

Q6) Let i 6= j ∈ I and let M = 1−aij . For every k1, . . . ,kM ∈ Z and l ∈ Z
∑π∈SM ∑

M
s=0(−1)s

[
M
s

]
qi
Ei ,kπ(1)

· . . . ·Ei ,kπ(s)
·Ej,l ·Ei ,kπ(s+1)

· . . . ·Ei ,kπ(M)
= 0,

∑π∈SM ∑
M
s=0(−1)s

[
M
s

]
qi
Fi ,kπ(1)

· . . . ·Fi ,kπ(s)
·Fj,l ·Fi ,kπ(s+1)

· . . . ·Fi ,kπ(M)
= 0,

Q7) [[Em,k ,Em+1,0]q, [Em+1,0,Em+2,r ]q]q = 0,
[[Fm,k ,Fm+1,0]q, [Fm+1,0,Fm+2,r ]q]q = 0,



where the elements ψi ,r ,ϕi ,r are defined by the following formulas:
ψi (z) = ∑r≥0 ψi ,rz−r = exp( h̄di

2 Hi ,0)exp((qi −q−1
i )∑s≥1Hi ,sz−s),

ϕi (z) = ∑r≥0 ϕi ,rz−r = exp(− h̄di
2 Hi ,0)exp(−(qi −q−1

i )∑s≥1Hi ,−szs),
where ψi ,−k = ϕi ,k = 0 for k ≥ 1. Here, p(Hi ,r ) = 0 for i ∈ I, r ∈ Z+, and
p(Ei ,r ) = p(Fi ,r ) = 0 for i ∈ I\{m+1}, r ∈ Z, and
p(Em+1,r ) = p(Fm+1,r ) = 0 for r ∈ Z .
Let us note, that this definition is suitable for the an arbitrary Dynkin
diagram, but in this case Em+1 = Eαm+1 ,Fm+1 = Fαm=1 , αm+1be an
arbitrary simple odd root.



Yangian of special linear Lie superalgebra

Definition
Let, g = A(m,n), Yh̄(g) be an associative (super)algebra generated by
generators {x±i ,r ,hi ,r}i∈I,r∈Z+ , which satisfied the following defining
relations:
Y1) For all i , j ∈ I and r ,s ∈ Z+ [hi ,r ,hj,l ] = 0.
Y2) For all i , j ∈ I and s ∈ Z+ [hi ,0,x±j,s ] =±diaijx±j,s .
Y3) For all i , j ∈ I and r ,s ∈ Z+

[hi ,r+1,x±j,s ]− [hi ,r ,x±j,s+1] =±di aij h̄
2 (hi ,rx±j,s + x±j,shi ,r ).

Y4) For every i , j ∈ I and r ,s ∈ Z+

[x±i ,r+1,x
±
j,s ]− [x±i ,r ,x

±
j,s+1] =±di aij h̄

2 (x±i ,rx
±
j,s + x±j,sx

±
i ,r ).

Y5)For every i , j ∈ I and r ,s ∈ Z+ [x+
i ,r ,x

−
j,l ] = δi ,jhi ,r+s .

Y6) Let i 6= j ∈ I and let M = 1−diaij . Then for all k1, . . . ,kM ∈ Z and
l ∈ Z+ ∑π∈SM [x±i ,rπ(1)

, [x±i ,rπ(2)
, . . . , [x±i ,rπ(M)

,x±j,s ] . . .]] = 0.
Y7) [[x±m,k ,x

±
m+1,0], [x±m+1,0,x

±
m+2,t ]] = 0, k, t ∈ Z.



The same way we can define super Yangian for arbitrary simple root
system.



Definition
Let’s note that Yh̄(g) be a Z+-graded superalgebra with grading defining
by the following conditions on generators: deg(hi ,r ) = deg(x±i ,r ) = r и
deg(h̄) = 1. Moreover, p(hi ,r ) = 0 for i ∈ I, r ∈ Z+, and p(x±i ,r ) = 0 for
i ∈ I\{m+1}, and p(x±m+1,r ) = 1 for r ∈ Z+. As above, this definition is
suitable for the an arbitrary Dynkin diagram, but in this case x±m+1 = x±αm+1
and αm+1be an arbitrary simple odd root.



We consider two types of the reflections si : E = E0⊕E1→ E = E0⊕E1,
s̃i : E → E , where in the second case we consider E as a vector space
without graiding. In the first case si (Π) = Π1, but s̃i (Π)⊂ R, where R is
the root slattice generated by Π.

