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From the RNS superstring to 10D SUGRA
RNS action (world-sheet SUSY):

S =
1

4πα′

∫
d2σ√g

(
Gmn∂Ixm∂Ixn + iBmnεIJ∂Ixm∂Jxn + α′ΦR(2)

)
. (1)

Weyl invariance ⟨Tαα⟩ = 0 (one-loop):

1
α′ β

1−loop(Φ) = R− 1
12 H

2 + 4∇m∇mΦ − 4 (∇Φ)2 = 0 ,
1
α′ β

1−loop
mn (G) = Rmn −

1
4HmklHn

kl + 2∇m∇nΦ = 0 ,
1
α′ β

1−loop
mn (B) = 1

2 ∇
kHkmn −Hkmn∇kΦ = 0 .

(2)

Weyl invariance of the RNS string =⇒ equations of 10D supergravity

[Callan (1985, 1986, 1989)]
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From GS superstring to 10D SUGRA
Green-Schwarz superstring action (SUSY in target space)

S =

∫
d2σ
√
−G−

∫
Σ
B , G = detGIJ , (3)

GIJ = EIaEJbηab , EIA = ∂IzMEMA(z) , zM = (xm, θμ) . (4)

κ-symmetry (gauge away half of supersymmetries):

δκzMEMa = 0 ,

δκzMEMαi =
1
2(1+ Γ)αiβjκβj, Γ =

1
2
√
−G

ϵIJEIaEJbγabσ
3 (5)

Bianchi identities + κ-symmetry⇐= 10D supergravity

[Nilsson (1981)]
E. Musaev (Phystech) 11D generalized SUGRA 4 / 23
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From the GS superstring to generalized 10D SUGRA

More accurately: [Tseytlin, Wulff (2016)]

Bianchi identities + κ-symmetry⇐= generalized 10D supergravity

R− 1
12 H

2 + 4∇mXm − 4XmXm = 0 ,

Rmn −
1
4HmklHn

kl +∇mXn +∇nXm = 0 ,
1
2 ∇kH kmn −H kmnXk −∇mXn +∇nXm = 0 ,

(6)

Instead of the dilaton the field:

Xm = ∂mΦ + Im − BmnIn (7)

Im — a Killing vector. Im = 0 gives the usual supergravity.

E. Musaev (Phystech) 11D generalized SUGRA 6 / 23
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The actual discovery of generalized sugra

GS string on AdS5 × S5 is integrable [Bena, Polchinski, Roiban (2004)]

GS string is integrable on Yang-Baxter (η-)deformed background AdS5 × S5
[Vicedo, Delduc, Magro (2013)]

S = − (1+ η2)2
2(1− η2)

∫
dτdσ Pab− STr

[
A a .d ◦

1
1− ηRg ◦ d

(A b)

]
(8)

does not solve ordinary sugra equations [Arutyunov, Borsato, Frolov (2015)]

solves equations of generalized sugra
[Arutynov, Frolov, Hoare, Roiban, Tseytlin (2015)]
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The membrane story

κ-symmetry + Bianchi identities⇐= equations of 11D supergravity
[Bershoeff, Sezgin, Townsend (1987)]

S11 =
∫

d11x
√
G
(
R[G]− 1

48FmnklF
mnkl + . . .

)
(9)

While RNS string on gensugra backgrounds breaks Weyl symmetry to scale
symmetry, the membrane has only scale symmetry. Nothing to break!

The end?

E. Musaev (Phystech) 11D generalized SUGRA 9 / 23
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The membrane story

κ-symmetry + Bianchi identities⇐= equations of 11D supergravity
[Bershoeff, Sezgin, Townsend (1987)]

S11 =
∫

d11x
√
G
(
R[G]− 1

48FmnklF
mnkl + . . .

)
(9)

While RNS string on gensugra backgrounds breaks Weyl symmetry to scale
symmetry, the membrane has only scale symmetry. Nothing to break!

The end?

Recall: generalized sugra comes from YB deformations.

E. Musaev (Phystech) 11D generalized SUGRA 9 / 23
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Double field theory and supergravity

Double field theory — O(10,10)-covariant formulation of 10D supergravity

SDFT =

∫
d10X e−2dQ, XM = {xm, x̃m} (10)

The most convenient here is the flux formulation

Q =HABFAFB + FABCFDEF
(
1
4H

ADηBEηCF − 1
12H

ADHBEHCF
)

−FAFA − 1
6FABCF

ABC,

(11)

E. Musaev (Phystech) 11D generalized SUGRA 10 / 23



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Double field theory and supergravity

FABC — generalized anholonomicity coefficients (fluxes)

[EA,EB]genLie = FABCEC, EAM =

(
ema 0

−ekaBkm eam

)
,

d = φ− 1
2 log det ||ema||.

