
Anti-de Sitter neutron stars in the theory of gravity with
nonminimal derivative coupling

P.E. Kashargin

International Conference on Quantum Field Theory, High-Energy Physics, and Cosmology
Dubna, July 18, 2022

Based on
P.E. Kashargin, S.V. Sushkov, Anti-de Sitter neutron stars in the theory of gravity with
nonminimal derivative coupling, arxiv:2205.08949 (2022)

P.E. Kashargin, S.V. Sushkov Anti-de Sitter neutron stars 1 / 21



Plan

Plan of the talk

Introduction

Theory of gravity with nonminimal derivative coupling

Spherically symmetric con�guration

Basic equation

Results of numerical integration

Summary

P.E. Kashargin, S.V. Sushkov Anti-de Sitter neutron stars 2 / 21



Introduction. Neutron stars

Schematic structure of a neutron star1 Neutron star mass-radius relation2

strange stars

The available data suggests that the most neutron stars have masses close to 1.3 � 1.4 Msun and
characteristic star radii is 10 � 13 km, but lower and higher masses exist and this ranges can be
extended3.

1Neutron Stars: Equation of State and Structure, P. Haensel, A. Y. Potekhin, and D. G. Yakovlev, Astrophysics and Space

Science Library, (Springer, New York, 2007).

2The Physics and Astrophysics of Neutron Stars, ed L. Rezzolla et al. Springer, Cham 457 (2018).

3J. M. Lattimer, The Nuclear Equation of State and Neutron Star Masses, Annu. Rev. Nucl. Part. Sci. 62, pp.485-515 (2012).
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Introduction. Neutron stars

Neutron stars in modi�ed theories of gravity.
G.J. Olmo, D. Rubiera-Garcia, A. Wojnar, Phys. Rep. 876, pp. 1-75 (2020).

Horndeski theory of gravity.
G.W. Horndeski, Int. J. Theor. Phys. 10, 363-384 (1974).

T. Kobayashi, M. Yamaguchi, J. Yokoyama, Prog. Theor. Phys. 126, 511 (2011)...

Black hole solutions in the theory of gravity with a nonminimal derivative coupling of a
scalar �eld with the Einstein tensor.
M. Rinaldi, Phys. Rev. D 86, 084048 (2012).

M. Minamitsuji, Phys. Rev. D 89, 064017 (2014).

T. Kobayashi, N. Tanahashi, PTEP 2014, 073E02 (2014).

E. Babichev, C. Charmousis, JHEP 1408, 106 (2014)...

Neutron stars models in the theory of gravity with a nonminimal derivative coupling of a
scalar �eld with the Einstein tensor.
A. Cisterna, T. Delsate, M. Rinaldi, Phys. Rev. D 92, 044050 (2015).

A. Cisterna, T. Delsate, L. Ducobu, M. Rinaldi, Phys. Rev. D 93, 084046 (2016).

A. Maselli, H.O. Silva, M. Minamitsuji, E. Berti, Phys. Rev. D 93, 124056 (2016).

J.L. Blazquez-Salcedo, K. Eickho�, Phys. Rev. D 97, 104002 (2018)...
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Introduction. Horndeski theories

Action1,2:

S =

∫
[L2 + L3 + L4 + L5]

√
−g d4x+ S(m), (1)

where

L2 = G2(φ,X),

L3 = −G3(φ,X)�φ,

L4 = G4(φ,X)R+G4,X(φ,X)
[
(�φ)2 − (∇µ∇νφ) (∇µ∇νφ)

]
,

L5 = G5(φ,X)Gµν∇µ∇νφ−
1

6
G5,X(φ,X)×

×
[
(�φ)3 − 3 (�φ) (∇µ∇νφ) (∇µ∇νφ) + 2 (∇µ∇αφ)

(
∇α∇βφ

) (
∇β∇µφ

)]
,

R is the Ricci scalar, Gµν is the Einstein tensor, S(m) is the action for matter, Gj depend on the
scalar �eld φ and its kinetic term X = −∇µφ∇µφ/2, Gj,X = ∂Gj/∂X, �φ = ∇µ∇µφ.

1 G.W. Horndeski, Second-order scalar-tensor �eld equations in a four-dimensional space, Int. J. Theor. Phys. 10, 363-384 (1974).

