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A little bit of mathematics
Differential geometry

Metric tensor g, = interval
ds? = g (x)dx*dx” (gWg"’\ = 6;})

Connections [ = covariant derivative
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Curvature tensor R" ,

P My ar,
VAT T PxA Ox°

K> _ e >
+r%)\r1/o r%a VA

Ricci tensor R, = RW\V
Curvature scalar R = g”’\R“,\

gu(x), Th(x)




A little bit of mathematics
Differential geometry Il

Three tensors gy, (x), S5, Quuw
Torsion Sy, =Tn -T2,
Nonmetricity Qxu = Vaguw
Connections I, = Ch, + K, + L)),
C)\ _ 1 Ax
v Eg (g%u,u + v,y — guy,%)
Q)\;u/ = V/\g;w = Q/\/u/ = Q)\Vu
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A little bit of mathematics
Differential geometry Ill

Riemann geometry
A
Siw=0, Quuw=0
A A A
S,U»V = 0, Q)\uu = 07 = rp,y = Cp,l/

Weyl geometry
A A A
Sw=0 = T, =T,

Qv = A\(X) g (X)
A A A
er - C/w + Wuv
1
W), = _E(Auaé + A — Algu)

Ax(x) — "Weyl vector”



Local conformal transformation

ds? = Q2(x)d3? = Q2§ (x)dx" dx”

N 1.,
Buv = Q2g,u1/a gﬂl’ = @gwj
V-8 =" (x)v-&
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If A, = gauge field

A Q
A“:AH+2?"M =

Strength tensor
Fu = VA, = VAL = Avy — Auw



Weyl gravity

Lw = a1Ruxe R + aoRu R + a3R? + auFpu FM

SW_/£W\/—gd4X, %STW:O

Dynamical variables: g, (x), A,x

Matter fields Siot = Sw + Sm:  Sm = [Lmv/—8& d*x
Sm is not necessary conformal invariant
05, does!

ae 1
55, -5 / TH (58, )v/—8 d*x — / G"(6A,)v/—g d*x

+ %ﬁ—wm(é\ll)\/—g d*x=0

W — collective dynamical variable for matter fields, 0L,,/0V =0
TH” — energy-momentum tensor, G* — “Weyl current”



Weyl gravity Il

2 ~
Ogus = 8 (09) + Q*(08iu)
0A, = (0A,) +2(6(log ) ,,
65111 def 1.4 A~
= 2Tw = Tu,=0T.,

5ALV N = —=
! 08w 2
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(T =Q'T,, T" =Q°T,)
5Au5 O5m ot —GH = GH = Q*GH
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Self-consistency condition

02: 2Gl, = Trace[T""]

“"  — covariant derivative with Cﬁ‘l,



Cosmology

Cosmology = homogeneity and isotropy
Robertson-Walker metric

dr?

1 — kr?

ds? = dt? — a*(t) ( + r?(d6? + sin? 9d¢2)> , k=0,=+1

A,u = (Ao(t),0,0, 0) =

T =(To(t), Ti(t) = T3 = T3)

Special gauge
Ao(t) =0



Field equations

: 1
6A, . —6yR=G°, ~,:§(a1+a2+3a3)
. .2 k
R:—6<a+a;r )
a a
R &4k 0
S : —127{ R+R<12+32>}_T0

R &+k
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Self-consistency condition:
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Perfect fluid, Riemann geometry |

J.R. Ray (1972):

Sm=— / e(X,n)y—g d*x + / Ao(uut —1)y/=g d*x
+//\1(nu“);#\/—7gd4x+ /Azx,uuu\/jgd‘lx

(X,n) — energy density
L

™

ut(x) — four-velocity

n(x) — particle number density,
X(x) — auxiliary variable,
Ai(x) — Lagrange multipliers

Constraints

utu, =1 — normalization

(nu*)., =0 — particle number conservation
X ut =0 — numbering of the trajectories