Theorem
Let Π,Π1 be a two different system of simple roots and s : E → E be an
element of Weyl groupoid such that s(Π) = Π1, then exist isomorphism

Ts : Y (g(E ,Π,p))→ Y (g(E ,Π1,p)) (1)

which induced by sand defined by the following formulas:

Ti (x±αj ,k) = x±s̃−1
i (βj ),k

, Ti (hαj ,k) = hs̃−1
ii (βj ),k , βj = si (αj).



Representation theory of super Yangian and quantum loop
superalgebra

We formulate here the main results on classification finite dimensional
irreducible representations of Yangians and qiantum loop algebras for
special linear superalgebra.



Theorem
([9]) 1) Every irreducible finite-dimensional Yh̄(A(m,n))-module V is a
module with highest weight d :V = V (d), i. e.,
hi (u)v0 =

(
1+ h̄∑

∞
k=0 hi ,k ·u−k−1)v0 =

(
1+ h̄∑

∞
k=0 di ,k ·u−k−1)v0 , where

v0 is a highest vector, and i = {1,2, . . . ,m+n+1}.
2) The module V (d) is finite-dimensional if and only if there exist
polynomials Pd

i , i ∈ {1,2, . . . ,m,m+2, . . .m+n+1}= I\{m+1}, as well
as polynomials Pd

m+1,Qd
m+1, which satisfy the following conditions:

a) all these polynomials with leading coefficients equal to 1 (or monic);

b) Pd
i (u+diaii h̄/2)

Pd
i (u)

= 1+ h̄∑
∞
k=0 di ,k ·u−k−1, i ∈ I\{m+1},

Pd
m+1(u)

Qd
m+1(u)

= 1+ h̄∑
∞
k=0 dm+1,k ·u−k−1. Here diaii is the matrix element of

the symmetrized Cartan matrix of the Lie superalgebra A(m,n).



Theorem
([5]) 1. Every irreducible finite-dimensional Uh̄(LA(m,n)) -module V is a
module with highest weight δ :V = V (δ ), i.e.
ψi (z)v0 =

(
∑

∞
k=0 δ

+
i ,k · z−k

)
v+, ϕi (z)v0 =

(
∑

∞
k=0 δ

−
−i ,k · zk

)
v+, where v0

is a highest vector and i = {1,2, . . . ,m+n+1}.
2. The module V (δ ) is finite-dimensional if and only if there exist
polynomials Pδ

i , i ∈ {1,2, . . . ,m,m+2, . . .m+n+1}= I\{m+1}, as well
as polynomials Pδ

m+1,Qδ
m+1, which satisfy the following conditions:

a) all these polynomials with leading coefficients equal to 1 and non-zero
free terms;

b) q−di aii/2Pδ
i (qdi aii z)

Pδ
i (z)

= ∑
∞
k=0 δ

+
i ,k · z−k = ∑

∞
k=0 δ

−
i ,−k · zk , i ∈ I\{m+1},

Pδ
m+1(z)

Qδ
m+1(z)

= ∑
∞
k=0 δ

+
m+1,k · z−k = ∑

∞
k=0 δ

−
m+1,−k · zk .



Mapping Φ

Let {Ei ,r ,Fi ,r ,Hi ,r}i∈I,r∈Z be current generators of Quantum Loop
Superalgebra Uh̄(Lg), and {ei ,k , fi ,k ,hi ,k}i∈I,k∈Z+ be generators of Yangian
Yh̄(g). Let’s define the map ([10])

Φ : Uh̄((Lg)→ Ŷh̄(g) (2)

on generators by the following formulas:

Φ(Hi ,r ) =
h̄

qi −q−1
i

∑
k≥0

ti ,k
rk

k!
, (3)

Φ(Ei ,r ) = erσ
+
i ∑

m≥0
g+

i ,mei ,m, Φ(Fi ,r ) = erσ
−
i ∑

m≥0
g−i ,mfi ,m. (4)

Here we use the notations: q = eh̄/2, qi = qdi , di be elements of
symmetrizable matrix D = diag [d1, . . . , ,dm+n+1] of Cartan matrix
A = (ai ,j) of Lie Superalgebra g = A(m,n)(di = 1, i ∈ {1, . . . ,m},
di =−1, i ∈ {m+1, . . . ,m+n+1} .



