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@ The inflation ! was supposed to solve problems related with the hot
big-bang model?
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@ The inflationary stage preceded the Big Bang stage
@ The inflationary stage is slow-roll on the quasi de Sitter solution,
|H| < H?

@ Stability/unstability of de Sitter solutions
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Einstein-Gauss-Bonnet gravity

@ We consider the model with the Gauss-Bonnet term multiplied to a
function of the scalar field ¢:

5— / d'x VB [FR - g0,00,0 ~ 2V(0) ~ €)1, (1)

where the functions V/(¢), and £(¢) are differentiable ones, R is the
Ricci scalar, F is a constat and

G = Ruyps R™P7 — 4R, R* + R?

is the Gauss-Bonnet term. We assume that F(¢) > 0 and V(¢) >0
during inflation.
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In the spatially flat Friedmann-Lemaitre-Robertson-Walker metric
ds®> = — dt* + a°(t) (dx® + dy® + dz?)

one obtains the following system of evolution equations 3:

6H? (F - 4/—/574)(;5) = ¢ +2V — 6HF 40, (2)
2H (F _ 4H§7¢¢'>) = — 4 4H? (é - Hw’s) — E+ HF 40, (3)
é+3Hp=3 (H + 2H2) Fo— Vy— 12 o H? (/—'/ + H2) . ()

where H = a/a is the Hubble parameter, a(t) is the scale factor, dots
denote the derivatives with respect to the cosmic time t and
Ao = dA/d¢ for any function A(¢).

3C. van de Bruck and C. Longden, Phys. Rev. D 93, 063519
(2016)[arXiv:1512.04768].
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Effective potential

It is interesting to get the second order correction of inflationary
parameter in obtained model. The most convenient way for consideration
of inflationary parameter is application of effective potential approach.

@ To analyze stability of de Sitter solutions in the Gauss-Bonnet
gravity models with field non-minimally coupled with Ricci scalar #
the effective potential was introduce. In the considering with model
constant coupling field with Ricci scalar the effective potential can
be presented in the form

§¢) _F?

Verr(¢) = T3 av(e) (5)

4E. O. Pozdeeva, M. Sami, A. V. Toporensky and S. Y. Vernov, Phys. Rev. D 100
(2019) no.8, 083527, arXiv:1905.05085
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o Note that the effective potential Vg is not a unique function suitable
to describe the stability of de Sitter solutions. For example, we can
introduce the analog of effective potential

Q@ Ver = —(Ver)™

@ analogically we have de Sitter solution if V.g|s=4, =0,
@ if V|44, > 0, the de Sitter solution is stable,

Q if V| s—4, < O the de Sitter solution is unstable.

v/
@ The conditions are coincide because V’ off = Vo
eff
2
/1 Veff” _ 2(V€”/)
eff ™ V2 Verr3
Verr”!

and in de Sitter solution we have:V = Vs

@ In the case of Einstein gravity (U =1, F = 0) the alternative
effective potential will coincide with potential V().
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In the slow-roll approximation, defined by the following conditions®:

P <V, |6 < 3H|B|, 4E|H < F, |€] < [E|H, |F| < H|F| < H?F,

(6)
Egs. (2)—(4) are:
3FH2 ~ V, (7)
2FH ~ — §? — 4H¢ 4 + HF 49, (8)
. V., + 126 s H* — 6H?F
b Vo f,gH @ 9)

5C. van de Bruck and C. Longden, Phys. Rev. D 93, 063519 (2016)
[arXiv:1512.04768],
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@ The R? inflationary predictions © in the leading approximation in
terms of inverse e-folding numbers 1/N for spectral index ng and
tensor-to-scalar ratio r:

2 12

nszl—N, reon (10)
are in the best agreement with Planck 2018 7 and BICEP /Keck
2021 data @,
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A. Starobinsky, “The Perturbation Spectrum Evolving from a Nonsingular Initially de
Sitter Cosmology and the Microwave Background Anisotropy,” Sov. Astron. Lett. 9,
302 (1983).

