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THE LORENTZ GROUP AND SL(2,C)
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Let z, € R3! general Lorentz rotations x Ajx, preserve

where T = . Proper Lorentz rotations from SO(3, 1) are equiv-
alent to the SL(2, C)-transformations

Oéﬁ), ad — By =1, dety =dety.

I T .
X =9xg'; g—(7 5

sl(2,C) algebra generators S;, S;, 7 = 0,4, [S;,5;] =0,
1S, S ] =28, [So, S| = £54.
Explicit realization in the space of complex functions ®(z, 2):
S_=-0., Sy = 20, — s, S, = 2%0.—2sz, seC.
S; are obtained by z — z = z* and s — &' # s*.
Casimir operator: K = S.5_ + Sy(Sp — 1) = s(s+1).
Equivalent representations

s——1—s, or a— —a for a=2s-+1.



General principal series representation

Tu(g) 3] (2, 2) = B2 + 8" @ (

where
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Restrictions on the spin variables a, a’:
1) single-valuedness = a —a' =m € Z

2) unitarity with respect to the scalar product

/dzz f1(2,2) fa( 2, 2) =

2 2
Then,
/ / / .
[Z]a — Zaza _ |Z|2a Za—a _ Zm|z‘w—m-

Infinite-dimensional unitary principal series representation.



Tensor product of two representations

To, ® Ty, M T,
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The projection operator

P(aj,a9la
D(z1, 20) “ 2, [P(ay, alas) ] (23)
= /d2 2d? 2y W (al’aQ’ a3) (21, 29),
21 %25 23
where d?z = dxdy (for 2 = x + iy) Naimark, 1957
W (CLl,CLQ,CLg) . 1
21, 225 23 [22 . Zﬂm[zg . Zl]l+a1—2a2—a3 [22 B 23]1—a1—|—2a2—a3 )

with my + m9 + mg € 2Z. This means that

823 + 8" [Plax, aslas) &) (‘”3 + 7) = [@ac,

6234—5

ai, ag, as aj—1 an—1 az1 +77 azp+ 7y
o)™ o™ P .
XW(ZbZQ?z?)) [621+ ] [5Z2+ ] (621+5’622+5)




Biorthogonality relation:

—ai, —a9 —C~L3 ai, as, as
/d2z1d222W< T )W( Y
21, %2, %3 21,22, %3
53(@34—&3)

[ 3_23]1 ag’

= p H(a3)0r(az — az) 0*(z3 — 23) + Blay, as, a3)

Spla— @) = Opmd (0 — &), a="2+io, &:%ﬂ'&,

2
1—ai+as—ag
a (laute—ew 14,
plag) = — Blay, as,a3) = A3 ( 2 3>
T

a (1—@1—5@24-(13)

Here a(a) = I'(a|a/) ™!, the complex gamma function
M)  T(m)
F(l _ CV/) F(l + n—21x>7
Completeness relation Naimark, 1957
Z /dO'/ d2 ( ai, —az, —CL) W (CLl,CLQ,CL)

e te R3y ~hy % Ry 22, %
= 0%(21 — 23) 0%(20 — 24), M1+ Mo €E2Z +€, €=0,1.

[(z,n) =T(ald) = reC, neZ.




A triple tensor product decomposition

P(aj,as|c P(¢,agll
T, ® Ty, ® Tay (a1,a2(¢) T.® T,, (¢,azl0)

realized as

Tﬁv

P(¢,az|l)P(ay,a9|c - -
D21, 2, 25) WSO, D6 0 10)P(ay, as]é) D] (2)

~ / ~
— /d2ZOd223 / d221 d22’2VV<C7 5 )W (al,a%C) @(21,22,23).
R0y %3,y < 21, %25 20

Another option

T, ® Ty, ® Tay P(ag,a3|c) T, ®T, P(ay,c|t)

realized as

T€7

P(ay,c|l)P(ag,a3]|c
D (21, 29, 23) Lo ADP (2 1), [P(ay, c|0)P(as, as|c) @] (2)

