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To make progress in 
multi-loop calculations

Which tools do we have?

Large-N methods…
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Let us now see explicitly how this ’t Hooft coupling emerges…
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For Q>>1 dominated by the extrema of S

Consider model with U(1) global symmetry
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We expect scaling dimensions to take the form:

�k is (k+1)-loop correction to the saddle point equation

We will compute            and         ��1 �0

Goal :        compute ��Q ⌘ Q
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In general, we can expand these functions      ‘s for small and 
large value of the argument

�k



Small 𝛌0Q:  Recover perturbative expansion

3-loop2-loop1-loop
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Small 𝛌0Q:  This talk computation

3-loop2-loop1-loop
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EFT for phonons (superfluid phase)

Orlando et al 2015

Large 𝛌0Q:  Large charge limit
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Semiclassical computation
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• ne QFT to the perturbative fixed point

• Tune QFT to the (perturbative) fixed point (WF or BZ type) 

• Map the theory to the cylinder  

• Exploit operator/state correspondence for the 2-point 
function to relate anomalous dimension to the energy 
E=Δ/R 

• To compute this energy evaluate expectation value of the 
evolution operator in an arbitrary state with fixed charge Q

Method

h�̄Q(xf )�
Q(xi)iCFT =

1

|xf � xi|2��Q
In a CFT

Badel, Cuomo, Monin, Rattazzi 2019



• Weyl map and operator/state correspondence

⌧f � ⌧i ⌘ T h�̄Q(xf )�
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To study system at fixed charge thermodynamically we have:

H ! H + µQ  𝜇 is chemical potential

• To compute this energy, evaluate expectation value of the 
evolution operator in an arbitrary state with fixed charge Q

hQ|e�HT |Qi T!1
= N̄e�E�QT

as long as there is overlap between |Q>  and the ground 
state, the latter will dominate for  T ! 1



Example : O(N) model at WF fixed point

g⇤(✏) =
3✏

8 +N
+

9(3N + 14)✏2

(8 +N)3
+O(✏3)

Scyl =

Z
d

d
x

p
g

✓
gµ⌫@

µ
�̄i@

⌫
�i +m

2
�̄i�i +

(4⇡)2g0
6

(�̄i�i)
2

◆

m2 =
�
d�2
2R

�2
stemming from the coupling to Ricci scalar

Weyl map the theory to the cylinder:

Lagrangian





𝜇 is chemical potential
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H ! H + µQ
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Small x:

Large x:
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LO result 

3-loop2-loop1-loop
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Phonon
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(sum of zero point energies)
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Massless phonon Massive modes
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µ controls the gap of the 
massive modes



NLO result

3-loop2-loop1-loop
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3-loop2-loop1-loop
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λ can be 
quartic  

Yukawa or 
gauge  

coupling

• Boosting perturbation theory

Need input for  
one value of Q

Need input for  
two values of Q



Q=1 and N=4 is the anomalous dimension of the Higgs field-





Originally U(1) Abelian phi^4-model at the Wilson-Fisher real fixed point in 4-𝛆 dimensions 

Quartic Yukawa Gauge

U(N)xU(M)O(N) d=4 Banks-Zaks FP

complex

6-𝛆

d=4 asymptotically safe model

Scalar QED
NJLY model

O(N) model with cubic interactions

Extending the method 



Other directions/aspects

• We can add Yukawa and gauge interactions 

• Large order behaviour of the series (resurgence) 

• Higher correlation functions 

• Condensed matter applications 

• Inhomogeneous ground state (operators with spin/derivatives) 

• Test dualities between different CFTs in their charged sectors 

• ……



Youtube series



Thank you!
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Yukawa interactions: NJLY model
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Gauge interactions: scalar QED
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Pheno application: Higgsplosion









�(g) = �✏g + �d=4(g) = 0

• Tune QFT to the perturbative fixed point

1) In D=d-𝛆 dimensions, formal Wilson-Fisher fixed point exists 

2) In D=d dimensions, fixed point  might exists with small 
parameter 𝛆 build from parameters of the model  

(e.g. numbers of colors, flavors, fields components, etc)

Example: Banks-Zaks FP in d=4 multi-flavor QCD, 𝛆=Nf/Nc

g⇤ = f(✏)


