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1. Story: “Three-window picture of dense matter” 

2. Another “Three-window picture of dense matter”  

3. Pauli blocking vs. excluded volume in nuclear matter

4. Towards “measuring” the EoS in the T-μB-μI box!    

6th Conference “Compact Stars & QCD Phase Diagram”, Dubna, 28.09.2017

Quark exchange effects in the nuclear 
equation of state at high densities

Based on work with H. Grigorian, G. Roepke, D. Alvarez-Castillo, A. Ayriyan, N.-U. Bastian et al.
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Pressure vs. chem. Potential for H-EoS, Q-EoS and hybrid EoS with “Crossover”

PROBLEM:
The interpolation in
P(ρ) is not a 
“crossover”, since
thermodynamic 
consistency requires
a shift Δε which 
isolates the resulting 
hybrid EoS (green)
from the hadronic 
(magenta) and quark
(blue) asymptotes. 

Figure prepared with data from arxiv:1212.6803v1



Traditional: Pressure vs. chem. Potential for H-EoS, Q-EoS and hybrid EoS
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Global charge conservation



Gibbs Phase transition → Mixed phase, Softening the EoS;  Quark Phase: stiff 



2nd attempt: interpolation between energy densities ε(ρ) 

Masuda, Hatsuda, Takatsuka, PTP 073D01 (2013); [arxiv:1212.6803v2] 



2nd attempt: interpolation between energy densities ε(ρ) 

NOTE: After a strong stiffening one observes the “dip” in the speed of sound 
which is typical for a phase transition and corresponds to the “plateau” in P(ρ) 



2nd attempt: interpolation between energy densities ε(ρ) 

NOTE: This interpolation procedure in ε(ρ) is not only thermodynamically consistent, 
but also a true interpolation, as can be seen from P(μ) or its inversion μ(P). 
Courtesy: Matthias Hempel, using data from arxiv:1212.6803v2
For hybrid star EoS with interpolation in P(μ), see arxiv:1302.6275; arxiv:1310.3803



2nd attempt: interpolation between energy densities ε(ρ) 

Attention: 
Results with interpolation between energy densitiesε(ρ) are different from those with 
interpolation in pressures P(ρ)
Which one is correct? ... 
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2. Another “three-window picture of dense matter”

Toru Kojo,
EPJA 52,
51 (2016)



2.1. Pauli blocking among baryons

a) Low density: Fermi gas of nucleons (baryons)

b) ~ saturation: Quark exchange interaction and 
    Pauli blocking among nucleons (baryons)

c) high density: Quark cluster matter (string-flip   
    model ...)

Roepke & Schulz, Z. Phys. C 35, 379 (1987); Roepke, DB, Schulz, PRD 34, 3499 (1986) 

One-quark exchange Two-quark exchange

Free quark 
in medium

Nucleons (baryons) in medium Nucleon (baryon) self-energy --> Energy shift





2.1. Pauli blocking among baryons - details

One-quark exchange Two-quark exchange

Nucleons (baryons) in medium



2.1. Pauli blocking among baryons – details

New aspect: chiral restoration --> dropping quark mass

Increased baryon swelling at supersaturation densities: 
--> dramatic enhancement of the Pauli repulsion !! 

D.B., H. Grigorian, G. Roepke: “Quark exchange effects in dense nuclear matter”, (in prep.)



2.2. Pauli blocking among baryons – results

New EoS: Joining RMF (Linear Walecka) for 
pointlike baryons with chiral Pauli blocking 
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2.3. Pauli blocking among baryons – Summary

Pauli blocking selfenergy (cluster meanfield) calculable in potential models for baryon structure

Partial replacement of other short-range repulsion mechanisms (vector meson exchange)

Modern aspects: 
- onset of chiral symmetry restoration enhances nucleon swelling and Pauli blocking at high n
- quark exchange among baryons -> six-quark wavefunction -> “bag melting” -> deconfinement 

Chiral stiffening of nuclear matter --> reduces onset density for deconfinement 

Hybrid EoS: 
Convenient generalization of RMF models, 
Take care: eventually aspects of quark exchange already in density dependent vertices! 

Other baryons: 
- hyperons
- deltas
Again calculable, partially done in nonrelativistic quark exchange models, chiral effects not yet!

Relativistic generalization:
Box diagrams of quark-diquark model ... 

K. Maeda, Ann. Phys. 326 (2011) 1032



2.4. Pauli blocking effect → Excluded volume 
Well known from  modeling dissociation of clusters in the supernova EoS:

- excluded volume: Lattimer-Swesty (1991), Shen-Toki-Oyematsu-Sumiyoshi (1996), ...
- Pauli blocking: Roepke-Grigo-Sumiyoshi-Shen (2003), Typel et al. PRC 81 (2010)
- excl. Vol. vs. Pauli blocking: Hempel, Schaffner-Bielich, Typel, Roepke PRC 84 (2011)

Here: nucleons as quark clusters with finite size --> excluded volume effect !

Available volume fraction: 

Equations of state for T=0 nuclear matter: 

Effective mass:

Scalar meanfield:   S
i
 ~ n

i
(s)

Vector meanfield:   V
i
 ~ n

i



Meanfield approximation:

Thermodynamic Potential:

2.5. Stiff quark matter at high densities
S. Benic, Eur. Phys. J. A 50, 111 (2014)



2.5 Support for universal stiffening of hadron 
                 and quark matter at high densities

The pomerons (wavy lines) couple to different quarks (solid lines) in quark matter 
(as in the hNJL Lagrangian) or to quarks in different baryons in nuclear matter (giving 
rise to repulsive 3- and 4- body interactions).  

