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Motivation

Feynman rules for gravity are hard to obtain!

• DeWitt, Phys.Rev. 160 (1967) 1113;
Phys.Rev. 162 (1967) 1195;

• ’t Hooft, Veltman,
Ann.Inst.H.Poincare Phys.Theor.A 20 (1974) 69;

• Goroff, Sagnotti, Phys.Lett.B 160 (1985) 81;
• Sannan, Phys.Rev.D 34 (1986) 1749;
• Prinz, Class.Quant.Grav. 38 (2021) 21, 215003;

3-graviton term contains 171 terms
4-graviton term contains 2850 terms

https://doi.org/10.1103/PhysRev.160.1113
https://doi.org/10.1103/PhysRev.162.1195
http://www.numdam.org/item/AIHPA_1974__20_1_69_0/
https://doi.org/10.1016/0370-2693(85)91470-4
https://doi.org/10.1103/PhysRevD.34.1749
https://doi.org/10.1088/1361-6382/ac1cc9
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Motivation

Prinz, Class.Quant.Grav. 38 (2021) 21, 215003
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Motivation

Goals:
• Find an analytical framework to deal

with the Feynman rules for gravity
• Create an implementation within FeynCalc
• Use the implementation for amplitudes calculation
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Analytical approach

Assumptions
• Effective theory approach
• Perturbative gravity
• Gravity described by general relativity
• Matter is minimally coupled to gravity
• Matter with s = 0; s = 1

2
; s = 1,m = 0

• Matter without supersymmetry



Perturbative expansion

Perturbative expansion

gµν = ηµν + κ hµν

Infinite series

gµν = ηµν − κ hµν + κ2 hµσhσ
ν + · · ·

General relativity
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Perturbative expansion

Actions

As=0 =
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Reparametrization

Surface terms

√
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Reparametrization

Factorization
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T tensors

Scalar field with m=0

1
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T tensors

Gravitational field

∂µhαβ∂νhρσ − ∂µhαρ∂νhβσ + 2 ∂µhβρ∂αhνσ − 2 ∂µhνα∂βhρσ

→ (p1)λ1(p2)λ2 hρ1σ1(p1)
hρ2σ2(p2)
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µναβρσ|λ1λ2ρ1σ1ρ2σ2

T (h)
µναβρσ|λ1λ2ρ1σ1ρ2σ2 =− ηµλ1ηνλ2 Iαβρ1σ1 Iρσρ2σ2 + ηµλ1ηνλ2 Iαρρ1σ1 Iβσρ2σ2

− 2 ηµλ1ηαλ2 Iβρρ1σ1 Iνσρ2σ2 + 2 ηµλ1ηβλ2 Iναρ1σ1 Iρσρ2σ2



I tensors

gµν expansion

gµν =ηµν − κhµν + κ2hµσhσ
ν − κ3hµσ1hσ1σ2hσ2ν + · · ·

=
∞∑
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C tensors

√
−g expansion

√
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Symmetrization is performed with respect to index pairs
(µi , νi)↔ (µj , νj)



I tensor examples

I µν =ηµν

I µναβ =
1

2

[
ηναηβµ + ηνβηαµ

]
I µναβρσ =

1

8

[
ηασηβνηµρ + ηανηβσηµρ + ηαρηβνηµσ + ηανηβρηµσ

+ ηασηβµηνρ + ηαµηβσηνρ + ηαρηβµηνσ + ηαµηβρηνσ
]

I µναβρσλτ =
1

16

[
ηασηβνηλρηµτ + ηανηβσηλρηµτ + ηαρηβνηλσηµτ

+ ηανηβρηλσηµτ + ηασηβµηλρηντ + ηαµηβσηλρηντ

+ ηαρηβµηλσηντ + ηαµηβρηλσηντ + ηασηβνηλµηρτ

+ ηανηβσηλµηρτ + ηασηβµηλνηρτ + ηαµηβσηλνηρτ

+ ηαρηβνηλµηστ + ηανηβρηλµηστ + ηαρηβµηλνηστ

+ ηαµηβρηλνηστ
]



C tensor examples

Cµν =
1

2
ηµν

Cµναβ =
1

8

[
− ηανηβµ − ηαµηβν + ηαβηµν

]
Cµναβρσ =

1

48

[
− ηασηβρηµν − ηαρηβσηµν + ηαβηµνηρσ + ηασηβνηµρ

+ ηανηβσηµρ + ηαρηβνηµσ + ηανηβρηµσ + ηασηβµηνρ

+ ηαµηβσηνρ − ηαβηµσηνρ + ηαρηβµηνσ + ηαµηβρηνσ

− ηαβηµρηνσ − ηανηβµηρσ − ηαµηβνηρσ
]



Other C tensors

Expansions
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∞∑
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∞∑
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Interaction structure

Scalar field with m = 0

As=0,m=0 =

∫
d4x
√
−g gµν

[
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Interaction structure

Gravity

As=2,m=0 =

∫ ∞∑
n=0

[
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Rules for graviton interactions

(V(n))ρ1σ1···ρnσn(p1, · · · , pn)

= i κn
[
Cµ1ν1µ2ν2µ3ν3|ρ3···σnIII T (h)

µ1ν1µ2ν2µ3ν3|λ1λ2
ρ1σ1ρ2σ2 (p1)λ1(p2)λ2 + · · ·

]
.

