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Feynman rules for gravity are hard to obtain!

e DeWitt, Phys.Rev. 160 (1967) 1113;
Phys.Rev. 162 (1967) 1195;

't Hooft, Veltman,
Ann.Inst.H.Poincare Phys. Theor.A 20 (1974) 69;

Goroff, Sagnotti, Phys.Lett.B 160 (1985) 81;
Sannan, Phys.Rev.D 34 (1986) 1749;
Prinz, Class.Quant.Grav. 38 (2021) 21, 215003;

3-graviton term contains 171 terms
4-graviton term contains 2850 terms


https://doi.org/10.1103/PhysRev.160.1113
https://doi.org/10.1103/PhysRev.162.1195
http://www.numdam.org/item/AIHPA_1974__20_1_69_0/
https://doi.org/10.1016/0370-2693(85)91470-4
https://doi.org/10.1103/PhysRevD.34.1749
https://doi.org/10.1088/1361-6382/ac1cc9
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Goals:

e Find an analytical framework to deal
with the Feynman rules for gravity

e Create an implementation within FeynCalc

e Use the implementation for amplitudes calculation
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Analytical approach

Assumptions
e Effective theory approach

e Perturbative gravity

Gravity described by general relativity

Matter is minimally coupled to gravity

Matterwiths:O;s:%;s:l,mzo

Matter without supersymmetry



Perturbative expansion

Perturbative expansion
v = Muw + K h,ul/
Infinite series
g,uu — ,r],uy o Hhﬂy+f§2h#0ho—y+

General relativity
4 2 2
Aszom=0 = [ d'x/—g |- R|, k" =321G
K

Gauge fixing term

2
1
Ags = / d*x <au v — 58’%)



Perturbative expansion

Actions

As—o = /d4x\/—g
As:1/2 = /d4Xv —&
As:l,mzo = /d4x\/ —8

As:2,m:0 - /d4x\/ —8

1 w4 m
Eg ,u(b V(b_?(b

é(@vﬂe“lfvyw - V:@V”%V?/J) - m@w]




Reparametrization

Surface terms

1
vV—gR :Z\/Tg g g®Pgre

X [0.8060v8p0 — 0u8apOv8po + 2 0u8pp0a8ro — 2 0uuadpgpo]
+ full divergence

Einstein parametrization

As—2.m—0 = / d*x\/—gg" g™’ gt

1
X [ — 5 (8uhaﬁauhpo — 8Mhap81,h50 +2 8thp8ah,jo -2 8uh,,a85hpg)



Reparametrization

Factorization
As=o = / d*x [ﬁ g" (;vm vm) +v-g ";2¢2]
Asm1)p = /d4x [\/Tg e, (; (VYY) — VﬂlWW)) + ﬁmww]

As=2,m=0 = / d*x/—gg"'g*’g"

1
X [— 5 (auhaﬂayhpg_auhapayhﬁg+2 8Hh/3paah,jg—2 8Mhya85hpa)]



Scalar field with m=0
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Gravitational field
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I tensors

g" expansion
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C tensors

v/—g expansion
o0
. n Ap1v1-nln
vV —8 = E k"C By =+ Py,
n=0

n 71)n+m

1 VL fhalln
CHavihavn — Symm Z ( — o Z ko (I(kl) o I(km))ul 1 p ]

m=1 kit +km=n 1

Symmetrization is performed with respect to index pairs
(i, vi) <> (1 v;)



I tensor examples
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C tensor examples

1
C/w :En;w
1 av, Bu afp,,fv af v
Cuuaﬂzg[_n Nt =ntnTT +n7n ]
1
C;waﬁpo :E[ . naanﬁpnw/ . napnﬁanm/ + naﬁnm/npo + naonﬂunﬂp

T o a7 G e i o T e
+ naunﬂdnw _ naﬁn/wnw + napnﬂunw + naunﬁpnw
_ naﬁnupnvcr _ naunﬁunpo _ naunﬁvnpo}



Other C tensors

Expansions

[e.e]

g" = Z(_K)nluupl---anhpwl T thUn
n=0

o0
o — n opivL e
vV—g = E k"C " Byin e P,
n=0

produce the other expansions

(e.]
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Interaction structure

Scalar field with m =0

1
As:O,m:O :/d4X \% _gglw [§vu¢ vy¢]
d* P1 d*p, d*k; d
/2 [ ST Gy (”1 e Zk)

x KO ) L plkn) ﬁﬂ(PanW(Pl)d’(m)]




