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Motivation

Problem:
@ How do the quarks and gluon bind into hadrons?
@ Description of QCD processes at low and medium energies.

Nonperturbative QCD approaches:
@ Light-Cone Sum Rules
QCD Sum Rules

Lattice QCD

Bethe-Salpeter equation
Flux tube model
Holographic QCD, AdS/QCD
Constituent models

© 606 60

Applications:

Structure of Hadrons
@ pion DA, rho-meson DA, photon DA, EM pion FF and transition pion FF.

Spectrometry of Exotic Hadrons
@ 0*~, 0**Glueballs

@ Pentaquarks with color-octet substructure
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QCD Sum Rules (SR)

Determination of spectrum parameters from requirement of agreement between two
ways to correlator as proposed by Shifman&VZ (1979)
N(Q?) = i/d4x €9 (0] TJ(0)J (x)]0) .

where current J, describes the state |h):  (0|Jp|h) = f,.
@ 1st way — Dispersion relation: decay constants f,, masses mj, and others,

oo

5\ [ phad(S) ds .
Mhad (O ) = / o1 B + subtractions .

0
» model spectral density: pnag(s) = 26 (s — m2) + ppert(S) 0 (S — Sp) -
s L p(s), vector isovector p(s) 8 (s —mj)
. ALEPH
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mi o
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QCD SR Approach

Determination of spectrum parameters from requirement of agreement between two
ways for correlator:
@ 1st way — Phenomenological way
Dispersion relation: decay constants f, and masses m,

oo

2\ _ [ pnad(S) ds .
Mhag (O ) = / Tsi P + subtractions .

0
» model spectral density: pnag(s) = 26 (s — m2) + ppert(S) 0 (s — Sp) -
@ 2nd way — Theoretical way — Operator product expansion:

Mope (Qz) = Mpert (QZ) + Z Cn7<0| :ggn: 10) .

» Condensates (0| : Op : |0) = (On) collect poorly known nonpert. information.
Op - local operators.
» Coefficient function are calculable in QCD

QCD SR reads: Mo (027 . fh) ~ Mope (oz) .

Bound state condition:
ImMhag ~ phada(S) >0 — ImMgpe > 0
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Theoretical part of QCD SR
@ 2nd way — Operator product expansion:

Mope (QZ) = Mpert ( ) + Z Cn 02”: 0) .

Condensates (0] : 1] 0) = (On), where O, - local scalar operators

> Most of reliable OPE calculations are performed up to dimension-6 order.
There are a lack of theoretical studies on the higher order calculations.

D
S

» We address gluon condensate part of OPE up to dimension-8 order
10 condensates: (GG), (GGG), (J?), (GGGG), - - -
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Local gluon condensates

We work in Fock—Schwinger (FS) gauge ' with the gauge-fixing point z, = 0:
(Xu — ZN)AZ(X) =0,
In the FS gauge the Taylor expansion for the gluon field strength tensor
G (x) = gt?GZ, (x) can be written in gauge—covariant form:
1 1
Guv(X) = Guv(0) + 77XaDa G (0) + 57 X5 Xa D Da G (0) + o(x*).
One condensate in dimension-4 and two condensates in dimension-6 (G,.., = gt?G?(0)):

o
G'=(TrGuGuw), G} =i(TrG.GuwG.y),Gs = (Trdudy),
We use the notation introduced in [Broadhurst'85,Grozin’86]:
G} = (TrGuv Gy Gap Gap),  Gp = (Tr Guw Gap G Gag),
7 condensates in dimension-8 G = (Tt GuaGaw GupGay), G = (Tt GuaGaw GupGau),
G = i(Trd,Gpuudb), GE = i(TrJr[DrGuv» Gun])s
G} = (D), Gl =G —G;, Gy =G5 — G,
Gis =4G; — G, Gy =6G; — Gg .

Gi = 2n(asG@), G = —g°(gG%)/4, Gy = g*(F)/2,
G = gH(*G, GLp)%) /4, Go = g (1@, GE,)%) /4,

"The FS gauge is also known as a fixed-point gauge, radial gauge, and coordinate gauge.

