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THE LORENTZ GROUP AND SL(2,C)

Let xµ ∈ R3,1, general Lorentz rotations x′µ = Λν
µxν preserve

x2
0 − x2

1 − x2
2 − x2

3 = detχ, χ =

(
x0 + x3 x1 + ix2

x1 − ix2 x0 − x3

)
,

where χ† = χ. Proper Lorentz rotations from SO(3, 1)+ are equiv-
alent to the SL(2,C)-transformations

χ′ = gχg†, g =

(
α β
γ δ

)
, αδ − βγ = 1, detχ′ = detχ.

s`(2,C) algebra generators Sj, S̄j, j = 0,±, [Sj, S̄j] = 0,

[S+, S−] = 2S0, [S0, S±] = ±S±.
Explicit realization in the space of complex functions Φ(z, z̄):

S− = −∂z, S0 = z∂z − s, S+ = z2∂z − 2sz, s ∈ C.
S̄j are obtained by z → z̄ = z∗ and s→ s′ 6= s∗.

Casimir operator: K = S+S− + S0(S0 − 1) = s(s + 1).

Equivalent representations

s→ −1− s, or a→ −a for a = 2s + 1.



General principal series representation

[Ta(g) Φ] (z, z̄) = [βz + δ]a−1 Φ

(
αz + γ

βz + δ
,
ᾱz̄ + γ̄

β̄z̄ + δ̄

)
,

where
[z]a := zaz̄a

′
= |z|2a′za−a′

Restrictions on the spin variables a, a′:

1) single-valuedness ⇒ a− a′ = m ∈ Z
2) unitarity with respect to the scalar product∫

d2z f1(z, z̄)f2(z, z̄) ⇒

a =
m + iν

2
, a′ =

−m + iν

2
= −a∗, ν ∈ R.

Then,
[z]a := zaz̄a

′
= |z|2a′za−a′ = zm|z|iν−m.

Infinite-dimensional unitary principal series representation.



Tensor product of two representations

Ta1 ⊗ Ta2

P(a1,a2|a3)−−−−−−→ Ta3

The projection operator

Φ(z1, z2)
P(a1,a2|a3)−−−−−−→ [P(a1, a2|a3) Φ] (z3)

=

∫
d2 z1d2 z2W

(
a1, a2, a3

z1, z2, z3

)
Φ(z1, z2),

where d2z = dxdy (for z = x + iy) Naimark, 1957

W

(
a1, a2, a3

z1, z2, z3

)
=

1

[z2 − z1]
1+a1+a2+a3

2 [z3 − z1]
1+a1−a2−a3

2 [z2 − z3]
1−a1+a2−a3

2

,

with m1 + m2 + m3 ∈ 2Z. This means that

[βz3 + δ]a3−1 [P(a1, a2|a3) Φ]

(
αz3 + γ

βz3 + δ

)
=

∫
d2 z1d2 z2

×W
(
a1, a2, a3

z1, z2, z3

)
[βz1 + δ]a1−1 [βz2 + δ]a2−1 Φ

(
αz1 + γ

βz1 + δ
,
αz2 + γ

βz2 + δ

)
.



Biorthogonality relation:∫
d2 z1d2 z2W

(
−a1,−a2,−ã3

z1, z2, z′3

)
W

(
a1, a2, a3

z1, z2, z3

)
= ρ−1(a3)δR(a3 − ã3) δ2(z3 − z̃3) + B(a1, a2, a3)

δR(a3 + ã3)

[z3 − z̃3]1−a3
,

δR(a− ã) = δmm̃δ (σ − σ̃) , a =
m

2
+ iσ, ã =

m̃

2
+ iσ̃,

ρ(a3) = −a3a
′
3

4π4
, B(a1, a2, a3) = 4π3a

(
1−a1+a2−a3

2 , 1 + a3

)
a
(

1−a1+a2+a3
2

) .