14
= /d220d221 /d222 d223W(a/1,C, )W (CLQ,CLS,C) @(21,22,23).
21, 20y % R4 %35 20




Definition of the Racah coefficients, or 67-symbols

P(ay, c|0)P(az, as|c) :/DRéngC, ¢)P(¢, as|l)P(aq, aslc),

where ¢ = m/2 + i0 and

/DRé: > /Rda

me27 or 2741
depending on whether m; + mo is even or odd. Explicitly,

/d220W (CLQ,CLS,C) W ( a’lacvg)
225 235 20 21y R0y <
C C c, as, ¢
/DRé@Rg(C’E)/dQZOW<a/17a27C)W(Cga37 >
2 R1y 225 20 205 23y ©



Solution of this integral equation with the help of 2d Feynman
diagrams technique Derkachov, V.S., 2017

R€(676) :/dQZCI)Q(al,GJQ,CL3|£,C,Z)CD1(CL1,CLQ,Clgw, 67 Z))

— d?
q)l — / 1— & y, 3 —ga—l+é )
ay+ag+c 1+aq—ao+c l—ag—{+c
y =1 =y
1 d2ZO
(I)Q — 1+a9+ag+c / 1+aq+4+c 14+a9—ag—c l—ag+ag—c "’
2|72 2o =17 2] T s — 2T

Earlier derivation: Ismagilov (2006), but ¢ — —¢, m; € 2Z.
The Mellin-Barnes type representation (s = 1(n + iv))

) 7-(-2 a(l as— €+c 1+a1+c+€

- i 2
Rg(C, C) = (_1) Z (1—|—a1 ag—l—c 1+a2 a3+c Z/du

nGZ

1bag—ag+é 1 —ay—ay+é |fagtl+¢ - :
a (—+a12a2+c + 5, Lot g Ltaatlie g o 1oagtle | s)

X
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Change of notation s = N/2 4 iu/2 and
a; = N1/2 + oy, a3 = N3/2 + ios, c=M/2+ip,
as = Ny/2 + io9, 0= Ny/2 +ioy, ¢ = My/2+1ps.

Then the above 67-symbols take the form

{01N102N2 p1M1}_7T_ ['(01— 02+ p2—1,A1)T (09 — 03+ p1 — i, Ay)
03N304N4 p2,Ma 0'3—0'4—|‘,02—1Ag)F(O'l—!—O'4—|—p1—i7A4)

x (—1)M2~ N2+N4Z/ —u,S; — N)I(U; + u, T; + N) du,
NeZ
R1:—01+02—p2—1,U1:—,01—02—|—04—|—p2,5'1:(—N1+N2—M2)/2,
Ry=01+0y—py—1i, Us=p1—0y+04+ps, So=(Ny+ Ny— My)/2,
Ry =—03—04—po—1, U3 =0, S3 = —(N3+ Ny+ Ms)/2,
Ry=03—04—p2—1, Us=2po, Sy = (N3 — Ny — M,)/2,

Ty :( Ml—N2+N4-|-M2)/2 T, = (Ml—N2+N4—|-M2)/2 15=0, Ty = MQ,

Mo+N1—No M1+No—Nj Mo—N3—Ny M1+N1+Ny
Ap = SR, Ay = SIS Ay = SRR Ay = SRR,

with A; + Ay = A3 + A4 and the balancing conditions
4

Y (Ry+U,)=—4 and Y (S,+T,)=0.

a=1 a=1



These 67-symbols appear as a limit of an elliptic analogue of
the o F} Euler-Gauss hypergeometric function V.S., 2000, 2003

(p; p q q) ['(t;2"p,q)dz
V(tla . t87p7 Q) / ZQk ) ?7

51, 1pl, gl < 1 and H§:1 tj = p°¢’, (Z;p)oo = [15%,(1 — 2p).
The elliptic gamma function

k+1

- .
1_2—1pj-|—1q

I'(z;p,q) = : , pl,lql <1,

o= 11— . la

with the key property
Clgzp,q) = 0(z:p)T(2:,9),  0(2:p) = (2,D)oc(p2™ ' D) oc
W (Er)-group transformation law:
1<j<k<4
where |t;],]s;] < 1 and