2 T. Kobayashi, M. Yamaguchi, J. Yokoyama, Generalized G-in�ation: In�ation with the most general second-order �eld

equations, Prog. Theor. Phys. 126, 511 (2011).
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Theory of gravity with nonminimal derivative coupling

Speci�c case
G2 = αX − Λ0/κ, G3 = 0, G4 = 1/(2κ), G5 = βφ/2 (2)

yields the following action:

S =

∫
d4x
√
−g

[
1

2κ
(R− 2Λ0)−

1

2
(αgµν + βGµν)∇µφ∇νφ

]
+ S(m), (3)

where Λ0 is a ¾bare¿ cosmological constant, κ = 8πG/c4, α and β are real parameters.

Action:

S =

∫
d4x
√
−g

[
1

2κ
(R− 2Λ0)−

1

2

(
ε1gµν + ε2`

2Gµν
)
∇µφ∇νφ

]
+ S(m), (4)

where εi = ±1, ` is a characteristic length.

In this work we study the neutron star con�gurations in the scalar-tensor theory of gravity
(4) with the coupling between the kinetic term of a scalar �eld and the Einstein tensor.
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Theory of gravity with nonminimal derivative coupling: �eld equations

Gravitational �eld equations:

1

κ
(Gµν + gµνΛ0) = ε1T

(φ)
µν + ε2`

2Θµν + T
(m)
µν , (5)

where

T
(φ)
µν = ∇µφ∇νφ−

1

2
gµν (∇φ)

2
, (6)

Θµν = −
1

2
∇µφ∇νφR + 2∇αφ∇(µφR

α
ν) +∇αφ∇βφRµανβ +∇µ∇αφ∇ν∇αφ− (7)

∇µ∇νφ�φ−
1

2
(∇φ)

2
Gµν + gµν

[
−

1

2
∇α∇βφ∇α∇βφ+

1

2
(�φ)

2 −∇αφ∇βφRαβ
]
,

T
(m)
µν = (ε+ p)uµuν + pgµν , (8)

uµ is a unit timelike 4-vector, ε is an energy density, p is an isotropic pressure.

Equation of motion of the perfect �uid:

∇µT (m)
µν = 0. (9)

Equation of the scalar �eld:
∇µJµ = 0, (10)

where

J
µ

=
(
ε1g

µν
+ ε2`

2
G
µν
)
∇νφ. (11)
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Spherically symmetric con�guration

Spacetime metric:

ds2 = −A(r)c2dt2 +
dr2

B(r)
+ r2

(
dθ2 + sin2 θdϕ2

)
. (12)

Gravitational �eld equations:

1

κ

(
−
B′

r
+

1−B
r2

)
= ε+

1

κ
Λ0 +

1

2
ε1Bψ

2 − ε2`2
Bψ2

2r2

(
1 +B + 3rB′ + 4rB

ψ′

ψ

)
,(13)

1

κ

(
BA′

rA
−

1−B
r2

)
= p−

1

κ
Λ0 +

1

2
ε1Bψ

2 − ε2`2
Bψ2

2r2

(
1− 3B − 3rB

A′

A

)
, (14)

where a prime means a derivative with the respect of r, and ψ = φ′.

Equation of the scalar �eld:[
ε1r

2 − ε2`2
(

1−B − rB
A′

A

)]
ψ
√
AB = C, (15)

where C is a constant of integration.
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Spherically symmetric con�guration

Equation of motion of the perfect �uid:

A′

A
= −

2p′

ε+ p
. (16)

Equation of state

p = KρΓ
0 , ε = ρ0c

2 +
p

Γ− 1
, (17)

where ρ0 is a baryonic mass density, Γ = 2 is the adiabatic index and K = 1.79× 105 (CGS) is
the polytropic constant [1-3].

1. R.F. Tooper, Adiabatic Fluid Spheres in General Relativity. The Astrophysical Journal 142, 1541-1562 (1965).

2. J.M. Lattimer, The Nuclear Equation of State and Neutron Star Masses, Annu. Rev. Nucl. Part. Sci. 62, pp.485-515 (2012).

