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Real massive scalar field

Real massive scalar field in the Schwarzschild spacetime:
V—88"6 + 0; (vV—gg"9;0) + m*\/=g¢ = 0.
Too component of the energy-momentum tensor is

1., 1 i m? )
Too = §¢ — 5808 0i90j¢ + 7g00¢ :

The conservation law looks like
V TM: 1 a(\/_gT#)_lagupTup:O
vve/—g OxH 2 Oxv

Forv =0 5
8X0/\/—g Tdd®*x = 0.

The Hamiltonian of the system is

H= / Vg% Tond’x = / VEE™ (¥~ d0) x.
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Outside the black hole

(Z)/m(ra 97 ®, E) = Ylm(ev go)f/(r, E)7

where fi(r, E) satisfies the equation

E2

(8 - 6 E) 4 5 (= )
/(/+1)

df/(r E) )

r—n

fi(r,E) =0.

Here ry is the Schwarzschild radius. The orthogonality condition is

[e.e]

r3
/ fi(r, E)f(r, E')dr = 0

r—n

o

for E # E'.
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x=r/r, M = mry, e = En.
Introducing the tortoise coordinate
z=x+In(x—-1)

and defining fi(z,¢) = ”;((ZZ’)E), one gets

d?ui(z, €
~EURD L ViEute.) = Culz,o),

\/I(z)zx(z)zgl (/\/I2+I(/+1)—|— 1 )

x( x*(z)  xX3(2)

The orthogonality condition is

with

oo 3 o0
[ o od = [ itz Julz.)dz.

1 —00
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Figure 1: Vi(z) for M =1: | = 0 (left plot) and / =1 (right plot).
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Figure 2: Vi(z) for M = 1: | = 2 (left plot) and / = 3 (right plot).
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For z = —0

d2

uc;’i?e) + 62“/(27 6) =0,
leading to

ui(z,€) ~ cos(ez + (e, I)).
For z — oo

d?ui(z,€)

2 T (€ — M?)uy(z,¢) = 0.

For €2 < M? solutions take the form
VM2 —¢2 7z

ul(z,e) ~e”

Solutions for €2 < M? at z — —oo, normalized to d-function, have

the form
ulz,e) = \/zcos(ez + (e, 1)).
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For €2 > M? it is convenient to take the scattering states, which, in
the initial Schwarzschild coordinates at r — oo, have the form

eikr

o(k. %) ~ &+ A(m) =

where A(7) is the scattering amplitude, k = |k| and r = |].
Explicitly:

_ 1y (21 + 1)e(Z+00) p, kx fi(k,r)
ok Ak — ke ) N

where Pj(..) are the Legendre polynomials, d,(k) are phase shifts.
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The completeness relation is

v
S [ binz. Eyornly. EYIE+ [ 6" (R 5)o(k.7) Pk = “ L)
The orthogonality conditions are

[ VB 61 Yo (5. E') x = G B(E — EY)

[ Vg™ (kxR %) dPx = 89K~ ),

/Fgo%lm( E)é(k, %) d*x = 0.
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Canonical quantization

The canonical coordinate is

o(t,X).
The canonically conjugate momentum is
m(t,%) = V/—g(X)g”(x)o(t, %)

Canonical commutation relations are

[6(t, %), 7(t, )] = V=g (Vg™ (¥)[¢(t, %), d(t, ¥)] = i6®) (% — y),
[#(t, X), ¢(t, ¥)] = 0,
[

(e, %), 7t =0 —  [§(t,%),é(t, )] =0.
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The quantized scalar field can be represented as
7 dE

(t,X) =
60 =% 0/ i

/ d3k
+ N
\/ 2V k2 + M2

with

(e—iEt(blm();" E)alm(E) + eiEt¢;km(>’<', E)a;rm(E)>

(e_,'\/l?z-o—il\/l2 t(b(/;" )?)3(/?) + ei\/l?z-ﬁ-il\/l2 1:(15*(/?7 )_()aT( _'))

[im(E): &y (E")] = 8y S(E — E'),
[a(k), a' (K')] = 6@)(k — K.

The resulting Hamiltonian is

H= Z/dEEa, )a,,(E /d3 k\/ k2 + M2 af (k)
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Kruskal-Szekeres coordinates

Outside the black hole

T+X=27 >0 T-X=-2 2 <0.
For x -1 (z = —0)
ds® = e* (dt* — dz*) — dT? — dX>.
Inside the black hole
y =—x—In(1—x), 0<y <oo,

+y

THX=272 >0 T-X=2e2 >0.

For x = 1 (y — o0)

ds® = e (dt? — dz*) — dT? — dX*.
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Black hole

Exterior
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For z =+ —

d?u(t, 2) B d?u(t, 2)

=0 — uylt,z)=g(t+2).

dt2 dz2
For y — o
d2u,(t,y) dZU/(t7y) ~
dt2 - dy2 :O — ul(t’y):g(tiy)

Incoming wave packet for T2 — X2 — 0 (going into BH):
T+ X
gi(t+2z)=gi <2In ( 5 )) = gi(—(t+y)).

Outgoing wave packet for T2 — X2 — 0 (coming out from BH):
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Black hole

AN Exterior
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o A half of the Kruskal-Szekeres plane cannot provide a
description of all solutions of the initial differential equation.
Perhaps, it does not provide a complete set of eigenfunctions.
In the latter case, consistent quantization in the whole
Schwarzschild spacetime is impossible.

@ In any case, the approach of D.G. Boulware, “Quantum Field
Theory in Schwarzschild and Rindler Spaces”, Phys. Rev. D
11 (1975) 1404 (starting from construction of the wave
packets that cross the horizon) cannot be realized.

e Complete Kruskal-Szekeres plane?
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o G. 't Hooft, "Virtual Black Holes and Space-Time Structure”,
Found. Phys. 48 (2018) 1134,
G. 't Hooft, “The quantum black hole as a theoretical lab, a
pedagogical treatment of a new approach”, [arXiv:1902.10469

[gr-ac]].

Antipodal mapping between two parts of the Kruskal-Szekeres
plane (similar to orbifolds in models with extra dimensions).

@ G. 't Hooft, “Quantum clones inside black holes”,
[arXiv:2206.04608 [gr-qc]].

Antipodal mapping leads to contradiction = cloning of
quantum states, which leads to physical (not geometrical)
identification of two exterior regions (interior regions turn out
to play no role at all). However, the problem of closed
time-like curves emerges.
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Conclusion

@ Go further — only a single quadrant of the Kruskal-Szekeres
plane (i.e., the exterior region of our black hole) is physically
relevant.

@ The exterior region of the Schwarzschild spacetime allows one
to construct a consistent QFT.

@ Time t is a global QFT time? No problems with constructing
the -in and -out states. Similar to models with warped extra
dimensions.

e Matter (represented by fields) cannot penetrate into the
Schwarzschild black hole from the point of view of a distant
observer (which is also represented by fields). Black hole is
completely isolated?

e Matter can move from the horizon towards r — oo (recall that
there exist wave packets g(t + z)). However, it is not the
Hawking radiation as it is usually regarded.

@ Collapsar is a different story.
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Thank you for your attention!
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