Here a(α) = Γ(α|α′)−1, the complex gamma function

Γ(x, n) = Γ(α|α′) :=
Γ(α)

Γ(1− α′)
=

Γ(n+ix
2 )

Γ(1 + n−ix
2 )

, x ∈ C, n ∈ Z.

Completeness relation Naimark, 1957∑
m∈2Z+ε

∫
R

dσ

∫
C

d2z
ρ(a)

2
W

(
−a1,−a2,−a
z3, z4, z

)
W

(
a1, a2, a

z1, z2, z

)
= δ2(z1 − z3) δ2(z2 − z4), m1 + m2 ∈ 2Z + ε, ε = 0, 1.



A triple tensor product decomposition

Ta1 ⊗ Ta2 ⊗ Ta3

P(a1,a2|c̃)−−−−−→ Tc̃ ⊗ Ta3

P(c̃,a3|`)−−−−→ T`,

realized as

Φ(z1, z2, z3)
P(c̃,a3|`)P(a1,a2|c̃)−−−−−−−−−−→ [P(c̃, a3|`)P(a1, a2|c̃) Φ] (z)

=

∫
d2z0d2z3

∫
d2z1 d2z2W

(
c̃, a3, `

z0, z3, z

)
W

(
a1, a2, c̃

z1, z2, z0

)
Φ(z1, z2, z3).

Another option

Ta1 ⊗ Ta2 ⊗ Ta3

P(a2,a3|c)−−−−−→ Ta1 ⊗ Tc
P(a1,c|`)−−−−→ T`,

realized as

Φ(z1, z2, z3)
P(a1,c|`)P(a2,a3|c)−−−−−−−−−−→ [P(a1, c|`)P(a2, a3|c) Φ] (z)

=

∫
d2z0d2z1

∫
d2z2 d2z3W

(
a1, c, `

z1, z0, z

)
W

(
a2, a3, c

z2, z3, z0

)
Φ(z1, z2, z3).



Definition of the Racah coefficients, or 6j-symbols

P(a1, c|`)P(a2, a3|c) =

∫
DRc̃

ρ(c̃)

2
R`(c, c̃) P(c̃, a3|`)P(a1, a2|c̃),

where c̃ = m/2 + iσ and∫
DRc̃ =

∑
m∈2Z or 2Z+1

∫
R

dσ

depending on whether m1 + m2 is even or odd. Explicitly,∫
d2z0W

(
a2, a3, c

z2, z3, z0

)
W

(
a1, c, `

z1, z0, z

)
=

∫
DRc̃

ρ(c̃)

2
R`(c, c̃)

∫
d2z0W

(
a1, a2, c̃

z1, z2, z0

)
W

(
c̃, a3, `

z0, z3, z

)
.



Solution of this integral equation with the help of 2d Feynman
diagrams technique Derkachov, V.S., 2017

R`(c, c̃) =

∫
d2z Φ2(a1, a2, a3|`, c, z)Φ1(a1, a2, a3|`, c̃, z),

Φ1 =

∫
d2y

[y − 1]
1−a1+a2+c̃

2 [−y]
1+a1−a2+c̃

2 [z − y]
1−a3−`+c̃

2

,

Φ2 =
1

[z]
1+a2+a3+c

2

∫
d2z0

[z0 − 1]
1+a1+`+c

2 [−z0]
1+a2−a3−c

2 [z1 − z]
1−a2+a3−c

2

.

Earlier derivation: Ismagilov (2006), but c̃→ −c̃, mj ∈ 2Z.

The Mellin-Barnes type representation (s = 1
2(n + iν))

R`(c, c̃) = (−1)c̃−c̃
′ π2

4

a
(

1−a3−`+c̃
2 , 1+a1+c+`

2

)
a
(

1+a1−a2+c̃
2 , 1+a2−a3+c

2

)∑
n∈Z

∫
L

dν

×
a
(

1+a1−a2+c̃
2 + s, 1−a1−a2+c̃

2 + s, 1+a3+`+c̃
2 + s, 1−a3+`+c̃

2 + s
)

a
(
s, c̃ + s, c̃+`−a2−c2 + s, c+c̃+`−a22 + s

) .