3. A. Cisterna, T. Delsate, M. Rinaldi, Neutron stars in general second order scalar-tensor theory: The case of nonminimal

derivative coupling, Phys. Rev. D 92, 044050 (2015).
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Normal system of �eld equations

Dimensionless values: ξ = Λ0`2, x = r
`
, E = κ`2ε, P = κ`2p, Ψ2 = κ`2ψ2. (18)

Basic equations:

dB

dx
= −

1

∆

[(
(1 + εξ)x

4
+ (ε− 5ξ)x

2
+ 2
)
B +

(
(1− εx2

)E + 2(3− εx2
)P
)
x

2
B

−(1− εx2
)
2 (

2− (ε+ ξ)x
2 − x2E

)]
, (19)

dP
dx

= −
(E + P)(1− B − εx2)

2xB
, (20)

dA

dx
=
A(1− B − εx2)

xB
, (21)

Ψ
2

= −
x2(ε− ξ + P)

ε2B (1− εx2)
, (22)

E = κ`
2
c
2

( P
κ`2K

)1/Γ

+
P

Γ− 1
(equation of state), (23)

where ε = ε1/ε2 and ∆ = x(1− εx2)
(
2− (ε+ ξ)x2 + x2P

)
, ε = ±1, ξ and ` � free parameters.

Regularity conditions: Ψ2 6=∞ and Ψ2 > 0.

ε = ε1/ε2 = −1;

in the case ε2 = +1: max{p} 6 (1 + ξ)/(κ`2), ξ > −1;

in the case ε2 = −1: ξ 6 −1.
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Normal system of �eld equations

Boundary conditions for A(r), B(r), Ψ(r) and P(r):

p(0) = KρΓ
0c, p′(0) = 0,

B(0) = 1, B′(0) = 0,

A′(0) = 0, A(R) = Aout(R),

ψ(0) = 0,

where ρ0c � central barionic mass density, Aout(r) is the external vacuum solution, R is the
radius of the star.

Radius R of the star:
P(R) = 0.

Consequence of the boundary conditions:

C = 0 ⇒ Jµ = 0 ⇒ no hair solution.
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External vacuum solution

Vacuum solution1 in the case ρ = 0 and p = 0:

B(x) =
(x2 + 1)2(

(1− ξ)x2 + 2
)2 F (x), (24)

A(x) = 3C2 F (x), (25)

Ψ2(x) =
x2(1 + ξ)

ε2B (1 + x2)
, (26)

where C1 and C2 are constants of integration and

F (x) = (1− ξ)(3 + ξ) +
1

x

(
(1 + ξ)2 arctanx+ C1

)
+
x2

3
(1− ξ)2.

The case ξ = −1 (anti-de Sitter-Schwarzschild black hole):

A(r) = B(r) = 1−
rg

r
+
|ΛAdS |

3
r2, Ψ2(r) = 0. (27)

1M. Rinaldi, Phys. Rev. D 86, 084048 (2012).
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External vacuum solution

Asymptotics at x→∞:

B(x) =
x2

3
+

7 + ξ

3(1− ξ)
+
C1 + 1

2 (1 + ξ)2π

(1− ξ)2

1

x
+O(x

−2
), (28)

A(x) = 3C2(1− ξ)(3 + ξ)

[
1 +

1− ξ
3(3 + ξ)

x
2

+
C1 + π

2 (1 + ξ)2

(3 + ξ)(1− ξ)
1

x

]
+O(x

−2
), (29)

Ψ
2
(x) =

3(1 + ξ)

ε2x2
+O(x

−4
). (30)

Conditions:

t is the time of a distant observer ⇒ C2 = [3(1− ξ)(3 + ξ)]−1;

Metric signature ⇒ C2 > 0 ⇒ −3 < ξ < 1.

Anti-de Sitter-Schwarzschild asymptotics:

A(r) ≈ 1−
rg

r
+
|ΛAdS |

3
r2, (31)

rg =
2GM

c2
= −`

C1 + π
2

(1 + ξ)2

(3 + ξ)(1− ξ)
, ΛAdS = −

1− ξ
3 + ξ

1

`2
, (32)

where rg is the Schwarzschild radius, M is the Schwarzschild mass and ΛAdS is the e�ective
negative cosmological constant, ξ = Λ0`2.
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Results of numerical integration: the case ξ = −1 (ΛAds = −`−2, ε2 = −1, ε1 = +1)

Graphs of the functions A(r), B(r), ρ(r) and Ψ2(r)

 [
0
c
]

1
0
3
4

Graphs of the functions A(r), B(r), ρ(r) and Ψ2(r) in the case ξ = −1 are shown for three values of the

nonminimal derivative coupling parameter ` = 10, 20, 40 km and the central baryonic mass density

ρ0c = 1015 g/cm3. Vertical dotted lines mark the boundary of star (` = 10, 20, 40 from left to right).
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Results of numerical integration: the case ξ = −1 (ΛAds = −`−2, ε2 = −1, ε1 = +1)