7Y. Akrami et al. [Planck], “Planck 2018 results. X. Constraints on inflation,”
[arXiv:1807.06211 [astro-ph.CO]].

8P. A. R. Ade et al. [BICEP and Keck], [arXiv:2110.00483 [astro-ph.CO]]
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@ The cosmological attractor models generalizes the prediction of R?
Starobinsky inflation.

@ The cosmological attractor models predict the same values of
observable parameter ns in the leading 1/N order approximation

2
- — 11
T (11)

ns ~

@ «—attractor models have additional constant C, in r prediction

12C,
(N + N0)2 '

~
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E-folding number formulation

@ The analyze of slow-roll inflation in terms of the e-folding number
representation with A’ = dA/dN is the most convenient.

@ There exist two variant for interpretation of relation between time
derivative and e-folding number derivative:

d d
Q ngngand
@ ="M

In the case of the first type formulation, the inflationary interval in
the e-folding formulation is —65 < N, < 0.

In the case of the second type formulation, inflationary interval in
the e-folding formulation is 0 < N < 65.

The second formation was applied in cosmological attractor
approximation ° and we follow to the second formulation with

N:—In( )

Aend

9M. Galante, R. Kallosh, A. Linde and D. Roest, “Unity of Cosmological Inflation
Attractors,” Phys. Rev. Lett. 114 (2015) no.14, 141302 [arXiv:1412.3797 [hep-th]].
R. Kallosh and A. Linde, “Universality Class in Conformal Inflation,” JCAP 1307, 002
(2013) [arXiv:1306.5220 [hep-th]].
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From Egs. (7)—(9), we get the following leading-order equations:

In(H) —2W Veff¢, (12)
¢ =AWV 4, (13)

where derivatives with respect to N, are denoted by primes, W = V//F
and the effective potential :

2(¢)

Veff( ) (¢) (¢)

(14)
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The slow-roll approximation (6) requires |e;] < 1, |6;] < 1, and |{;| < 1,
where the slow-roll parameters are as follows:

1(H 1w G
@S g Tgwe T 2L 09
F’ S
G = —F Gy1= — av =1 (16)
4H2 5 .
o = - 75 3,__25, i1 = — 50 17 1L (1)

The relation between the tensor-to-scalar ratio r and square of the field

derivative: W 8
2
= o = F (¢')- (18)

The spectral index of scalar perturbations ns; can be presented via
derivatives of the effective potential:

2 "
1+‘1m(r>—1+‘jm<Fr)=1+V*. (19)

dN dN %4 Vi
The amplitude of the scalar perturbations :
2H? 2w 1
As >~ = (20)

w2 Fr = 3m2Fr 4872 Vi’
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«-attractor generalization

@ We consider the model in slow-roll regime using the e-folding
number representation:

= VE sV ()

v SF = FHAHe (21)

@ We present the first slow-roll parameters in terms of H?, ¢:

7(H2) 4H2£/
AT T AT T E

@ The second slow-roll parameters are related with first slow-roll
parameters: €3 = —€} /€1, 0y = —07/d1.

@ The spectral index of scalar perturbations and the tensor-to-scalar
ratio can be presented in terms e-folding numbers derivatives:

/

ns:1—2€1—|—r77 (23)

2 2¢1 1\2
I’—8261—(51|—8((I:I) +4HF§):8(¢) . (24)
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Generalization of the a—attractors results

@ Accordingly to inflationary parameters of a-attractor models without
the Gauss-Bonnet term spectral index includes only logarithmic
derivative of tensor-to-scalar ratio

r 2 r

—_—=— d ~1+—. 25

r N + N07 an nS + r ( )
in the leading order of 1/N approximation.

@ The model without the Gauss-Bonnet term and exponential potential
leading to cosmological-attractor prediction was considered in 10

@ We generalize this model to the Einstein-Gauss-Bonnet gravity.