We’ll use the logarithmic generators {ti ,r}i∈I,r∈N of commutative
subsuperalgebra Yh̄(h)⊂ Yh̄(g) which generated by generators
{hi ,r}i∈I,r∈Z0 . These logarithmic generators of quantum universal
enveloping superalgebra defined by the followinq equality for generating
functions of generators: h̄∑r≥0 ti ,ru−r−1 = log(1+ ∑r≥0 hi ,ru−r−1).



The elements {g±i ,m}i∈I,m∈Z0 belongs to the completion Ŷ 0 of superalgebra
Y 0 = Yh̄(h) and defined as follows. Let’s consider the following formal
power series : G(v) = log

(
v

ev/2− e−v/2

)
∈ Q[[v ]] and define γi ∈ ˆY 0[v ]

by formula:

γi (v) = h̄ ∑
r≥0

ti ,r
r !

(
− d
dv

)r+1
G(v).

Then,

∑m≥0 g±i ,mvm =

(
h̄

qi −q−1
i

)1/2
exp
(

γi (v)
2

)
.

Finally, σ
±
i are homomorphisms of subsuperalgebras

σ
±
i : Yh̄(b±)(⊂ Yh̄(g))→ Yh̄(b±), which defined onto generators
{hi ,r ,ei ,r = x+

i ,r , fi ,r = x−i ,r} as follows. They leave as fixed generators hi ,k ,
and on other generators they act as shifts:
σ

+
i : ej,r → ej,r+δij ,σ

−
i : fj,r → fj,r+δij . These homomorphisms are little

modifications introduced by Drinfel’d homomorphisms T±. These
mappings : σ

±
i : x±j,r 7→ x±j,r+δi ,j

, hj,r 7→ hj,r can be continued to
homomorphism of associative superalgebras Ŷ ±→ Ŷ ±.



Main result

Theorem
1) The mapping Φ : Uh̄(Lg)→ Ŷh̄(g), is uniquely defined by formulas (2),
(3) and it is homomorphism of associative superalgebras.
2) The mapping Φ uniquely continued to homomorphism of topological
completion : Φ̂ : Ûh̄(Lg)→ Ŷh̄(g) of these superalgebras. Moreover,
mapping Φ̂ be an isomorphism of topological superalgebras.



Proof of the theorem

I briefly describe the scheme of proving of the main result. The proof
based on the classification of irreducible finite dimensional representations
of Yangian of special linearsuperalgebra and ones for the quantum loop
superalgebra. We also use the reduction to the partial cases sl(1,1) and
sl(2). I recall definitions of Yangian and the quantum loop algebra in the
firrst case of Lie superalgebra sl(1,1).



Definition
Yangian Y (sl(1,1)) is generated by the generators hn,en, fn,n ∈ Z0, which
satisfy the following defining relations:
[hk ,hl ] = 0, [hk ,el ] = [hk , fl ] = 0,
[ek ,el ] = [fk , fl ] = 0,
[ek , fl ] = hk+l .
The quantum loop algebra Uh̄(Lsl(1,1)) is generated by the generators
{En,Fn,Hn}n∈Z, which satisfy the following system of defining relations:
[Hr ,Hs ] = 0,
[Hr ,Es ] = [Hr ,Fs ] = 0, [Er ,Es ] = [Fr ,Fs ] = 0,
[Er ,Fs ] =

ψr+s −ϕr+s
eh̄/2− e−h̄/2 ,

for all r ,s ∈ Z. Here as above elements ψr ,ϕr are defined by the following
formulas: ψi (z) = ∑r≥0 ψrz−r = exp( h̄

2H0)exp((eh̄/2− e−h̄/2)∑s≥1Hsz−s),
ϕi (z) = ∑r≥0 ϕrz r = exp(− h̄

2H0)exp(−(eh̄/2− e−h̄/2)∑s≥1H−szs).





Lemma
The following equality holds

Φ

(
ψk −ϕk

eh̄/2− e−h̄/2

)
=

h̄
eh̄/2− e−h̄/2 e

kv exp(γ(v))|vn=hn .

Proof.
We first calculate the left-hand side of the equality using description of
action of elements of quantum superalgebras in the above mentioned
universal modules.



Easy to see that from lemma follows equality :
[Φ(Er ),Φ(Fl )] =

Φ(ψr+s)−Φ(ϕr+s)

eh̄/2− e−h̄/2 , since, as was proved earlier, by the
injectivity of the mapping DU , which follows from the first and second
lemmas, left-hand side of proved equality is equal to ekv exp(γv)|vn=hn .
From the second lemma and the injectivity of the map DY , which also
follows from the injectivity of homomorphisms DY and DU , it follows that
the right-hand side of the proved equality also is equal to
ekv exp(γv)|vn=hn . Theorem is proved.
We reduced general case to the partial. The proof more technical.