Sj = Et]’, ] = 1,2,3,
Sj = 8_1tj, ] = 5,6, 7,

4 - Pq 755756757758
8’ t1t2t3t4 Pq



Superconformal index
Flat 4d N =1 SUSY gauge field theory: SU(2,2|1) x G x F

Space-time (supercoformal) symmetry SU(2,2[1):
Ji, Ji = SU(2) subgroups generators, or Lorentz rotations,

P,, Qa, Q4 = supertranslations,

K, 5S4, Ss = special superconformal transformations,
H = dilations and R = U(1)p-rotations.
Internal symmetries: gauge G and flavor F' groups

For Q o< Q; and Q' oc S1, one has Q% = (Q7)? = 0 and
(Q,Q"y=2H, H=H-2J3—3R/2

The superconformal index:
Romelsberger, 2005; Kinney, Minwalla, Maldacena, Raju, 2005

— F. —
I(y: p,q) = Trg((~ )7 pR/2hgR R Ty 1),
k

F = the fermion number, R = H — R/2, p,q,y, e " are group
parameters (fugacities) for maximal Cartans commuting with @
(F} - generators of F).



Flat 4d space-time = S° x S' = SCI is preserved (the only
SUSY index) = no divergencies. H is the Hamiltonian.

Counting of BPS states Q|¢) = QT|[¢)) = H|w) = 0 or cohomol-
ogy space of Q, Q' operators (hence, no S-dependence).

“Physical” (not rigorous) computation yields the matrix integral:

I(y;p, q) = / dp(z) exp (Zﬁmd(p " 2"y )>,
G n=1
dj(z) = the Haar measure, the single particle states index
. 2pg —p—4q
ind(p,q,2,y) = Xadjg (2
( ) (1=p)(1l—q) %)
s (09)" X0 (W)X (2) = (PO ™" X (y) X (2)
(1-p(1—gq) |

J
Xrp.j(y) and X, ;(z) = characters of field representations, and
R; are the R-charges.



Romelsberger conjecture (2007): SCIs of Seiberg-like dual theo-
ries coincide.

The proof (Dolan, Osborn, 2008; Vartanov, V.S.,2008-2014) is
based on the theory of elliptic hypergeometric integrals.

Particular electromagnetic Seiberg-type duality:

Electric theory: SU(2), F = SU(8), vector superfield + chiral
superfield (f; f), I = V(& p,q).

Magnetic theory: G = SU(2), F = SU(4); x SU(4), x U(1),
vector superfield + chiral superfields (1;7,,1) and (1;1,7,).

Equality of superconformal indices /g = I,; coincides with the
key W (FE7) identity for the V-function.



Hyperbolic degeneration of the V-function

Parametrize
tj _ 6_27ng, ” = 6—27‘(”(}’&, p= 6—27rvw1, q= 6—27rvw2
In the limit v — 07, Ruijsenaars, 1997

2u—wy—wy

i — — T 1w s
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Faddeev’s (1994) modular dilogarithm, or hyperbolic gamma func-
tion

T By o (usw)

7B (u;w) = 4P (u;wi, ws) =€~ 7w w),

second order multiple Bernoulli polynomial

1 Wi+ Wy Wi+ ws
Bool(u;w) = - .
2p(tiw) = - <(u ) 2 )

q€2mwl;q~ 00 elr dx
7( ) (
U W) = — = ex 3
7 (627“@- )oxc P R+i0 (I —e1?)(1 —ew2?)

Well defined for wy,ws > 0 (|q] = 1) and 0 < Re(u) < wy + ws.



Then, Rains, 2006

s 1 1
- - - )
‘f(e 27Tvuk;€ 27va176 27rvw2) x e U(Wl w2 Ih(U),
v—=071

o Ty vy £ 20)  de
Lo YI(£2z;w) 20 /wiws
8

Re(u;) > 0, Zuj = 2(w1 + wo9).