Pimikov Alexandr (BLTP JINR, Russia) NLC for OPE July 19, 2022 7127



Nonlocal gluon condensates

s

(Tt Gy (X1)[X15 Xe] Gy (X2) [Xe: X1]) g

I{Tr Guyuy(X1) [X1; X2] Gl X2) [Xe: Xa] Grgua(Xs) [Xs: X1]) = »\/\x x\]\r

(Tr Guyoy (X1)[X15 X2] Gpugrp (X2)[X2i Xa] Giugug (X3) [ X33 Xa] Gpugry (Xa) [Xa; X1]) = /\]\X x'\/L

We performed tensor and Taylor expansion of NLCs at x; — 0 in Fock—Schwinger (FS)
gauge and introduced scalar parametric function Mk (x1,- - , Xa):

<TI' GI»L1V1 (X1) unVn Xn) Z ru1 vy- unun(x1 y Tt ’Xn)Mk(X1 PR 7Xn)

[ iy vq---unvn — LOrentz rank-(2n) tensor, €.9, Guqus Guyva > Xtug Xov, X1y Xaw, (for n=2).
Scalar functions M (X1, -+ ,Xn) = Co + C1 X5 + CaXq - Xo + CaXy - Xg + - - -

are defined by vacuum condensates ci ~ 3, k(0| : O; : [0) up to dimension-8
where O; are scalar local operators, e.g., Tr GWG i Tr GW G" Gop G*P.
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Two-gluon NLC expansion

Our result for two-gluon NLC is presented in new form and agrees with [Grozin’95]

8

1
(Tr Gpuy g (X)X Y] Graro (V)Y X]) = mA(HhW )A(p2, v2) Z Tk(X, Y)Mi(x,y) .-
k=0
. . . . . Z = 0 gauge fixing point
Wilson’s line [x; y] insures gauge invariance:

[x;y] = Pexp{ig

;jquM(w)} —1. X y

P(x,y
Operator A antisymmetrize A(u, v)Tuy = Tuw — T
Master rank-4 tensors:
To(X,¥) = GuueQnr2/2,
FGY) = (X = Y (X = Vg Gorn (A +4) 7,
2(X.Y) = (XurYuo = YusXup)Gvyvo s Ta(X0¥) = (Xuy Yuo + Vi Xuup) Qoo »
L(x,y) = A-To(x.y), &=xy—(xy),
r5(X7 y) = (Xzymyuz + yzxm Xup — Xy(meMz + Vg Xuz))gw V2
rﬁ(xv Y) = Xu Yoi Xup Vs s
)

r7(X7y = (yz)zxmxuzgwlfz ) rB(va) = (Xz)zymyungﬂ/z :
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Scalar functions for two-gluon NLC

_ (x—y)° 6 Kkt 6 Ka | (x=y)?
Mox.y) = Gt aary (O Tarat R T agiay ) A )t
, 1 62, Ki1(x —y)? + 2kPoxy .
Mi(x,y) (dQ)(d+2)<ki + ai +...,fori=1,2,
k§,1(X—}’)2
Mo(x.y) = Zia—2yd+2 T
2k8
Mi(x, y) a .., fori=4,56,

A(d-3)(d-2)(d+rN)d+2)

The symmetry concerning gluon field strength tensor exchange : Ms(x, y) = My (y, x).
The dimension-6 coefficients k?

i K? d=14
0 —(d+2)G§ —6G°
1 (d+4) [7(d74)G? - (d72)G§’} —16GS
2 —(d+2)GS —6GS
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Dimension-8 coefficients of two-gluon NLC expansion

Coefficients in terms of local condensates.

ij K, d=4,J=0 Selfdual
0,1 2G8, + 1G5, — 3GE; 2GS, + 1G5, 15GE,
112 ((d — 6)G%, + (13d — 48)GE, — 6(d — 3)GE; — (d — 2)6‘27) 4 (G?2 - 2G§4) 0
1.2 (d+4) (G$2 *ZG§4+G§6) 8(@2*2634) 0
2,1 3G, + 24G8, — 7GE, 3 (G}, +8GY,) 30GE,
2,2 3G5, — Gis 3G, 3G,
3.1 —Gf; +2Gj, — G 2G}, - Gi, 0
4,1 2(d — 8)(d — 2)GE + (7 — 3d)dG, + 4(d + 3)G, —4 (5@?2 - 7G§4) —12G5,
51  2(d—3)(d—2)GE — ((d — 6)d +3)G, — (d(d + 6) — 3)G, 5GS, — 37GS, —27G5,
6,1 6 ((d —1)2GE, + (d — 3)(d — 2)GE + (d — 4)6?2) 54GE, 54GE,

The 3rd column: gluodynamics in space dimension d = 4.