Categories of modules

Let Π, Ω be some subsets of the complex plane are invariant with respect
to the group of additive shifts on h̄, respectively, multiplicative shifts by q.
We introduce the category OΠ(Yh̄(g)) as a full subcategory of category
O(Yh̄(g)) consisting of the representations V such that, for every
(λ ,{Pd

i },Qd
m+1) ∈ ΠY

+ for which [V : L(λ ,{Pd
i },Qd

m+1)] 6= 0, the roots of
Pd

i , i ∈ I,Qd
m+1 lie in Π.

Let similarly Ω ∈ C∗ be a subset stable under multiplication by q±. We
define OΩ(Uq(Lg)) to be a the full subcategory of O(Uq(Lg)) consisting
those U such that for every (λ ,{Pδ

i },Qδ
m+1) ∈ ΠU

+ for which
[U : L(λ ,{Pδ

i },Qδ
m+1)] 6= 0, the roots of Pδ

i , i ∈ I,Qδ
m+1 lie in Ω.

We have the folloing important result



Theorem
([3])(1) Let V ⊂Oint(Yh̄(g)) . Then the following conditions are
equivalent.
V ⊂OΠ

int(Yh̄(g)) .
(ii) σ(V )⊂ Π .
(iii) Poles of hi (u)±1 are contained in Π for i ∈ I.
(iv) Eigenvalues of hi (u) are rational functions of parameter u, which have
poles and zeroes in Π.
(2) Let U ⊂Oint(Uq(Lg)). Then the following conditions are equivalent.
(i) U ⊂OΩ

int(Uq(Lg)).
(ii) σ(U)⊂ Ω.
(iii) Poles of ψ

±1
i (z) are contained in Ω.

(iv) Eigenvalues of ψ
±1
i (z) are rational functions of parameter z, which

have poles and zeroes in Ω.



Now we formulate the second main result
Theorem
([3]) i) OΠ(Yh̄(g)) and OΩ(Uq(Lg)) are Serre subcategories of O(Yh̄(g))
and O(Uq(Lg)), respectively. Other words, they are closed under taking
direct sum, subobjects, quotients and extensions.
(ii) OΠ(Yh̄(g)) and OΩ(Uq(Lg)) are closed under tensor product.
(iii) Categories OΠ(Yh̄(g)) and OΩ(Uq(Lg)) are equivalent.
(iv) There is exist exact faithful monoidal functor

Φ : OΠ(Yh̄(g))→OΩ(Uq(Lg)) (5)

which is category equivalence.



Drinfeld comultiplication
Now we consider so called Drinfeld comultiplication. We define Drinfeld
comultipplication on the imagesof genrators in tensor product of
representations V ⊗W , where V ,W ∈ Repfd (Y (g)). Then Drinfeleld
comultiplicaton on super Yangian Yh̄(g),g = A(m,n), is defined by the
following formulas
∆s(hi (u)) = hi (u− s)⊗hi (u), ∆s(x+

i (u)) =

x+
i (u− s)⊗1+

∮
C2

1
u−v hi (v − s)⊗x+

i (v)dv , ∆s(x−i (u)) =∮
C1

1
u−v x

−
i (v − s)hi (v)dv +1⊗x−i (u).

We also can defined the Drinfeld comultiplication on Uq(Lg) by the
formulas
∆u(Ψi (z)) = Ψi (u−1z)⊗Ψi (z), ∆u(X+

i (z)) =

X+
i (u−1z)⊗1+

∮
C2

zw−1

z−w Ψi (u−1w)⊗X+
i (w)dw , ∆u(X−i (z)) =

1⊗X−i (u−1z) +
∮

C1

zw−1

z−w X−i (w)⊗Ψi (u−1w)dw .

X±i (z) = ∑k∈ZX±i ,kzk , Ψi (z) = ψ
+
i (z)−ψ

−
i (z), X+

i ,k = Ei ,k ,X−i ,k = Fi ,k .
new



Theorem
(1) Above defined exact faithful monoidal functor
Φ : OΠ(Yh̄(g))→OΩ(Uq(Lg)) induced isomorphism of Hopf superalgebra
isomorphism

Φ̂ : Ûh̄(Lg)→ Ŷh̄(g)

of completions of super Yangian and quantum loop superalgebra with
above defined Drinfeld comultiplications.