Interaction structure

Gravity

0 4 d4 n d4k,‘ n
e S o)

i=1

npmivipavapsvslpr-on (k) o p(kn) (h) A1 X2 pa1B1 22
X K&"Cyy hpiey -+ hpoz, 7;L1V1u2V2M3V3\>\1/\2a11310¢232 (P1)™ (P2) h(Pl) h(Pz)

Rules for graviton interactions

(m(n))plo'r“pno'n(pl, e 7pn)

__r.,.n I~L1V1N2V2M3V3|P3"'Un (h) P1O1P202 A1 A2 .
=1k C/// P11 oo 33| A1 Ao (pl) (p2) + .

The expression is symmetrized with respect to all momenta.
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Implementation for FeynCalc

FeynGrav

FeynGrav implemented within FeynCalc

Expressions are taken from a pre-generated library

User can access commands generating Feynman rules
Expressions for graviton propagator are implemented
Nieuwenhuizen operators and gauge projectors are implemented


https://github.com/BorisNLatosh/FeynGrav

Commands

H3V3,P3

Hav1.Py A""{ = GravitonVertex(i1, v1, p1, fo, V2, P2, 13, V3, p3]
H2l2, P2

H2l2, P2 HalVs, Pa

K = GravitonVertex[ul, V1, P1, M2, V2, P2, U3, V3, P3, 44, Va, p4]
M1V, P1 H3V3; P3

%)

/

Ky W: = GravitonScalarVertex|u, v, p1, pa]
\

p1



Graviton propagator

Npalvs + NusMva — nyunaﬁ}

gl
G/-"Vaﬂ(k) - I 2 k2

“GravitonPropagator” : 1/k? +» FAD[K]
“GravitonPropagatorAlternative” : 1/k? +» 1/SPD[k, K]
“GravitonPropagatorTop" = %[nyanyﬁ + NusMva — nyunaﬂ}



Nieuwenhuizen operators

Kk, kk,
e,uu = N — % Wyy = %
) 1
PMVOéﬁ = 5 (@Maw,,/g + @Mgwya + @l,gw,m + @Vawuﬁ)
1 1
Pi,,ag = E(euaeuﬁ + euﬁeua) - 5 ep,l/eaﬁ
0 1
P,ul/oz,@ - 5 @;wea,()’
—0
Pumﬁ = WWag
5;uzoz,é’ = euywaﬁ + @agwl“,

Nieuwenhuizen, Nucl.Phys.B 60 (1973) 478


https://doi.org/10.1016/0550-3213(73)90194-6
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2 — 2 on-shell graviton scattering

Sannan, Phys.Rev.D 34 (1986) 1749

N = diag(— ++---+)
k?=321G
1+2—=3+14

% — ot —
kte,, =e", =0

k” = (k,0,0, k) &M = 71(0,1,+i,0)
= (k,0,0, —k) &M = F1(0,-1,+i,0)
= (—k, —ksin0,0,—kcosf) M = :F%(O,—cosﬁ +i,sin6)
:( k,ksin6,0, kcosf) e(i)“ F75(0, cos b, £i, —sin )


https://doi.org/10.1103/PhysRevD.34.1749

2 — 2 on-shell graviton scattering

To2022 = R T2 —22-2= R To 2.22= iy

T22. 0 2=Tspo >=0



2 — 2 on-shell graviton scattering
-

= GravitonVertex|u1, v1, p1, fio, V2, P2, 1, B1, —p1 — p2]
x GravitonPropagatorAlternative[as, 81, a2, 52, p1 + P2

X GraVitonverteX[M& V3, P3; 4, Va, P4, Oz, ﬁ27 p1 + P2]

Timing approximately 3 minutes

)

= GravitonVertex[p1, v1, p1, fo, V2, P2, 13, V3, P3; Ha; Va, Pa]

Timing approximately 15 seconds



2 — 2 on-shell graviton scattering

Amplitudes evaluated in FeynGrav (about 6 minutes)

K2 §* K2 Ut K2 t4

Toooo=i——— To 00 o=i—— To 9. 0o=1——
e 4 stu > 4 stu T 4 stu

Tr2. 2 2="Topn >=0

Amplitudes evaluated analytically

K2 s* K2 Ut K2t

Teaee=—7 o Temae2= =g oy T2 ==y

Tr2. 2 2=Tros >=0
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Graviton polarization operator