(12)

In supergravity parametrization:

Fabc = −Habc, Fabc = fabc, Fa = 2eam∇mφ+ fabb,

fabc = −2ema enb∂[mecn]←− anholonomicity coefficients

(13)

The DFT EoMs⇐⇒ 10D supergravity EoMs
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Yang-Baxter deformation is a local O(d,d) rotation
Given Killing vectors kam construct

βmn = r abkamkbn, r ab = const (14)

O(d,d) transform the fields

E′MA = OM
NENB, OM

N =

(
δmn −βnm
0 δnm

)
= exp(βmnTmn), (15)

Deformation of fluxes is ruled by
(i)classical Yang-Baxter equation and (ii)unimodularity

δFABC ∝ CYBE : fde [ar b|d|r c]e = 0
δFa = 2ImBmnean,
δFa = 2Ia,

(16)

[Bakhmatov, Borsato, Colgain, Kelekci, Sheikh-Jabbari]
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The trick in 10D

Deform fluxes as if they would under non-unimodular YB

F ′
ABC = FABC,
F ′
A = FA + XA,

(17)

For F ′
ABC to still define 10D supergravity fields E′MA (Bianchi identities):

LXE′AM = 0, LXd′ = 0, XMXM = 0. (18)

Equations for E′MA: 10D generalized supergravity

EoMs
[
F
]
=0=EoMs

[
F ′ − X

]

EoMsSUGRA(g,B,d) = 0 EoMsgenSUGRA(g′,B′,φ′, I) = 0

EM
A E ′

M A

Im = 0

E. Musaev (Phystech) 11D generalized SUGRA 13 / 23
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Generalization to 11 dimensions

In this form the procedure easily generalizes to 11 dimensions with replacements:

DFT −→ Exceptional FT — Ed(d)-covariant formulation of sugra

field content {gmn,Bmn,φ} −→ {gmn,Cmnk}

The deformation XM −→ XMNK
L (no longer a generalized Killing vector)

The Killing vector Im −→ Jm,n

E. Musaev (Phystech) 11D generalized SUGRA 14 / 23
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Exceptional field theory

11d sugra on Td enjoys U-duality symmetry group Ed(d)
[Cremmer, Julia (1979, 1981)]

E5(5) = SO(5, 5), E4(4) = SL(5), E3(3) = SL(3)× SL(2). (19)

For Ed-covariance split is necessary

11D SUGRA Gμ̂ν̂ Cμ̂ν̂ρ̂

7D+ 4D split gμν Aμm hmn Aμmn Cmnk Cμνρ Bμνm
#d.o.f. metr. 4 vect. 10 sc. 6 vect. 4 sc. 3-for. 4 2-for.

2-for. 4 3-for.

dualSL(5) ExFT gμν Aμ
MN EMA BμνM Cμνρ

M

E. Musaev (Phystech) 11D generalized SUGRA 15 / 23



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Flux formulation of the SL(5) theory
Restrict to backgroundsM11 = M7 ×M4

gμν(yμ, xm) = e−2ϕ(xm)ḡμν(yμ), EMA(x) = e−
ϕ
2 EMA(x). (20)

Generalized fluxes (anholonomicity)

[EAB,EC] = FAB,CDFD,

FABCD =
3
2ZABC

D − 1
2θ[ABδC]

D + δ[ADYB]C
(21)

Flux Lagrangian of the theory (a subsector of 11D sugra)

L′ = YABYAB − 1
2YA

AYBB + 32ZABCZABC + 32ZAB
AZBC

C

− 7
3 θABθ

AB + Λ,
(22)

E. Musaev (Phystech) 11D generalized SUGRA 16 / 23
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GenYB deformation is a local Ed transformation
Given Killing vectors kαm define

Ωmnk =
1
6ρ

αβγkαmkβnkγk. (23)

SL(5) transform the fields

E′MA = OM
NENB, O =

[
δmn 0

1
3!εmpqrΩ

pqr 1

]
= exp (ΩmnkTmnk

)
(24)