Quantum affine Weyl groupoid and classification of Hopf
superalgebra structures



1 What happens to the structure of the Hopf superalgebra when the
isomorphism defined above is applied?

2 How to describe all possible structures of the Hopf superalgebra on
the Yangian and the quantum loop superalgebra if we consider them
only with a fixed structure of the associative superalgebra?

The answers to these questions can be given in terms of the so-called Weyl
quantum affine groupoid, and this is an important part of the still
unfinished work.
What does mean Weyl groupoid?
We define the Weyl groupoid as a some supercategory. Based on this
abstract definition, we give an explicit realization of the Weyl quantum
groupoid in terms of isomorphisms of quantum superalgebras generated by
isomorphisms, which are induced by reflections (relatively both even and
odd roots). We interpret the elements of the quantum Weyl groupoid as
adjoint maps given by the elements of the some extension of quantum
superalgebra Uq(sl(m|n). Thus, we associate the elements of the quantum
Weyl groupoid with the group-like elements of the quantum superalgebra.
Among other things, we note that these elements satisfy some analogue of
the braid group relations and define braid groupoid structure. It should be



noted that the classical Weyl groupoid, acting by reflections with respect
to odd roots, permutes non-conjugate Borel subalgebras. Thus, it
permutes the corresponding non-isomorphic Manin triples defined by these
Borel subalgebras. This gives a natural description and, moreover, a
classification of the structures of Lie bisuperalgebras on superalgebra
sl(m|n). We also consider quantum affine Weyl groupoid and present its
elements as elements of extension of completions of super Yangian and
quantum affine superalgebra (and quantum loop superalgebra). Quantum
Weyl groupoid for super Yangian.

Ti = expadx+
i ,0 expadx−i ,0 expadx+

i ,0.



Theorem

Ti (x+
j,1) =


−x−i ,1 + h̄

2{hi ,0,x−i ,0}, if i = j ,
[x+

i ,0,x
+
j,1], if aij =±1,

x+
j,1, if aij = 0

,

Ti (h̃j,1) =


−h̃i ,1− h̄

2{x
+
i ,0,x

−
i ,0}, if i = j ,

h̃i ,1 + h̃j,1 + h̄
2{x

+
i ,0,x

−
i ,0}, if aij =±1,

h̃j,1, if aij = 0
.

Ti (x−j,1) =


−x−i ,1 + h̄

2{hi ,0,x+
i ,0}, if i = j ,

−[x−i ,0,x
−
j,1], if aij =±1,

x−j,1, if aij = 0
,

Theorem
The action of generators Ti is compatible with comultiplication and
Drinfel’d comultiplication

∆(Ti ) = (Ti ⊗Ti )◦∆, ∆D
s (Ti ) = (Ti ⊗Ti )◦∆D

s .



Quantum Weyl group action on quantum loop superalgebra. We introduce
the element T L

i which is natural analogue of Lusztig automorphisms.

T L
i (x) = UixU−1

i ,

Ui = expq−1
i

(−q−1
i Fi ,0q

Hi ,0
i )expq−1

i
(Ei ,0)expq−1

i
(−q−1

i Fi ,0q
Hi ,0
i )qHi ,0(Hi ,0+1)/2

i .

expp(x) = ∑
n≥0

1
[n]p

pm(m−1)/2xn

Theorem
The action of generators T L

i is compatible with comultiplication and
Drinfel’d comultiplication

∆z(T L
i ) = (T L

i ⊗T L
i )◦∆z , ∆D

z (T L
i ) = (T L

i ⊗T L
i )◦∆D

z



Quiver super varieties and geometric realization of super
Yangians and quantum loop superalgebras



Now, we describe super analogues of Nakajima quiver varieties. We
roughly describe the idea of definition. The quiver variety corresponding to
a weight space of the representation of sl(m|n) is a cotangent bundle of an
N-step partial (super)flag variety. In particular, for N = 2, it is the
cotangent bundle of a (super)Grassmannian. Let us quiver Q which is a
linear graph with two univalent vertices, NQ bi-valent vertices and
NQedges. A vertex (i) is assigned a non-negative integers ni = (n0

i ,n1
i ) in

representing the ni - (super)dimensional vector space Vi and the group
Gi = GL(Vi ). We omit now explicite defintion of this action. We assume
that n0 = nNQ = (0.0). An oriented edge connecting the vertices (i−1) and
(i) is assigned a symplectic variety (X s

i ,ω) with the Hamiltonian action of
Gi−1×Gi and the corresponding moment maps µR

i−1 and µL
i . The quiver

variety XQ is a result of the Hamiltonian reduction of the product of edge
varieties with respect to all vertex groups XQ := Xe |µi =0//Gv , where
Xe = ∏