The last column: the vacuum gluon field strength tensor is (anti-)selfdual

Ga

2, = leuapGP /2 = £G2,.
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Diagrammatica and NLCs

@ NLCs notation is best for OPE at high order.

Local condensates are inappropriate for graphical depiction at high order

o Dimension-6 term include also YV XWV (Do G D3 Gpo) ~ (G°) + (S?)
@ Dimension-8 term is defined by 7 condensates: (6., 6.1 6apGas): (T Guv G sGur Gap).

(Tt Gpuov Gars Gy g G ) » (Treweweweﬁw (Tedp Gpudy ), (Trdx [Dx Guw s Gupl), (TrduD2Jy,)

@ ﬁ‘ a ﬁw ﬁi@*ﬁﬂ%“

NLCs expansion:
@ Taylor expansion

Aﬁ( X;ﬁ,% @ (+) Tensor expansion

@ (+) Rearrangement of OPE
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Usage of gluon NLC expansions

@ Standard way — applying Taylor expansion and tensor expansion

1 1
wa(x) = Gi,,(o) + ﬁXQDa G‘fw(O) + 51 X6Xa DD, G‘fw(o) 4o

» In dimension-D order, intermediate expressions are rank-D tensor.
In dimension-8 order — 17 tensor condensates, €.9., (Tr G, i, Dyig Grugpus Dyig Gruzpig) -

» Tensor expansion — 10 scalar local condensates. Gap = i[Da, Dg]

(Tt Dy Dy Dy Dy Dy Dy Dy D) = C1 Qg 112 Quigpia Qs g Guzmg + - -+ 105 terms

@ New way — using precalculated expansions of NLCs
The result for vacuum correlator Mp is the same in given dimension-D order:

D Np
MNp = I_Ipert + z nj = I'Ipen + Z rINLC—i
=3

i=1

Standard New
Mpert — the perturbative contribution,
M; — the nonperturbative contribution of dimension-j,
Mnic—; — the i-th NLC contribution.
Np — the number of NLC-based diagrams that contribute to dimension-D.
» Using NLCs expansion — rearranging the contributions by collecting terms arising from
one NLC and a specific hard part of the diagram
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Two-gluon 0%+ glueballs

QCD SR for glueballs were first considered in [Novikov&SVZ'79] by the correlator

N"(q) =i / o x €% (TLUE(0)ET (x)})

of the two-gluon current for the scalar 0™+ and pseudo-scalar 0~ glueball states:

B (x) = asd® 2T, G3 . (X)G2,,(X),
where T}, = Guy 1 Guyvps aNd T,y = li€, v, 101, /2 Specify the parity P = +.
The OPE of the correlator:

5
N°(q) = Nlo+ > Mgy +--- = Nlo+ N +NE + 15+,
i=0
NF, —the leading order perturbative contibution,

I'IﬁLC_,- — one of the six NLC groups of OPE contributions
Each group M{,..; is depicted by one diagram

P GOOW
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Results for Two-gluon 0+ glueballs

o @ OW

4+6+8+- 6+8+-
”P(q)zﬂfo+l'lf+l'lé’+n§+--.:nf’o+inﬁw_,+...’
i=0
Ny = +dos(asG?),
e = %5 (xgetg).
Ny = 22; (2G8: — Gho & 12G8+(4i(Tr J, G — i(Tr AIDA G, Gun))) ) -

@ Reproduced results [Novikov&SVZ'79]
@ Additional contributions are obtained (blue color)

» dimension-6 four-quark condensate (J?) ~ (Gv.9G7.q)
» dimension-8 mixed quark-gluon condensates
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OPE for Three-gluon 0+ glueballs

The correlator used in QCD SR [Latorre et. al. 1987, Hao et. al. 2005]:

n*(q) = i/d“xe’QX(T{J;(x)J;i(O)} Ao(@®) + > (@) +--,

k=1

where the subscript kK numerates the NLC-based terms f1:f.

i Lol <o

The currents:
i (x) = gGE(x)GE,(x)G5u(x), [Latorre et. al. 1987],

Jy (x) = gGE,(x)GE,(x)GEu(x), [Hao et. al. 2005],

where the dual tensor G2, = i€, G2 5/2.