Perfect fluid, Riemann geometry II
Energy-momentum tensor
T = eutu” — pgh”
Hydrodynamical pressure

p=n——=¢

on

V.A.Berezin (1987):
Phenomenological description of particle creation

(nu*),, =0 = (nu")., —®(inv) =0

Perfect fluid, Weyl geometry: G* — 7?7 How to incorporate A, 7

4



New possibilities

Single particle u*
Riemann geometry

Spart = —m/ds

Wey| geometry — new invariant B = A, u*

Sourt —/fl(B)ds—i—/fg(B)dT —/{ A(B) /g i+ f(B) ydr

Equations of motion
AB)uxus” = ((A(B)+5 (B)Ay — K (B)un ) Buu”
+ (f(B) + H(B))Fruu”

Since F,\MuAu“ =0 and u,\;(,u’\ =0

Either (f, +f )B=1f or B,u"=0



The invariant B = A, u" is closely tied to the number density n.
Hence,

e(X,n) = e(X,¢(B)n)

And how about the constraint (nu*)., = ®(inv)?
Conformal transformation

(HU“);M\/jg = (nutv/—g) .

@7 \/7 94\/7
(nut'y/=g) = (AB*/—8) )y =

®,/—g — conformal invariant =

In the absence of the classical fields, i.e., in the case of the particle
creation by the vacuum fluctuations

n —=

'.O‘:>

® = o} Rure R + ahRuWR™ + a3'R® + af Fu FH



Riemann geometry — the only possibility
¢ o C?
C? = Curo CH"27 — square of the Weyl tensor.

Y.B.Zel'dovich and A.A.Starobinsky (1977):

Particle creation by the vacuum fluctuation of the massless scalar
field on the homogeneous slightly anisotropic cosmological
background.

Now it becomes fundamental!



Gravitational cosmological equations

Vector: _
—67R = G°

Tensor: _
—y (12?’? + R(4RY — R)> =7
. a
Self-consistency condition

(6%a%)
23

2 =To+3T{ =T

It is quite clear that the self-consistency condition is just the
consequence of the vector and trace equations. At last, let us write
down the expressions for the (8)—component of Ricci tensor and
the scalar curvature in terms of the scale factor a(t)



p
RS = —3°
0 a

. .2 k
R:—6<a+a s ) k=0,+1
a a

Note that in cosmology we need to know only 79 = Tg and
T = Trace TH, since T% =0 and TV = Tlgl,
TH=(1/3)(T — T§). Thus,
T = T[part] 4+ T|ecr]
T[part] =e —3p
Tler] = M(88'RS — 48'R — 129/R)
4k (ﬂ’z(R +2RY) + 6¢/'R + sz) 120 (R + 3§R)

Tg = Tg [part] 4+ Tg [er], Tg [part] =€



T8ler] = 89 2R — 4(5 +37)M =R

—'\1 (123/? + R(4R§ — R))

How about the equations of motion for the cosmological perfect
fluid? We are left with only one equation plus the law of the
particle creation, namely

)'\1 _ _¢&tp
(na®) _ ®(inv)
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4
®(inv) = —gﬂ’R8(2R8 — R)++'R°



Creation of the universe from nothing

Empty from the very beginning
Vacuum is not absolute, but physical
May or may not it persists?
“Pregnant” vacuum

S(inv) =0, |5+ [Y|#0
4
3/ RO(2Ry — R) = +/R?
GOpart] = TQ[part] = T[part] =0

n=20
)'\1:f€+p
n

@ Non-dust matter
A =0 = )\ = const
@ Dust matter

A= —¢(0) =const = A= —¢(0)(t — to)



Non-dust pregnancy |
General case: ', 7 #0
A1 = const
R=¢R =
(376> +45'(§ —2))R) =0
—6(y =7 A1)R =0

Ra)
—12( — 'y')\l)( = ) =0

—(y —~'\1) {123/'? +R(R — 4R8)} =0

Let, first, v #4'\1 = R=0
Either R=0 = RJ =0 = Milne universe
Or £ =4 = de Sitter for 5+ 67" =0



Non-dust pregnancy Il

General case: 3/, + #0
v=7"M
It is not a special condition, but the solution A;
P+ k= Gat?

Instability and so on...



Dust pregnancy

M=—-00)(t—t) = M=-6<0, A =0

Surely, there exists the solution with R = Rg =0, i.e., Milne
universe.

It can be shown that the only other solution is just the de Sitter
universe, with £ = 4 (R, R§ = const) for 3’ + 6+ = 0.

If it is not so, the universe emerged from the vacuum foam, like
Aphrodite, immediately starts to produce dust particles !!!

The End