NQ
i=1X s

i , Gv = ∏
NQ
i=0GL(Vi ), GL(Vi ) = GL(V 0

i )⊕GL(V 1
i )

µi = µL
i + µR

i is the total moment map of vertex (i). We will consider two
types of symplectic manifolds X s

i arroy type and bow (twisted) type. We
will use also Legendre transformation to change parity and obtain
supervariety.



We have a family of quivers and action of superWeyl group on
corresponding family of quiver variteies. The odd elements of Weyl group
permutate the elements of these family.



Affine super Yangian



Now, we define affine super Yangian Y (g̃(E ,Π,p) of affine superalgebra
g̃(E ,Π,p) = s̃l(m,n) for arbitrary system of simple roots Π. Let
Π = α0,α1, . . . ,αm+n−1 be a simple rooot sistem.



Definition
The affine super Yangian Yε1,ε2(s̃l(E ,Π,p)) is an associative superalgebra
over C generated by x±i ,r ,hi ,r , 0≤ i ≤m+n−1, r = 0,1,
h̃i ,1 = hi ,1− 1

2h
2
i ,0, subject to the defining relations

[hi ,0,hj,0] = 0, [hi ,1,hj,0] = 0, [x+
i ,0,x

−
j,1] = [x+

i ,1,x
−
j,0] = [x+

i ,0,x
−
j,1] = δi ,jhi ,1, (6)

[hi ,0,x±j,r ] =±aijx±j,r , [h̃i ,1,x±j,0] =±aij(x±j,1− (aij −δijaii )
ε1− ε2

2 x±j,0), (7)

[x±i ,1,x
±
j,0]− [x±i ,0,x

±
j,1] =±aij

ε1 + ε2
2 {x±i ,0,x

±
j,0}− (aij −aiiδij)

ε1− ε2
2 [x±i ,0,x

±
j,0],

(8)

ad(x±i ,0)1+|aij |(x±j,0) = 0, [x±l ,0,x±l ,0] = 0, [[x±l−1,0,x
±
l ,0], [x±l ,0,x

±
l+1,0]] = 0, l ∈Π1.

(9)
where Π1is a set of simple odd roots.
Π0is a set of even roots.



Main theorem
Theorem
The affine super Yangian Yε1,ε2(s̃l(E ,Π,p)) is isomorphic an associative
superalgebra over C generated by x±i ,r ,hi ,r , 0≤ i ≤m+n−1, r = 0,1,
h̃i ,1 = hi ,1− 1

2h
2
i ,0, subject to the defining relations

[hi ,r ,hj,s ] = 0, [x+
i ,r ,x

−
j,s ] = δi ,jhi ,r+s , [hi ,0,x±j,r ] =±aijx±j,r

[hi ,r+1,x±j,s ]− [hi ,r ,x±j,s+1] =±aij({hi ,rx±j,s}−bij
ε1− ε2

2 [hi ,r ,x±j,s ]),

[x±i ,r+1,x
±
j,s ]− [x±i ,r ,x

±
j,s+1] =±aij

ε1 + ε2
2 {x±i ,0,x

±
j,0}−bij

ε1− ε2
2 [x±i ,0,x

±
j,0],

∑
w∈S1+|aij |

[x±i ,rw(1)
, [x±i ,rw(2)

, . . . , [x±i ,rw(1+|aij |)
,x±j,s ] . . .]] = 0,

[x±l ,s ,x
±
l ,r ] = 0, [[x±l−1,r ,x

±
l ,0], [x±l ,0,x

±
l+1,0]] = 0, l ∈ Π1.

where bij = (aij −aiiδij).



Theorem
Super Yangians Yε1,ε2(s̃l(E ,Π,p)) and Yε1,ε2(s̃l(E ,Π1,p1)) are isomorphic
for any simple root systems Π and Π1.and isomorphism

Ts : Yε1,ε2(s̃l(E ,Π,p))→ Yε1,ε2(s̃l(E ,Π1,p1))

is indused by element s ∈ Ŵ of affine Weyl groupid Ŵ .
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