The expression is symmetrized with respect to all momenta.
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Implementation for FeynCalc

FeynGrav

• FeynGrav implemented within FeynCalc
• Expressions are taken from a pre-generated library
• User can access commands generating Feynman rules
• Expressions for graviton propagator are implemented
• Nieuwenhuizen operators and gauge projectors are implemented

https://github.com/BorisNLatosh/FeynGrav


Commands

µ1ν1,p1

µ2ν2,p2

µ3ν3,p3

= GravitonVertex[µ1, ν1, p1, µ2, ν2, p2, µ3, ν3, p3]

µ1ν1, p1

µ2ν2, p2

µ3ν3, p3

µ4ν4, p4

= GravitonVertex[µ1, ν1, p1, µ2, ν2, p2, µ3, ν3, p3, µ4, ν4, p4]

µν

p1

p2

= GravitonScalarVertex[µ, ν, p1, p2]



Graviton propagator

Gµναβ(k) = i
1
2

[
ηµαηνβ + ηµβηνα − ηµνηαβ

]
k2

“GravitonPropagator” : 1/k2 ↔ FAD[k]
“GravitonPropagatorAlternative” : 1/k2 ↔ 1/ SPD[k , k]

“GravitonPropagatorTop” = 1
2

[
ηµαηνβ + ηµβηνα − ηµνηαβ

]



Nieuwenhuizen operators

Θµν = ηµν −
kµkν

k2
ωµν =

kµkν

k2

P1
µναβ =

1

2
(Θµαωνβ + Θµβωνα + Θνβωµα + Θναωµβ)

P2
µναβ =

1

2
(ΘµαΘνβ + ΘµβΘνα)−

1

3
ΘµνΘαβ

P0
µναβ =

1

3
ΘµνΘαβ

P
0

µναβ = ωµνωαβ

P
0

µναβ = Θµνωαβ + Θαβωµν

Nieuwenhuizen, Nucl.Phys.B 60 (1973) 478

https://doi.org/10.1016/0550-3213(73)90194-6
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2→ 2 on-shell graviton scattering

Sannan, Phys.Rev.D 34 (1986) 1749

• ηµν = diag(−+ + · · ·+)

• κ2 = 32πG

• 1 + 2→ 3 + 4

• kµeµν = eµµ = 0

kµ1 = (k , 0, 0, k) ε
(±)µ
1 = ∓ 1√

2
(0, 1,±i , 0)

kµ2 = (k , 0, 0,−k) ε
(±)µ
2 = ∓ 1√

2
(0,−1,±i , 0)

kµ3 = (−k ,−k sin θ, 0,−k cos θ) ε
(±)µ
3 = ∓ 1√

2
(0,− cos θ,±i , sin θ)

kµ4 = (−k , k sin θ, 0, k cos θ) ε
(±)µ
4 = ∓ 1√

2
(0, cos θ,±i ,− sin θ)

https://doi.org/10.1103/PhysRevD.34.1749


2→ 2 on-shell graviton scattering

+ + +

T2,2;2,2 = −
κ2

4

s4

s t u
; T2,−2;2,−2 = −

κ2

4

u4

s t u
; T2,−2;−2,2 = −

κ2

4

t4

s t u
;

T2,2;−2,−2 = T2,2;2,−2 = 0



2→ 2 on-shell graviton scattering

=Ms

= GravitonVertex[µ1, ν1, p1, µ2, ν2, p2, α1, β1,−p1 − p2]

× GravitonPropagatorAlternative[α1, β1, α2, β2, p1 + p2]

× GravitonVertex[µ3, ν3, p3, µ4, ν4, p4, α2, β2, p1 + p2]

Timing approximately 3 minutes

=M4

= GravitonVertex[µ1, ν1, p1, µ2, ν2, p2, µ3, ν3, p3, µ4, ν4, p4]

Timing approximately 15 seconds



2→ 2 on-shell graviton scattering

Amplitudes evaluated in FeynGrav (about 6 minutes)

T2,2;2,2 = i
κ2

4

s4

s t u
T2,−2;2,−2 = i

κ2

4

u4

s t u
T2,−2;−2,2 = i

κ2

4

t4

s t u

T2,2;−2,−2 = T2,2;2,−2 = 0

Amplitudes evaluated analytically

T2,2;2,2 = −
κ2

4

s4

s t u
T2,−2;2,−2 = −

κ2

4

u4

s t u
T2,−2;−2,2 = −

κ2

4

t4

s t u

T2,2;−2,−2 = T2,2;2,−2 = 0
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Graviton polarization operator

p − k

k

µν, p αβ, p

= GravitonVertex[µ, ν, p, α1, β1,−k, ρ1, σ1,−(p − k)]