10V. Mukhanov, Eur. Phys. J. C 73 (2013), 2486 [arXiv:1303.3925 [astro-ph.CO]l:
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Exponential form

To generalize cosmological attractor approximation to inflationary models
with the Gauss-Bonnet term we compare (24) with (11):

r(HY A 3G,

8 H? F o 2(N+ No)? (26)

For simplicity we suppose that all terms in this equation are proportional
to 1/(N + Np)? and get the same approximation of slow-roll parameter ¢;
in leading 1/N order:

3¢ 3¢
H? = Hj exp <_2(N+BNO)> ;o §=Coexp (Q(N—I—BNO)> ) (27)

where Cg is a constant. We substitute (27) to (26) and get:

r 3Cs 4&0Hz
- = 1-— 28
8 ﬂN+%V( F )’ (28)
fixing a relation between C, and Cg:
C F
Cp=—rr, H3#—. 2
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Accordingly (24) the derivative of field is related with e-folding number:
3¢
3C, Wey/ 2
\2 o /
_ N I 30
(¢) 2(N + No)2 ¢ N+ N, ¢ (30)

from here

13Cq N+ No 2
= we 2In< N, >, N+N0—N¢exp(w¢ 3Ca¢)>. (31)

Using (9), (27) and (31) we construct family of the models with the
Gauss-Bonnet interaction and potential with variable parameter C,:

3¢ 2
V = 3HZ exp (—2NZ exp (—w¢ 3C¢))) ; (32)

G
e= e (55 o (~wny/360)) (33

leading to appropriate inflationary scenarios. This model is generalization
of the general relativity model obtained in !

V. Mukhanov, Eur. Phys. J. C 73 (2013), 2486 [arXiv:1303.3925 [astro-ph.CO]l:
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Obtained model

Thus, using all restriction we get the following model of slow-roll inflation
in terms of e-folding number:

~ 2 ~ 2
V = Vo exp ( _ ,\ff;{,o) . E=texp (,\fffvo) : (34)
(35)
e
where & = 342 32W2A<SN3(N”*N°)> and A, =2.1x 1072 is

observation constraint. 12 Using all restriction to model constant we get
the following expression for inflationary parameters

2 2NZ 16N3 (3ME, — 4Vo&o)
- , = .
N+No (N+ Np)? 3M4, (N + No)?

ns=1-—

12Y. Akrami et al. , A&A 641, A10 (2020); arXiv:1807.06211
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The observable values of ns I3 ng = 0.965 + 0.04, allows us to restrict
values of Npy. Indeed, the parameter Ny belongs to the following interval:

2 < Np <0.0199N — 0.510 + 0.0102\/195N2 — 10000/ + 2500.
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Figure: The inflationary parameter ns as a function of Ny for different numbers
of e-foldings during inflation: N = 55 (blue solid curve), N = 60 (red dash
curve) and N = 65 (green dash-dot curve).

13Y. Akrami et al. , A&A 641, A10 (2020); arXiv:1807.06211
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@ We see in Fig. 1 that for any 55 < N < 65 it is possible to find
suitable values for Ny, in particular, the constraint 2 < Ny < 5.06
corresponds to N = 65.

@ Note that in the case of £ = 0, one can get an approximation the
inflationary parameters corresponding to the R? inflation # putting
C, =1 and, so, Np = v/3/2 ~ 0.87.

A A. Starobinsky, Phys. Lett. B 91, 99 (1980)
A.A. Starobinsky, Phys. Lett. B 117, 175 (1982)
A.A. Starobinsky, Sov. Astron. Lett. 9, 302 (1983).
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The cosmological attractors models '° lead to spectrum (11) in leading
order approximation and at the same time allow two different relations
between the tensor-to-scalar ratio and e-folding number: r ~ (N + Np)~2
and r ~ (N + Np)~ 1.