Universal repulsion from multi-pomeron exchanges in baryon-baryon scattering.
(Th. A. Rijken, private communication)

Y. Yamamoto, T. Furumoto, N. Yasutake, Th.A. Rijken; EPJA 52 (3) (2016) 



Result: high-mass twins ↔ 1st order PT

Hybrid EoS supports M-R sequences with high-mass twin compact stars

S. Benic, D. Blaschke, D. Alvarez-Castillo, T. Fischer, S. Typel, arxiv:1411.2856



2.5. Stiff quark matter at high densities

Here: Stiffening of dense hadronic matter by excluded volume in density-dependent RMF 

S. Benic, D.B., D. Alvarez-Castillo, T. Fischer, S. Typel, A&A 577, A40 (2015) 



2.5. Stiff quark matter at high densities

Estimate effects of structures in the phase transition region (“pasta”)

High-mass Twins relatively robust against “smoothing” the Maxwell transition construction

D. Alvarez-Castillo, D.B., arxiv:1412.8463; Phys. Part. Nucl. 46 (2015) 846 



2.5. Stiff quark matter at high densities

Estimate effects of structures in the phase transition region (“pasta”)

High-mass Twins relatively robust against “smoothing” the Maxwell transition construction

D. Alvarez-Castillo, D.B., arxiv:1412.8463; Phys. Part. Nucl. 46 (2015) 846 

Compare:
Masuda, Hatsuda, Takatsuka
Arxiv:1212.6803v2
PTP 073D01 (2013)



2.6. Rotation

M. Bejger, D.B. et al., arxiv:1608.07049
Astronomy & Astrophysics 600 (2017) A39  

- existence of 2 M_sun pulsars and 
  possibility of high-mass twins raises 
  question for their inner structure: 
  (Q)uark or (N)ucleon core ??
  --> degenerate solutions
  --> transition from N to Q branch

- PSR J1614-2230 is millisecond pulsar,
  period P = 3.41 ms, consider rotation !

- transitions N --> Q must be considered 
  for rotating configurations:
  --> how fast can they be?

(angular momentum J and baryon mass 
should be conserved simultaneously)

- similar scenario as fast radio bursts
  (Falcke-Rezzolla, 2013) or braking index
  (Glendenning-Pei-Weber, 1997) 



2.6. Rotation and stability



2.6. Rotation - summary



3. Pauli blocking vs. excluded volume



3.1. Equation of state 



2. Pauli blocking in NM – nucleon excluded V.

New aspect: chiral restoration --> dropping quark mass

Increased baryon swelling at 
supersaturation densities: --> 
dramatic enhancement of the 
Pauli repulsion !! 

D.B., H. Grigorian, G. Roepke: “Quark exchange effects in dense nuclear matter”, in prep. (2017)

S. Typel, EPJA (2016)



A. Andronic, D. Blaschke, et al., “Hadron production ...”, Nucl. Phys. A 837 (2010) 65 - 86

Towards measuring the EoS in the T-μB-μI phase diagram

N
uP

E
C

C
 L

on
g 

R
an

ge
 P

la
n 

20
17

; h
ttp

://
w

w
w

.n
up

e
cc

.o
rg



Towards “measuring” the EoS in the T – mu plane 
(QCD phase diagram)

Speed-of-sound diagram from the 
INT program in Seattle, Summer 2016

Interpolation between lattice QCD and
Compact star physics (2 M_sun)  

A. Kurkela, E. Fraga, J. Schaffner-Bielich, A. Vuorinen,
Astrophys. J. 789 (2014) 127



Towards “measuring” the EoS in the T – mu plane 
(QCD phase diagram)

Speed-of-sound diagram from the 
INT program in Seattle, Summer 2016

Interpolation between lattice QCD and
Compact star physics (2 M_sun)  
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Conclusion:

High-mass twins (HMTs) with 
quark matter cores can be 
obtained within different 
hybrid star EoS models, e.g.,
- constant speed of sound
- higher order NJL
- piecewise polytrope
- density functional

HMTs require stiff hadronic 
and quark matter EoS with a 
strong phase transition (PT)

Critical endpoint search in the QCD phase diagram with Heavy-Ion 
Collisions goes well together with Compact Star Astrophysics

Existence of HMTs can be verified, e.g., by precise compact star mass and 
radius observations (and a bit of good luck) → Indicator for strong PT !!

Extremely interesting scenarios possible for dynamical evolution of isolated 
(spin-down and accretion) and binary (NS-NS merger) compact stars 



29 member
countries !!
(MP1304)

!New
Kick-off: Brussels, November 25, 2013



26 member
countries !
(CA15213)

!New:
Kick-off: Brussels, October 17, 2016

THOR

“Theory of HOt Matter in Relativistic
Heavy-Ion Collisions” 



20 member
countries !
(CA16214)

!Newest:
Kick-off: Brussels, November 22, 2017

PHAROS

“The multi-messenger PHysics and 
 Astrophysics of neutROn Stars” 



EPJA Topical Issues can be found at                    http://epja.epj.org/component/list/?task=topic
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