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Yang—Mills theory

tr(tatb) = − 2δab, [ta, tb] = f abctc .

S[A] =
1

4g2 ∫ℝ4

d4x Fa
μν(x)Fa

μν(x) =
W−1

4g2

Yang and Mills (1954)

Trautman (1979)


Babelon and Viallet (1981)
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Then, ta denote the corresponding generators, which satisfy

killing form structure constant

Yang-Mills connection components: Bμ(x) = Ba
μ(x)ta .

Components of the field strength: Fμν(x) = Fa
μν(x)ta, Fa

μν = ∂μBa
ν − ∂νBa

μ + f abcBb
μBc

ν .

Classical action:

coupling constant

f abc f aef = f abf f aec − f acf f aeb and f abc f abe = c2δce

Let G be a compact semisimple Lie group, and 𝔤 is its Lie algebra.



Γ1 = − ∫ℝ4

d4x
δ

δJa
ν

Dab
μ Fb

μν, Γ3 = ∫ℝ4

d4x (Dae
μ

δ
δJe

ν ) f abc δ
δJb

μ

δ
δJc

ν
,

Γ4 =
1
4 ∫ℝ4

d4x f abc δ
δJb

μ

δ
δJc

ν
f aed δ

δJe
μ

δ
δJd

ν
,

Mab
0 = − Dae

μ Deb
μ , M ab

1μν = Mab
0 δμν − 2f acbFc

μν

Ω3 = ∫ℝ4

d4x (Dab
μ

δ
δbb ) f aed δ

δJe
μ

δ
δb̄d

.
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Mab
0 Gbc

0 (x, y) = δacδ(x − y), M ab
1μνG bc

1νρ(x, y) = δacδμρδ(x − y)

Γ3 ∼ Γ4 ∼ Ω3 ∼

G1 ∼ G0 ∼

Additional definitions

Covariant derivative: Dab
xμ hbc(x) = ∂xμhac(x) + f abdBd

μ(x)hbc(x) .

Laplace operators

and the Green's functions:

Vertices:

ghost fields

Diagram tehcnique elements:

Faddeev and Popov (1967)

Faddeev and Slavnov (1991)


Faddeev (2009)



Background field method

e−W[B] = ∫ 𝒟A𝒟c𝒟c̄ e−S[A]+SFP[A,c,c̄],

The path integral formulation is written as

in which the action can be presented after the shift Aμ = Bμ + gaμ as

−S[B] −
1
g

Γ1 −
1
2 (M1a, a) − (M0c, c̄) + gΓ3 + gΩ3 + g2Γ4 .

DeWitt (1967)

Aref’eva, Slavnov, and Faddeev (1974)


’t Hooft (1975)

Abbot (1982)


Jack and Osborn (1982)



 5

W[B] =
1

4g2
W−1 + {1

2
ln det (M1/M1 |B=0 )− ln det (M0/M0 |B=0 )}+ Wh[B],

Wh[B] = − ln (exp( − Γ1/g − gΓ3 − g2Γ4 + gΩ3) Z[J, b, b̄]
J=b=b̄=0)

only 1PI part

Yang—Mills effective action
Auxiliary functional:

where the multi-loop part is

and the generating functional is Z[J, b, b̄] = exp(g1 + g0) with

Effective action is equal to Weff[B] = W[B] − W[0] .

g1 =
1
2 ∫ℝ4

d4x∫ℝ4

d4y Ja
μ(x)G ab

1μν(x, y) Jb
ν (y) and g0 = ∫ℝ4

d4x∫ℝ4

d4y b̄ a(x)Gab
0 (x, y)b b(y) .

DeWitt (1967)

Aref’eva, Slavnov, and Faddeev (1974)


’t Hooft (1975)

Abbot (1982)


Jack and Osborn (1982)



{(δac∂τ + Aac(x)) Kcb(x, y; τ) = 0;

Kab(x, y; 0) = δabδ(x − y),
Kab(x, y; τ) = (4πτ)−2e− |x − y |2

4τ

∞

∑
n=0

τnaab
n (x, y),
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Green’s function expansion
Let us consider a Laplace type operator Aab(x) = − IMcd

0 (x) − vab(x),

then we have the following decomposition

(A−1)ab(x, y) = R0(x − y)aab
0 (x, y) + R1(x − y)aab

1 (x, y) + R2(x − y)aab
2 (x, y) + 𝒫𝒮ab(x, y) + …,

where

R0(x) =
1

4π2 |x |2 , R1(x) = −
ln( |x |2 μ2)

16π2
, R2(x) =

|x |2 (ln( |x |2 μ2) − 1)
64π2

,

and the coefficients an are from the following local heat kernel

where τ → + 0.

Fock (1937)

DeWitt (1967)

Gilkey (1975)

Shore (1981)


Luscher (1982)



Ivanov and Kharuk 

arXiv:2203.07131The main result

I8 = c2
2 ∫B1/μ

dd x (∂xμR0(x))R0(x)∂xμ( |x |2

12d
R1(x) +

1
12

R2(x) −
|x |2

293π2 )
reg.

I1 = c2
2 ∫B1/μ

dd x (∂xμR0(x))R0(x)∂xμ( |x |2

12d
R1(x) +

(d − 24)
12d

R2(x) +
(24 − d )
293dπ2

|x |2 )
reg.

I2 = c2
2 ∫B1/μ

dd x (∂xμR0(x))(∂xμR0(x))( |x |2

12d
R1(x) +

(d − 24)
12d

R2(x) +
(24 − d )
293dπ2

|x |2 )
reg.

I3 = −
2c2

2

d ∫B1/μ

ddx (∂xμR0(x))(∂xμR1(x))R1(x)
reg.

I4 = − 2c2
2 ∫B1/μ

ddx R0(x)(∂xμR1(x))(∂xμR1(x))
reg.

I5 = −
c2

2

2d ∫B1/μ

ddx R1(x)xμ∂xμR2
0(x)

reg.

I6 =
c2

2

2d ∫B1/μ

ddx R2
0(x)xμ∂xμR1(x)

reg.

I7 =
c2

2

8d ∫B1/μ

ddx |x |2 R3
0(x)

reg.

I9 = c2
2 R2

1(x)
x=0

reg.

I10 = c2
2 R0(x)R2(x)

x=0

reg.

The two-loop divergent part in Wh[B] − Wh[0] is equal to ηW−1 + o(g2), where

η = g2((3d − 3)I1 +
(3d − 4)

2
I2 +

(d + 2)
2

I3 +
(2d − 5)

2d
I4 +

(8 − d)
2

I5 +
(d + 2)

2
I6 +

(3d − 4)
2

I7 − I8 +
3
2

I9 +
5
2

I10) .



Examples

Jack and Osborn (1981) 

Bornsen and van de Ven (2003) Ivanov and Kharuk (2020) Shatashvili (1984)
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