15Kallosh, R.; Linde, A. J. Cosmol. Astropart. Phys. 2013, 07, 002.
Galante, M.; Kallosh, R.; Linde, A.; Roest, D. Phys. Rev. Lett. 2015, 114, 141302
Roest, D. J. Cosmol. Astropart. Phys. 2014, 01, 007

21/34



~ (N I No)_l

o Now we consider the effective potential of exponential form
supposing that the tensor-to-scalar ration is r ~ (N + Np)~!

@ Such as £ =3 Vg + E” the expressions for the slow-roll
parameters €; and §; can be simplified as follows:

1/r V4 rror V4 r
(Dol s = (Dol e L (36
“ 2 (I’ Ve/ff ’ ' r 8 Ve/ff @ 8’ ( )

@ We assume that in the case of

8f0

"7 N+ No)

the upper values of parameter ry are rather small to save the
slow-roll regime during inflation.
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The choice of exponential effective potential Vg = Cer exp <7N izN(])

and tensor-to-scalar ratio r = (N8+N) leads to the following model in
terms of e-folding number:

Vv ro (Ne + No) : 3 Cerr exp (—#QNO) (ro (Ne + No) + &)
4Ceotr & (exp ( CZ)) ro(Ne + No)
(38)
Which leads to the following slow-roll parameters:
1 G
= - ; 39
' 2(Ne 4+ No)  2(N, + Np)? (39)
—(Ne + No) +2 G
= 40
2T N+ No) (—(Ne + No) + G) (40)
ey TS (@)

Ne+No (N, + No)*’

_ (ro — 1) (Ne + No) +2 G
% = (Ne + No) ((ro — 1) (Ne + No) + C2) (42)

G =—(2Ny—1) Ny

23/34



The start point of inflation N, is related to the appropriate value of the
spectral index:

2 (2Ng — 1)
Np+ No  (Np+ No)?

ng=1- (43)
Let us present minimal values of d; at key values of ns:

Q if ng = 0.961 then 6; > 1.7465,

@ if ns = 0.965 then §; > 1.7186,

@ if ng = 0.969 then §; > 1.6834.

The saving of appropriate values of spectral index ns = 0.965 + 0.04
leads to the divination of §; from the slow-roll regime during inflation.
Thus, the reconstruction of a minimally coupled model in EGB gravity
leading to inflationary parameters of the cosmological attractor with

r ~ (Ne + Np)~! during the slow-roll regime is impossible.
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Application of effective potential formulation

o In the the case then F = M3, the effective potential of obtained
model has the following form:

G
V., fF — C fFeEXp | — 44
o = Ce N ) (44)
_ 3Mp, —4Vo&o _ 9C, M}, _ 3C M,
where Ceff = — =y, o= — 2(B3ME,—4Vos)  8VoCer

@ The application of relation between spectral index and effective
potential leads to the second order correction

2 G

+ , 45
N+ Ny (N + Np)2 (45)

ng=1-—

where a constant |G| < 60.

o Also using effective potential formulation we calculate amplitude of
scalar perturbation

(N + No)? G
As = . 4
4872 Cerr G =P N+ Ny ( 6)

25/34



Application of effective potential

@ To construct a set of inflationary models with the same function
ns(N.) we put the condition that V., does not change.

o It also guarantees that the parameter A, does not change.

@ To get the same function ¢(N,) in the slow-roll approximation we
add the condition that the function W does not change. In other
words, we consider the model with a double differentiable function

f(¢)
2
F = M3f(¢), V = Vof(¢)exp (—wo exp <— 3C l\jp,)) , (47)
3M3 2

€0) = (&4 3y = 1) o (wovr (/357 ).