We suggest another identical form for negative parity that is easier in use:

Jy (x) = GGl (X) G (X) Goyu (X) ~ Tr G (X) G (X) Gou ()
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Revised OPE for Three-gluon 0 glueballs

(a) i) ®) 1 (o) iy (o fiy (o) M (f) fig

fLo(@)
AT(Q%)
Az (Q°)
A3 (0%
A3 (Q7)
Az (@)

2
167 Nea2Q* (s G?) — 67N; Crad(Gq)° QP In % ,
T(9/4)N.02(g°G*)@*, agrees with [Hao'05](P = —1)

+5(9/4)Ns02(g° G @,
FIN:a5(g* G QP In % , agrees with [Hao’05](P = —1)
~M13 (07,

where p is the renormalization scale, N; is the number of colors, Ny is the number of
flavors and Cr is the Casimir operator in the fundamental representation.
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Conclusions

@ Expansions of gluon nonlocal condensates obtained in terms of scalar local
condensates up to dimension-8 order.

> two-gluon NLC
» three-gluon NLC
» four-gluon NLC

@ New way to calculate OPE for vacuum correlators is suggested

» |t allows to bypassing Taylor and tensor expansions in fixed order OPE
» Expansions can be used in modeling nonlocal condensates for OPE summation

@ Examples of gluon NLCs application

» New contributions to OPE of QCD SR for 2-gluon 0=+ glueballs at dimension-8 order
» Revision of OPE of QCD SR for 3-gluon 0= at dimension-6 order
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Thank you for your attention!

Pimikov Alexandr
pimikov@mail.ru
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Back-up slides
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Three-gluon condensate

NLC expansion up to dimension-8 given by the rank-6 Lorentz tensor:

I(Tr Gpuyoy(X1)[X1: X2] Gupro( X2) [X2; X3] Grugra( X3) [ X35 X1])

rd-2) !
by
d+1) HAI‘LHVJ ;0 aC X37Xb7XC)+ C)

where the index (abc) could be one of the six permutations of (123) and is used to
denote permutations of three sets: (w1, v1, X1), (t2, ve, X2), and (us, v3, X3).

The scalar functions are denoted by M;. The dependence of the rank-6 master Lorentz
tensor F (@°) on three coordinates xi, Xz, Xs is implied:

(abc) _ _
ri Mf(XZH Xb, XC) = TuaVaubeHch(Xa7 Xb, XC) - T(abc) )

where T(ac) is short for the rank-6 tensor.

The operator A is introduced to shorten the expression and respect asymmetry of the
condensate with respect to permutations of the gluon field strength tensors.

The operator of anti-symmetrization:

ATy = Tios) — Tase) + Test) — Tzts) + Ta12) — Tizen),
the operator of symmetrization S:
STabey = Tazsy + Tase) + Tiesr) + Tearz) + Taiz) + Tizary,
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Master rank-6 tensors for four-gluon NLC

" HapaVa
abc ’
Fo = ch#agVa#bng#c/3 ’ f
(abc) L [ (abc) abc) ] Ve Hb
e = g G+ 65 2)] (o), 00, G
r;abc) — |: Xa) ) ( ) :| r/gabC)7
rgabc) _ (X ) (Xa) abc) 7
re = [(ar) (Sr;"°>/2>] (%), (%), -
rgabc) _ [ ,(Xa), +(Xc), (Xa) ] r[gabc)7
I—((sabc) _ (X ) ( ) (abC) ,
M = [(xa), (), 00, (30, (30), ), ] 767
b ab
I’,E\a ) = 9vep9opaQrap, Quppc > ré % = = GuancGraveGuppJroo -
Va MUb
La Ub HapVa HbapP
o He
P ve Hec¥ Ve
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Scalar functions for three-gluon NLC

k&2 X4+ (x=2P%+(z-y)?
Mo(x,y,2) = G+ 8(d - 30)(d+2)(y i 4) (z=) oy
kB2 '
Mi(x,y, z) m oy fori>1,

The dimension-8 coefficients k> in terms of local condensates.

