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Notation
R - continuous elastic media = Euclidean three-dimensional space

X' , yi | =1 2,3 - Cartesian coordinates
O;; - Euclidean metric Elasticity theory of small deformations
u' (X) - displacement vector field oo’ +f1=0 - Newton’s law

Ejj = %(&uj +0;U;) - straintensor ¢ = 2.5”8kk +2ue" - Hooke’s law

i] i ; : i
O~ - stress tensor f I(X) - density of nonelastic forces ( f = 0)

A, - Lame coefficients 1



Differential geometry of elastic deformations

/ X yi v 1 X! (y) - diffeomorphism: R?’ = RB
VI Y' = X!
y X =Yy +U (X) S O

fijk = %(ngk i 8jgik —ﬁk g”) Z O - Christoffel’s SymbO|S

~ ~

Iiljkl — alfjkl _Flkmrjml v (i <> j) — O - curvature tensor
T, —1~“J-ki)'(j)'(k - extremals (geodesics)
Rijkl =0 - Saint-Venant integrability conditions of (*)

~ ~

Tijk =Fijk —Fjik =0 - torsion tensor

(*)



Dislocations

Linear defects:

Edge dislocation Screw dislocation

&

' i ntin = elastic deformations
u'(x) { S continuous

b - Burgers vector

Point defects:

Vacancy

IS not continuous = dislocations



Edge dislocation

gﬁdxﬂﬁﬂui = —C_‘S dx“0,y' =—b (*)
C C

x*, n=1,2,3 - arbitrary curvilinear coordinates

yi (X) - is not continuous !

i :
8ﬂy - outside the cut prE—

eui (X)=1 : .
lim aﬂy' _ on the cut (continuous on the cut)

(*)= b' = C_‘deﬂeﬂi = ” dx* A dx” ((’5ﬂevi —Oveﬂi) - Burgers vector in elasticity
€ S

i i ij : __ '
T, =06 —0,¢,;—(uc>v) - torsion a)ﬂ” 4 —a)ﬂ"

o -n -k o .
Ruvu = @ywv'l s a)ul o, —(u<>v) -curvature El SO(3)-connection

b' = _U dx* A dXVTWi - definition of the Burgers vector
in the geometric theory

Back to elasticity: if Rﬂvij =0 then a)ﬂij —0 4




Disclinations

i o
. n'=ngS; (@)
-~ e .
o T \ Si.f € S@(S) - orthogonal matrix
v 7 @" =—w" € s0(3) - Lie algebra element (spin structure)
- jk :
@; = = Ejj@W - rotational angle
&k - totally antisymmetric tensor (£33 =1)
Examples ’
s X 0l — cﬁdx“aﬂa)”
C
] .
X 0, = eiijJk - Frank vector
; (total angle of rotation)
C

O=4r @)= ®i®i



Frank vector

" (X) - is not continuous !

f o @ - outside the cut
@ N0)=3 ~
3 lima ,"- on the cut

Q' =pdx“w,” = [[dx* A dx’ (0,0,

T i, = ik
RW —aﬂa)v @,

Qll = de“ A dX'R,,]

Back to the spin structure: if N &€ R?

J
a)vk

- SO(3)-connection
(continuous on the cut)

'-0,w,") - the Frank vector

L (,U < V) - curvature

- definition of the Frank vector
In the geometric theory

then SO(3) - SO(2)



Summary of the geometric approach

(physical interpretation)

Media with dislocations and disclinations =
— RB with a given Riemann-Cartan geometry
i ) ;
€, - triad field

a)ﬂ” - SO(3)-connection

Independent variables

i i ij TR .
T, =0, 0, ¢ () torsion  (surface density of

! the Burgers vector)
a)vkJ — (1 <> v) - curvature (surface density of
the Frank vector)

ij i il
Ruv —8ﬂa)v @,

Elastic deformations: RW” =0, Tuvl =0

Dislocations: R,,'=0, T, '#0

Disclinations: RWij %0, TWi =0

Dislocations and disclinations: RW” =0, TW' =0



The free energy

S=S.e[e]+Scs[@] | -the total free energy

No elastic stresses: g, =0, (eﬂ' = 5;,) - Euclidean metric ~ S,g >0

Three dimensions:

7 7 1
w "= S ) D

o = OE T, Lk =5 @, Ejjk» - SO(3) connection

(1-form, the only variable)
wv,..=123, 1,},..=12,3 -indices

W Sl L 2 oy
R, k(@) =R, “& = Z(Gﬂa)vk 0,0, +0, O, gijk) - curvature

Scg = j( a)'Ada)Jr gjka)'Aa)JAa) /\JI) - free energy for disclinations
RB

J'- the source term (2-form)

R K=7J X |.equations of equilibrium




One linear disclination

q“(t) e R3 teR - the core of disclination

S .dq“a)ﬂiJi =J‘dtqﬂa)ﬂiJi = - the interaction term

. : 7 \
0,018 (x-0)= (675,07 (5 -a)
g

SS. L
5(0!:: — 23 J'5z(x—q) - the source term X=(X1,X2)

One disclination along X> axis

Notation: X =X, X°=V, Z:=X+Iiy

, , @ - the only nontrivial components

i
0" — 5 O, - one complex component



One straight linear disclination

Fixing the source term: RZZ3 = 47Z'iA5(Z), AeR - new kind of defect
. 1A 1
The solution: @,° = —— 6, ==n5(z) - important formula
Z V4
3 ZAy 3 2 AX
Oy =——— 5, O =—— -realcomponents
X+ X+

