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A method of functional reduction for the dimensionally regularized one-loop Feynman integrals with massive 
propagators is described in detail. The method is based on a repeated application of the functional relations 
proposed by the author. Explicit formulae are given for reducing one-loop scalar integrals to a simpler ones, 
the arguments of which are the ratios of polynomials in the masses and kinematic invariants. We show that a 
general scalar n-point integral, depending on n(n + 1)/2 generic masses and kinematic variables, can be 
expressed as a linear combination of integrals depending only on n variables. The latter integrals are given 
explicitly in terms of hypergeometric functions of (n − 1) dimensionless variables. Analytic expressions for the 
2-, 3- and 4-point integrals, that depend on the minimal number of variables, were also obtained by solving 
the dimensional recurrence relations. The resulting expressions for these integrals are given in terms of 
Gauss’ hypergeometric function 2F1 , the Appell function F1 and the hypergeometric Lauricella - Saran 
function FS . A modification of the functional reduction procedure for some special values of kinematical 
variables is considered.
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Algebraic relation between propagators
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Algebraic relation between propagators

Differentiating the above
by k1 and given that this 

is the independent 
variable of integration 

we find where
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Method of functional reduction
Sincov’s functional equation

The general solution

where

I.e. the function f (x, y) is a combination of its ’boundary values’, 
which may be completely arbitrary.
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Method of functional reduction

Additional conditions designed to reduce the number of variables:
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Functional reduction of the 2-point integral

Algebraic relation between propagators:

Algebraic conditions on parameters :

The only arbitrary parameter will be m0
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Notations for determinants

modified Cayley determinant:

Gram determinant:

and
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Functional reduction of the 2-point integral

Algebraic relation between propagators:

The only arbitrary parameter will be m0

Integrating algebraic relation over momentum k1 we 
get the functional relation 

● Case 1. 
● Case 2.
● Case 3. Combination of two equations
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Case 1.            
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Case 2.            
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Case 3. Combination of two equations 

We take 
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Functional reduction of the 3-point integral

Algebraic relation between propagators:

Algebraic conditions on parameters :

The functional equation depends on two arbitrary parameters

Functional reduction goes in two steps 12



  

Step 1

four independent variables
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Step 2

three independent variables 14



  

Analytic results for integrals depending on the MNV

Solution
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Functional reduction of the 4-point integral
The integral depending on ten variables is rewritten through a combination of integrals depending on 

four independent variables

The full answer is almost 2 pages long
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Functional reduction of the 5 and 6-point integrals

The I5 integral depending on 15 variables can be represented as 
a linear combination of 120 integrals, each of which depends on 
only 5 variables

The I6 integral depending on 21 variables can be represented as 
a linear combination of 720 integrals, each of which depends on 
only 6 variables
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General algorithm of the functional reduction
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Conclusions
● Author provided a systematic approach for reducing a generic n-point

one-loop integral with arbitrary masses and kinematic invariants to a linear 
combination of integrals that depend on n variables.

● The integrals depending on the MNV encountered at the last stage of the 
reduction were expressed in terms of multiple hypergeometric series depending 
on n−1 dimensionless variables.

● Analytic results for integrals with the MNV can be derived by solving 
dimensional recurrence relations.

● Obtained representations of one-loop integrals can be helpful for deriv-
● ing ε = (4 − d)/2 expansion of these integrals.



  

Thank you for your attention!
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