; kis,s d=4, J= Selfdual
0 4 (G’?z —4(d —2)G§, + (d — S)Ggs) 4 (C’fz G24) —24G§,
1 —2(d — 3)(d — 2)GE + (d — 4)(d — 1)GE, + 4(d — 1)GE, 126G, 126G,
2 4GP, — 4(d + 1)G5, 4 (6%, —5GY,) —12GE,
3 2(d — 2)GS, — 8GE, 4 (G, - 26%) 0
4 (d - 2)G%, - 4G, 2 (G, - 26%) 0
5 —2(d - 3) (G§2 —2G, + Gge) (G?z 2634) 0
6 —2(d—-3) (G$z — 2G5, + Ggs) (G$2 2624) 0
7 2 (2(d — 5)G}, — (d - 3)GE, + G, —2 (6, — 264, 0

The 3rd column: gluodynamics in space dimension d = 4.
The last column: the vacuum gluon field strength tensor is (anti-)selfdual
GW = leuasG*P /2 = £G2,
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Four-gluon NLC

NLC expansion up to dimension-8 given by the rank-8 Lorentz tensors:

<TI‘(G“1 vq (X1 )[X1 ; X2] G#sz (X2)[X2' X3]G,usus (X3)[X3' X4] G,u4u4 (X4)[X4§ X1 ])>

EZ+2 (HA Mn,Vn)> D TnMu(x1, Xo, Xa, Xa) + - ..

m=1

where M, are the scalar functions and I, are the Lorentz tensors

r1 — r[g1234) — D, r2 (1234) + r/g2314) 3124 D + N n X
r, — r‘,(;234) =X = r1(31234) " r(2314) 3124) -
ijkl (ki
r/(qu b= ok Gvipi Qvinivpux - 'p P = i Qvjvic Quji v l///4
(uivi) = 1 J (ivi) — i J
/ k / K

Pimikov Alexandr (BLTP JINR, Russia) NLC for OPE July 19, 2022 24/27



Four-gluon NLC scalar functions

Mm(X1 , X2, X3, X4) = k,?{4
+am(XF + X% + x5 + X§)
+bm(X1 - X2+ Xo - X3+ X3 - X4 + X4 - X4)
—|—Cm(X1 ~X3+X2~X4)—|—~~~ .

Expressions for the dimension-8 coefficients in terms of local condensates

i K4 d=4,J=0 Selfdual

1 (d+1) [(d +1)G, — G?g] -5 (G?Q - 5634) 15GE,

2 (F+3)G+(1-d)G -G+ (1-d)G 3G} — 4GS —3G3+19G] -3 (G} +GY,)
3 —(d+1)[(d - 2)G%, — 463, —10 (G}, — 2G%,) 0

4 (& —d+2) Gf — 4G —4(d — )G +26¢  2(765+ G —8CGf - 6G5)  9GE - 6GY,

The 3rd column: gluodynamics in space dimension d = 4.
The last column: the vacuum gluon field strength tensor is (anti-)selfdual
Gl = f€prap G2 = +Gi,.
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Background field approach

The total gluon field is considered as a compound A% = A2 + a2: the perturbative
quantum gluon field &;, and background field A?.

To keep the gluon propagator of the quantum field aZ in Feynman gauge form, one
should add the generalization gauge fixing term (D,.a%)?/(—2) to the Lagrangian that
causes modification of the interaction between background and quantum fields.

The gluon propagator

Otli’(p /d /px T{aa X)ag(O)}> = Doag + D1ag + D21a3 + Dgga@ + ...

g

For glueball and hybrid state currents, the correlator OPE could have terms:

pXxX « L v 2 ,/G(X « 4 Gl/
i [ d'x (T (0,0 (00.2,(0))) = Tooee 1 20 B _ 0GB

The first two terms can be easily obtained from propagator’s expansion, while the third
term is additional and related to the derivative of the quantum field az(0).
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Standard way problems

@ To expand the product we need to expand each multiplier to corresponding order.

@ Working in background field approach we need to remember that pert vertex is not
equal vertex with background field

@ For glueball and hybrid state QCD SR studies, one needs to calculate additional
background field corrections. Using NLCs expansion get around this complication.
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