Rotational angle field a)(X)

opm 25 2
X +Y

Gy

The integrability conditions O,y@ =0,® are fulfiled

o =—2 A arctan % +C - ageneral solution
y
X
C=rA = tanep=—, @= AL L polar angle
y 2A
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One straight linear disclination

To make the rotational angle field a)(X, y) well defined, we must impose the
guantization condition:

N
A=—, neZ = w=Nne
2
. 12 ny :
SO(3)-connection: W, =————7 =—NSINY,
X +Y
iy & n o,
L= > = N COS@.
X +Y
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‘t Hooft-Polyakov monopole

(x¥) e R «=0123 Nop = diag(+ ——) - Lorentz metric
1,]=12,3 8ij = diag(+++) - metric in target space

1 afi 1 a | ;
L:_ZF F, +2V oV, -——/l(gp —a%)® - the geometric model

Fos =0,A5 —0,A, + A AL e
Aai - SU(2) gauge field

Q= (gpi) e R3 - triplet of scalar fields in adjoint representation of SU(2) group
V.o =00 + Aajgokgjki - covariant derivative

A,a>0 - coupling constants
SU(2)

2

SO(3) = = @' = A =AS
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Static solutions

A= 0, gai = const, gpz =a’ - vacuum solution

o

1 i L 1
E= Z F~ IF,uvi +§Vﬂ¢lvﬂ¢i +Zﬂ‘(¢2 a a2)2 - the energy

(1+3) decomposition:
)= x)=0%),  (AD=(ALAD), 4=123

AO[i = Aai (x), @'(x), xeR3 - static solutions
A,' =0 - additional requirement

RPRL
V, F" + (V¥ )p &g =0
- equilibrium equations

-V 0 - A(p* -2’ )¢, =0

2

=a - boundary conditions 13
=00

= O’ ¢2




Spherically symmetric solutions

Assumption:  SO(3) acts simultaneously in coordinate and target spaces

e Ux 1=V
Aﬂ' = ”rz = (K1), ot = =, H - spherically symmetric ansatz
K(r), H(r) - unknown functions of radius r
r’K"=K(K*+H?-1) j i
= - nonlinear system of equations

r?H" = 2HK? + 4(H?-a’r?)

The Bogomol'nyi-Prasad-Sommerfield (1975) solution ( forA =0 ):

R el 3 LA
sh(ar)’ th (ar)
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Disclinations and dislocations

SU(2) — SO(3) acts simultaneously in coordinate and target spaces

e : _ 3 e Al B
Media without elastic stresses: R*, g,,=6,,, €, =0,

E— % Fﬂvi Fyvi 4 %Vﬂqﬂivﬂ(ﬂi + %/1((02 — 3.2)2 - the free energy

§0i - sources for defects
A Jyl
A g =(6,x’ =9,

R k_, kK _Euw % (K'—K 1j

- spherically symmetric solution

HV oy r3 r

- continuous distribution
of disclinations and dislocations

k:(5/ljxv 5k
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Point disclinations
M.Katanaev, B.Volkov. Mod.Phys.Lett.B(2020)

ij _ i
Aﬂi _ by Xj (I<2(r) 1) +5LV (r)+ XuX LZJ (r) -the most general spherically

r r symmetric SO(3) connection

K(r), V(r), U(r) - arbitrary functions

(*) F,'=0= K'+rv( +U)=0,
K%-1

- K'+ —rVU =0, - equilibrium equations

r outside the origin

rvV'—U — (K -1)(V +U)=0.

Theorem. The most general solution for (*) is

K=cos f,
sin f
V=—1—,
I
rf '—sin f . . ]
U = - where f(r) is an arbitrary function.

r 16



Point disclinations
RN =0 e A= AR IS S WS IS (ST ES0(3)

' - pure gauge
7/:(Xﬂ(t))-acurve S:)'(/‘Aﬂs pure gaug

S (X(t)) = > exp(jds X“(S)A, (S)JSO - ordered exponent So =5(0)
0

General form of rotational matrix

i ) . f.f) X"
Si)=5)cos f +—K-sinf+-—(1-cosf), f“==—Ff()
f f r
f(0)=0,7 - no disclinations T TN
Hedgehog discination SN
- X SRR I g e
n'(r=o0)=— e - o %
) I
. _ _ ¥ Sl S R R 1 ¥ SN
(7 s | i) — poi § 3 Bl ol o e
O Nigde=) 5,0 T Vi A IR R 17



(1—cos f),
(1—cos f).

Xz
r2
f+%(1—cosf),
2

r2

f +
Z

SIn

]
r

X
—3SINn

.
cos f +

n, =
ny
n,

f (00) =0

Z
2

t(0)

Essential singularity

—

et breaks the spherical symmetry
2

O, x%,x%) = (X, Y, 2)
il e e

n'(o) =Ny =(0,0,) => n'(x)=n,’S;'(r):
Notation

18
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Conclusion

1) The ‘t Hooft-Polyakov monopole has straightforward
physical interpretation in the geometric theory of defects
describing continuous distribution of dislocations and disclinations
and, probably, can be observed in solids.

2) The Chern-Simons term is well suited for single disclinations in
the geometric theory of defects.

3) We have described the straight linear disclination, hedgehog
disclination, and point disclination with essential singularity at
the origin. These are the first examples of disclinations described
in the framework of geometric theory of defects.
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