= GravitonVertex[u, v, p, a1, 1, —k, p1,01, —(p — k)]
x GravitonVertex|[az, (2, k, p2, 02, p — k, o, 3, —p]

x GravitonPropagator[as, 51, a2, (2, k]

x GravitonPropagator[p1, 01, p2, 02, p — K|



Graviton polarization operator

Timing approximately 1 minute

2B, (p2.0,0) 2 K2 4 (d* — 10d® — 137d? + 458d + 176) p2
2 (3d® — 60d° + 433d* — 808d> — 1172d> + 1988d + 3896) _,
21 Pruvag
16(d — 2)(3d — 11)

1
1 Pl s +8(d —2)(d —3) POy ag

4(d —2) (d® — 12d? + 44d — 46) —
+( ) ( + )Puvaﬁ
d—1




Graviton polarization operator

Scalars
Timing approximately 3 seconds

7N & af

K, 1 2 2 0
] 2P .5+ (3d> —6d —4) P

=in?By(p?,0,0) 7 1|2F e



Graviton polarization operator

Vectors
Timing approximately 4 seconds

w/@{:}eaﬁ

K2 1
16 d2—1

=im?By(p?, 0, 0)

2(2d* —3d —8) P35+ (d—4)(3d° —8d —8) P),.5




Graviton polarization operator

Fermions
Timing approximately 2 seconds

K ,2—d

pv af = ir?By(p?, 00)1—6p . 1leaﬁ



Gravitational polarization operators

N

- 8%~ 2 By (p2,0,0) = (d — 4)(2 - d) p°

K% (d—2)(d? — 14d +32) ,
372 d_1 p e)q)\z(p)

A~~~ Ny —in2By(p?,0,0)

2

) KR
=8 2 By(52,0,0) (3 - 2d)(d —2) by - p

Timing for each polarization operator is smaller then 2 seconds.
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Graviton-scalar structure functions

Scalar-graviton interaction at one-loop

’ I / / /
- /
%@ :M\é +% +'\:@ +M +’%: +%@
AN \ \ \ \ \ \
S~ N N N N N~
Al A2 A3 A4 A4, A5

Timing approximately 2 minutes



Graviton-scalar structure functions

(M 1—Ioop)/u/

=N {Bo(pho’ 0) (F3)£2 + Bo(p2,0,0) (F3)5 + Bo(k, 0,0)(Fs)® + Co(p. p2, k,o,o,O)(Fs)CO]

+Bo(p1,0,0) [(Fl,l)ffpluply + (F1,2)50p2,,P2, | + Bo(p2,0,0) [(F1,1)E§P1MP1V + (F1,2)§2°P2NP2V]

+Bo(p1,0,0) [(le)fl"mumy + (F22)5p2,,P1,, | + Bo(p2,0,0) [(FZJ)ESPl#qu + (F2,2)E§P2HP2V]

+Bo(k,0,0) |:(F1,1)EOP1“P1V + (F1,2)E°P2HP2V + Bo(k,0,0) [(Fz,l)foplupzu + (F2,2)EOP2#P1V]

+Co(p1, p2, k,0,0,0) [(FI,I)COPIHPIU + (F1.2)©p2,p2, + (F2.1)Cp1,p2, + (Fz,z)CUquplu]



Graviton-scalar structure functions

d=4
(M 1—|oop);u/

on-shell

3
R .
= §k4 i C0(07 0, k27 0,0, O) [nuanuﬁ + NppMva — mwnaﬁ] P? PQB
/{/3
+ §k4 i Bo(k?,0,0) ©,,(k)
3

Tk . o
— g K217 Bo(K?.0,0) [uahus + tustlue — Myvilas) PE P

New non-minimal UV-finite interaction G,, V*¢V"¢ is generated
Latosh, Eur.Phys.J.C 80 (2020) 9, 845


https://doi.org/10.1140/epjc/s10052-020-8371-2
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Conclusions

Results

Framework to operate with Feynman rules is constructed

Feynman rules for gravity are implemented in FeynCalc

The framework reproduces the known results

Polarization operators are found

Structure of scalar-tensor gravit at one-loop is studied

Thank you for attention!



	Motivation
	Feynman rules for gravity
	FeynGrav
	Implementations
	2 2 on-shell graviton scattering
	Polarization operators
	Graviton-scalar structure functions

	Conclusions