(48)
o Note that we do not fix the parameter r(N,):
12C,

r(Ne) = m ) (49)

@ The observation data gives restrictions on the function f. Other
restrictions on this function can be obtained from the condition that
the slow-roll approximation should be satisfied during inflation. We
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The case of an exponential function F

@ We consider exponential function f(¢)

2 ¢

f(¢) = foexp <ﬁwo exp (— T

)) where Sis a constant

@ Using the relation between e-folding number and field we formulate
considering model in terms of e-folding number:

2N23 2N2(B — 1)
_ 2 0 _ 0
FMP,foexp<N No)’VfOVOeXp< N + No )

(3/\/7 fo exp( 26N ) —3MP,+4§0V0) exp (N+jvo>
4V, '

&=

@ the corresponding tensor-to-scalar ratio can be presented such as

_ 16Ng (3ME, — 4Voko) o (_ 2N3 3 >
T AMAB(Ne + No)2 P\ N+ No
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@ To fix fy we assume that at the end of inflation F = MP,, therefore,
fo = exp (—2Ngj3) .
@ From explicate form of the model slow-roll parameters
@ the condition || < 1/2 is necessary to get |§1\ < 1 during inflation

@ at Ne =0, we get 5:(0) = ¥ +28, 5(0) = 7 — 2 where
J = VofO/Mp/.
© Let us consider the case Ny = 2 in detail. We get
1 1
-5 < 3J + 38 < <50 (50)
_2g 263 -4J) <0. (51)

4J 438
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Also, we have the conditions || < 1/2. So, it follows from inequalities
(50) that |J|] < 3/4. Note that J = 3/4 is excluded from expression for
the effective potential). In Fig. 2, the green domain corresponds to the
values of parameters J and § that satisfy inequalities (50) and (51). At
B =0, we get the initial model with a constant F.

12N G4




Substituting the chosen values of the constants into formulas, we obtain

Vo(Np + 2)? oo (_8)7 (52)

* T 32m2ME (3 - 4J) (Ns +2)
_ 64(3—4J) 48N,
"= 3N, 12 &P ((/vb T 2)) ' (53)

The values of the inflationary parameter r and the corresponding values
of Vp and &y for N, = 60 are presented in Table 1. For any values of
these parameters, ng = 928/961 ~ 0.96566 and A; = 2.1- 107°. One can
see that the parameter r increases with growth of J and all values of r,
but one, do not contradict the observation data.
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Table: Model parameters and the corresponding values of r for the exponential
function F.

B J Vo/Mp, o r
—05 | 0.72 2.3556- 1011 3.0565 - 1010 0.00009614
—0.5 0.5 1.9630 - 10~10 2.5471-10° 0.0008011
—0.3 0.5 1.9630-10~10 2.5471 - 10° 0.001737
—0.1] 045 2.3556 - 1010 1.9103 - 109 0.004522
—0.1 0.2 4.31863 - 10710 4.6311-108 0.00829

0 0.2 43186 - 10~ 10 4.6311-108 0.0122

0.1 —0.2 7.4595.10~10 —2.6812-108 0.03106
0.1 —0.4 0.0299 - 10~ 10 —4.4297 - 108 0.03760
0.2 —04 9.0299 - 10~ 10 —4.4297 - 108 0.0554
025 | —0.45 0.4225-10°10 —4.7758 - 108 0.07011
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@ The effective potential can be applied to generation of inflationary
scenarios with another non-minimal coupling of field with Ricci
scalar.

@ We consider another form of nonminimal couplings that tends to a
constant at small values of the field:

F = M2,f(¢), flo) = m7

and get restriction to models constants to save slow-roll regime
during inflation and get appropriate value of tensor-to-scalar ratio.

(54)
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Conclusion

We introduce effective potential reformulation.

The effective potential approach allows us to reproduce inflationary
parameters in exact form using calculations in terms of e-folding
numbers directly.

We reformulate the problem of the slow-roll regime in
Einstein-Gauss-Bonnet gravity in terms of e-folding numbers

We construct model with variable values of parameters which leads

to the a-attractor approximation for inflationary parameters in
leading order approximation in Einstein-Gauss-Bonnet gravity.

And use this model and effective potential to construct appropriate
inflationary scenarios in Einstein-Gauss-Bonnet gravity with field
non-minimally coupled with gravity.
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Thank you for the attention
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