The dependence of the mass M (left panel) and the radius R (right panel) on the central
baryonic mass density ρ0c

The dependence of the mass M (left panel) and the radius R (right panel) on the central
baryonic mass density ρ0c in the case ξ = −1 is shown for three values of the nonminimal
derivative coupling parameter ` = 10, 20, 40 km. Values of ρ0c are given in term of the nuclear
density ρn = 2.5× 1014 g/cm3.
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Results of numerical integration: the case ξ = −1

The mass-radius diagram in the case ξ = −1 (ΛAds = −`−2, ε2 = −1, ε1 = +1)

GR A.Cisterna et al [1]

Solid red curves correspond to di�erent values of the nonminimal derivative coupling parameter

` = 2, 5, 10, 20, 40, 100 km (from left to right). All graphs are built in the range of values of the central

baryonic mass density ρ0c from 0.1ρn to 100ρn (from bottom to up), where ρn = 2.5× 1014 g/cm3 is

the nuclear density. Small solid circles on the curves mark the values ρ0c = ρn and ρ0c = 10ρn.

1. A. Cisterna, T. Delsate, M. Rinaldi, Neutron stars in general second order scalar-tensor theory: The case of nonminimal

derivative coupling, Phys. Rev. D 92, 044050 (2015).

P.E. Kashargin, S.V. Sushkov Anti-de Sitter neutron stars 16 / 21



Results of numerical integration: the case ξ = −1

The mass-radius diagram in the case ε1 = ε2 = 0, Λ0 = ΛAds

A.Cisterna et al [1]GR

The mass-radius diagram in the theory

S =

∫
d

4
x
√
−g

[
1

2κ
(R + 2|ΛAdS |)

]
+ S

(m)
, (33)

where ΛAdS = −1/`2 is a negative cosmological constant.

1A. Cisterna, T. Delsate, M. Rinaldi, Neutron stars in general second order scalar-tensor theory: The case of nonminimal

derivative coupling, Phys. Rev. D 92, 044050 (2015).
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Results of numerical integration: the case ξ 6= −1

Graphs of the functions A(r), B(r), ρ(r) and Ψ2(r) in the case ξ 6= −1

Graphs of the functions A(r), B(r), ρ(r) and Ψ2(r) in the case ξ 6= −1 km are shown for three values of

the parameter ξ = −2,−0.5, 0 and the central baryonic mass density ρ0c = 1015 g/cm3, ` = 20 km.

Vertical dotted lines mark the boundary of star (ξ = −2,−0.5, 0 from left to right).
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Results of numerical integration: the case ξ 6= −1

Mass-radius diagrams for various values of ξ 6= −1 (` = 20 and −3 < ξ < 1)

A.Cisterna et al [1] A.Cisterna et al [1]

1A. Cisterna, T. Delsate, M. Rinaldi, Neutron stars in general second order scalar-tensor theory: The case of nonminimal

derivative coupling, Phys. Rev. D 92, 044050 (2015).
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Summary

We numerically constructed neutron star con�gurations in the theory of gravity with a
nonminimal derivative coupling of a scalar �eld with the Einstein tensor and the cosmological
constant Λ0. The matter has a form of a perfect �uid and obeys the polytropic equation of
state with the adiabatic index Γ = 2.

We explore con�gurations of neutron stars for di�erent sets of free model parameters `, ε
and ξ.

In the case ξ = −1 the external vacuum solution has a form of the Schwarzschild-anti de
Sitter black hole. We have the anti-de Sitter-Schwarzschild asymptotics outside the star in
the case ξ ∈ (−3, 1).

In the case ξ = −1 the mass-radius diagram has an essential property, namely, radius
decreases monotonically with decreasing mass. The speci�c ¾strange¿ relation between mass
and radius corresponds to the so-called bare strange stars, and in our case it is forming due
to the e�ective negative cosmological constant ΛAds.

In the case `� 1 km the mass-radius diagram approaches the results without kinetic term of
scalar �eld in the Lagrangian obtained earlier by A.Cisterna et al.

In the general case ξ 6= −1 the mass-radius diagrams are shifted down and left in case
ξ < −1, and down and right in case ξ > −1. The mass-radius diagrams are shifted in the
region of negative asymptotic masses. Of course the baryonic mass of the star remains to be
positive.
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Thank you for your attention!