× GravitonVertex[α2, β2, k , ρ2, σ2, p − k , α, β,−p]

× GravitonPropagator[α1, β1, α2, β2, k]

× GravitonPropagator[ρ1, σ1, ρ2, σ2, p − k]



Graviton polarization operator

Timing approximately 1 minute

= iπ2B0(p2, 0, 0)
κ2

128
p4

[
−

4
(
d4 − 10d3 − 137d2 + 458d + 176

)
d2 − 1

P2
µναβ

+
2
(
3d6 − 60d5 + 433d4 − 808d3 − 1172d2 + 1988d + 3896

)
d2 − 1

P0
µναβ

+
16(d − 2)(3d − 11)

d − 1
P1
µναβ + 8(d − 2)(d − 3)P0

µναβ

+
4(d − 2)

(
d3 − 12d2 + 44d − 46

)
d − 1

P0
µναβ

]



Graviton polarization operator

Scalars
Timing approximately 3 seconds

µν αβ

=iπ2B0(p2, 0, 0)
κ2

16
p4

1

d2 − 1

[
2P2

µναβ +
(
3d2 − 6d − 4

)
P0
µναβ

]



Graviton polarization operator

Vectors
Timing approximately 4 seconds

µν αβ

=iπ2B0(p2, 0, 0)
κ2

16
p4

1

d2 − 1

×

[
2
(
2d2 − 3d − 8

)
P2
µναβ + (d − 4) (3d2 − 8d − 8)P0

µναβ

]



Graviton polarization operator

Fermions
Timing approximately 2 seconds

µν αβ = iπ2B0(p2, 0, 0)
κ2

16
p4

2− d

d − 1
P1
µναβ



Gravitational polarization operators

iπ2 B0(p2, 0, 0)
κ2

32
(d − 4)(2− d) p4

λ1 λ2 =iπ2B0(p2, 0, 0)
κ2

32

(d − 2)(d2 − 14d + 32)

d − 1
p4 Θλ1λ2(p)

=iπ2 B0(p2, 0, 0)
κ2

128
(3− 2d)(d − 2) p2 γ · p

Timing for each polarization operator is smaller then 2 seconds.
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Graviton-scalar structure functions

Scalar-graviton interaction at one-loop

= ︸ ︷︷ ︸
A1

+ ︸ ︷︷ ︸
A2

+ ︸ ︷︷ ︸
A3

+ ︸ ︷︷ ︸
A41

+ ︸ ︷︷ ︸
A42

+ ︸ ︷︷ ︸
A5

Timing approximately 2 minutes



Graviton-scalar structure functions

(M1-loop)µν

=ηµν

[
B0(p1, 0, 0) (F3)

B0
p1

+ B0(p2, 0, 0) (F3)
B0
p2

+ B0(k, 0, 0)(F3)
B0
k + C0(p1, p2, k, 0, 0, 0)(F3)

C0

]

+B0(p1, 0, 0)

[
(F1,1)

B0
p1
p1µp1ν + (F1,2)

B0
p1
p2µp2ν

]
+ B0(p2, 0, 0)

[
(F1,1)

B0
p2
p1µp1ν + (F1,2)

B0
p2
p2µp2ν

]

+B0(p1, 0, 0)

[
(F2,1)

B0
p1
p1µp2ν + (F2,2)

B0
p1
p2µp1ν

]
+ B0(p2, 0, 0)

[
(F2,1)

B0
p2
p1µp2ν + (F2,2)

B0
p2
p2µp2ν

]

+B0(k, 0, 0)

[
(F1,1)

B0
k p1µp1ν + (F1,2)

B0
k p2µp2ν

]
+ B0(k, 0, 0)

[
(F2,1)

B0
k p1µp2ν + (F2,2)

B0
k p2µp1ν

]
+C0(p1, p2, k, 0, 0, 0)

[
(F1,1)

C0p1µp1ν + (F1,2)
C0p2µp2ν + (F2,1)

C0p1µp2ν + (F2,2)
C0p2µp1ν

]



Graviton-scalar structure functions

(M1-loop)µν

∣∣∣∣∣
d=4

on-shell

=−
κ3

8
k4 i π2 C0(0, 0, k2, 0, 0, 0) [ηµαηνβ + ηµβηνα − ηµνηαβ] pα1 pβ2

+
κ3

8
k4 i π2 B0(k2, 0, 0) Θµν(k)

−
7κ3

24
k2 i π2 B0(k2, 0, 0) [ηµαηνβ + ηµβηνα − ηµνηαβ] pα1 pβ2

New non-minimal UV-finite interaction Gµν∇µφ∇νφ is generated

Latosh, Eur.Phys.J.C 80 (2020) 9, 845

https://doi.org/10.1140/epjc/s10052-020-8371-2
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Conclusions

Results
• Framework to operate with Feynman rules is constructed
• Feynman rules for gravity are implemented in FeynCalc
• The framework reproduces the known results
• Polarization operators are found
• Structure of scalar-tensor gravit at one-loop is studied

Thank you for attention!
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