Deformation of fluxes δFAB,CD ∝ gCYBE+ gUni is ruled by
(i)generalized CYBE and (ii)generalized unimodularity

gCYBE = 6ρ[α2|α7β1ρ|α3α4|β2fβ1β2
|α5] + ρβ1β2[α2ρα3α4α5]fβ1β2

α7 ,

gUni =
1
4 E

m
CEn

AEk
BEl EJ lpεkmnp, Jmn = kα1 mkα4 nρα1α2α3fα2α3 α4

(25)

E. Musaev (Phystech) 11D generalized SUGRA 17 / 23
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Apply the same trick for 11D bg’s

Deform fluxes as if they would under non-unimodular genYB

F ′
AB,C

D = FAB,CD + XABC
D, (26)

For F ′
AB,C

D to still define 11D supergravity fields E′MA (Bianchi identities):

Bianchi
[
F ′
AB,C

D] = 0 (27)

Equations for E′MA: 11D generalized supergravity

EoMs
[
F
]
=0=EoMs

[
F ′ − X

]

EoMsSUGRA(g,C) = 0 EoMsgenSUGRA(g′,C′, J) = 0

EM
A E ′

M A

Jm,n = 0

E. Musaev (Phystech) 11D generalized SUGRA 18 / 23
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Constraints on Jmn from Bianchi

LeaJkl + Jnl∂nφeak = 0, Jmn∂nφ = 0,
∇m
(
e−ϕImn

)
= 0, Jm[nJkl] = 0,

(28)

∇[mZn] −
1
3J

klFmnkl = 0,

∇k

(
e−φJk[lVp]

)
= 0,

∇k(J(pl)Vk)−∇k(V(pJ l)k) = 0.

(29)

where

Zm = ∂mφ−
2
3ϵmnklJ

nkV l. (30)

E. Musaev (Phystech) 11D generalized SUGRA 19 / 23
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Generalized equations

0 =Rmn[h(4)]− 7 ∇̃(mZn) −
1
3hmn(∇V) + 8(1+ V2)

(
SmnJkk − 2Jk(mJn)k

)
+ 4VmVn

(
JklJkl − 2JklJlk

)
+ 4VkVl

(
4J(mkJn)l − Jk(mJ ln) − 2SklSmn

)
+ 8VkV(m

(
2J ln)Jkl − 2Sn)kJ ll + JklJn)l

)
,

0 = 1
7e

2ϕR[ḡ(7)] +
1
6 (∇V)

2 + ∇̃mZm − 6ZmZm − 2JmnJmn +
4
3JmnJ

nm,

0 = ∇̃mFmnkl − 6ZmFmnkl + 6
(
2JpmCm[nkJl]p − JpmJp[nCkl]m

)
,

0 =Rμν[ḡ(7)]−
1
7 ḡμνR[ḡ(7)],

(31)
where Smn = J(mn), Fmnkl = 4∂[mCnkl] and

∇̃m = ∇m − ∂mφ . (32)
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Example of a solution: deformed AdS4 × S7
Generate example solutions by nonunimodular genYB deformations.
deformation along D ∧M ∧M:

Ω =
4
R3 ρaε

abcD ∧Mbd ∧Mc
d

of AdS4 gives deformed background

ds2 = R2

4z2 K
2
3

{
dxadxa +

ρaxa

z2 xbdxbdz+
(
1−

xaxaρbxb

z 3

)
dz2
}

+ R2K− 1
3dΩ2

(7),

F = −38
R3

z 4 K
2

(
1+ 1

12
xaxaρbρcxbx c

z 4

)
dx0 ∧ dx 1 ∧ dx2 ∧ dz,

K−1 = 1+ xaxa
z 3 ρbx

b
(
1−

ρcx c

4z

)
genCYBE = ρaρa = 0.

(33)
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Conclusions

Common lore tells: there is no 11D generalized supergravity:

1 no symmetry to break;
2 no derivative of a scalar field to be replaced by Jmn/Im;

Exceptional field theory approach provides a generalization of 11d supergravity

1 new tensor Jm,n, with J(m,n) — a Killing tensor
2 a split 11 = D+ d is essential
3 many contraints on Jm,n

The theory is not void: example solutions have been provided

The theory is 11-dimensional
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Further research

To call it the 11d generalized supergravity need to check κ-symmetry of the
membrane

1 GL(11) symmetry is broken to GL(7)× GL(4);
2 the split could provide the desired field to organize Jm,n

Is yes: enlarge the set of consistent vacua for the membrane;

In any case:

1 higher dimensional origin of 10d generalized supergravity;
2 a setup for nonunimodular deformations and for dual field theories.
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Thank you for your attention!

”Deformations open a way to the world of new knowledge”
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