In(u) =

Asymmetric parametrization

a = Vo T 157 ua+4::ua_i€7 a = 17273747
so that Z a:1(Va + pta) = 2(w1 +ws). Shift the integration variable
2z — z — i€ and take the limit & — —o0.
As a result, I(u) — Ju(p, v),

4

/ — 2wV (v, + 2 w)-




A different degeneration: set u; = 2(w; + wo) — >y ug and
take ug — oo. After renumerating uy — up_1 = Ip(u) — Ep(u),

I P sw)  de
i v (+22;w) 21/

Consequences of the V-function symmetry transformations:

Ey(u)

2 4
In(pv) = 1] 72 +visw) T 2y + v w)
jk=1 jk=3

X Jp(py +m, flo + 1, g — 1, g — 1, V1 + 0, Vo 1,05 — 1, Vs — 1)),

where n = %(wl + Wy — fl1 — fp — V] — 1),

3
Tn(pav) = [ [ 7P (tta + v )y (va + pai w)
a=1

X Eh(ﬂl+777M2‘|‘777M3+77»V1 — 1,12 _777V3_77)7
where 2n = w + wy — vy — 22:1 [Lg.



Limits to complex hypergeometric functions

Take < U .w2 .w2
(627T1w—1€—27ﬂw—1; 6—27T1w—1>oo
v(u; w) - ori-l  2ridl
(€™ w2r ™ w2)
and set

b=/ L=i+4, &— 0%
w2

Special choice of the argument u:
u = iy/wiws(n+xd), nez, xeC.
Then, uniformly on the compacta Sarkissian, V.S., 2020

V@ + wd)w) A~ (dmd) e T, n).

J—0t+



b — 1 degeneration of hyperbolic hypergeometric integrals.
Derkachov, Sarkissian, V.S., 2021

1

cr t
Tnle, v) 5—>0 47T5) ansy (5, m;3, m),
Ter(8, 1, m) Z / (Sa—Yy, na—N)T'(to+y, me+N)dy,
NEZ—i—g -
where n,, m, € Z + ¢ with the balancmg condition
4 4
Z(na +m,) =0, Z<S“ +t,) = —4i,
a=1 a=1

= the function entering 6j-symbols for the Lorentz group.

Additional integral representation and symmetry transformations:

Eyu) - (4m8) A= P9€, (p, 1),

where y,pr, € C and N,l, € Z+¢, e =0, 2, and

)9

6
Z / 2+ N*) [ T(pr £y, e £ N)dy.
k=1

N€Z+€



Symmetry transformation I:

2 4
Ter(s,mit,m) = €™ T T(sj+ tiny+my) [ T(sj+ te,ny + my)
k=1 k=3

X,_7”(81—|—Y,7’L1—’—K,SQ—FY,’I?,Q—FK,S?,—Y,ng—K,S4—Y,TL4—K;
t1+Y,m1+K,t2+Y,m2+K,t3—Y,m3—K,t4—Y,m4—K),

_n1+n2+m1+m2
2

_81—|—82+t1+t2—|—21

K — )
2

, Y=

A = (n1+n2)(my+ma)+(ns+ng)(ms+my)+2(s+A) (1+Z ma).

a=1



Symmetry transformation II:

3
\7(37“(§7 n; t7 m) - emA H F(Sa + t47 ng + m4>r(ta + S4, Mg + 714)

a=1

X gcr(§+Zaﬂ+Laz_Z7m_L>7

where
50T(§+Z72+L7£_Zam_lj>: Z / <y2+N2)
Nez+) Y YER
3
x| | T(sa+ 2 +yn,+LENTI(t,—Z+ty,m,— L+ N)dy,
a=1

3 3
1 1
L= —§(m4 + E n.), Z = —§(t4+ 21 + E Sa),

4 4
A=2L°— (Zna) —2n4m4—)\+25(1+;ma).

a=1

Discrete parameters €, A = 0, %: if L is integer = € = A, other-
wise € #£ .