Change of notation s = N/2 + iu/2 and

a1 = N1/2 + iσ1,

a2 = N2/2 + iσ2,

a3 = N3/2 + iσ3,

` = N4/2 + iσ4,

c = M1/2 + iρ1,

c̃ = M2/2 + iρ2.

Then the above 6j-symbols take the form{ σ1,N1
σ3,N3

σ2,N2
σ4,N4
| ρ1,M1
ρ2,M2

}
=
π2

4

Γ (σ1 − σ2 + ρ2 − i, A1) Γ (σ2 − σ3 + ρ1 − i, A2)

Γ (−σ3 − σ4 + ρ2 − i, A3) Γ (σ1 + σ4 + ρ1 − i, A4)

× (−1)M2−N2+N4
∑
N∈Z

∫
u∈L

4∏
j=1

Γ(Rj − u, Sj −N)Γ(Uj + u, Tj + N) du,

R1 = −σ1 + σ2 − ρ2 − i,

R2 = σ1 + σ2 − ρ2 − i,

R3 = −σ3 − σ4 − ρ2 − i,

R4 = σ3 − σ4 − ρ2 − i,

U1 = −ρ1 − σ2 + σ4 + ρ2,

U2 = ρ1 − σ2 + σ4 + ρ2,

U3 = 0,

U4 = 2ρ2,

S1 = (−N1 + N2 −M2)/2,

S2 = (N1 + N2 −M2)/2,

S3 = −(N3 + N4 + M2)/2,

S4 = (N3 −N4 −M2)/2,

T1 = (−M1−N2+N4+M2)/2, T2 = (M1−N2+N4+M2)/2, T3 = 0, T4 = M2,

A1 = M2+N1−N2
2 , A2 = M1+N2−N3

2 , A3 = M2−N3−N4
2 , A4 = M1+N1+N4

2 ,

with A1 + A2 = A3 + A4 and the balancing conditions
4∑

a=1

(Ra + Ua) = −4i and

4∑
a=1

(Sa + Ta) = 0.



These 6j-symbols appear as a limit of an elliptic analogue of
the 2F1 Euler-Gauss hypergeometric function V.S., 2000, 2003

V (t1, . . . , t8; p, q) =
(p; p)∞(q; q)∞

4πi

∫
T

∏
k=±1

∏8
j=1 Γ(tjz

k; p, q)

Γ(z2k; p, q)

dz

z
,

|tj|, |p|, |q| < 1 and
∏8

j=1 tj = p2q2, (z; p)∞ =
∏∞

j=0(1− zpj).
The elliptic gamma function

Γ(z; p, q) =

∞∏
j,k=0

1− z−1pj+1qk+1

1− zpjqk
, |p|, |q| < 1,

with the key property

Γ(qz; p, q) = θ(z; p)Γ(z; p, q), θ(z; p) = (z; p)∞(pz−1; p)∞.

W (E7)-group transformation law:

V (t; p, q) =
∏

1≤j<k≤4

Γ(tjtk, tj+4tk+4; p, q)V (s; p, q),

where |tj|, |sj| < 1 and{
sj = εtj, j = 1, 2, 3, 4
sj = ε−1tj, j = 5, 6, 7, 8

; ε =

√
pq

t1t2t3t4
=

√
t5t6t7t8
pq

.



Superconformal index

Flat 4d N = 1 SUSY gauge field theory: SU(2, 2|1)×G× F
Space-time (supercoformal) symmetry SU(2, 2|1):
Ji, J i = SU(2) subgroups generators, or Lorentz rotations,
Pµ, Qα, Qα̇ = supertranslations,
Kµ, Sα, Sα̇ = special superconformal transformations,
H = dilations and R = U(1)R-rotations.
Internal symmetries: gauge G and flavor F groups

For Q ∝ Q1 and Q† ∝ S1, one has Q2 = (Q†)2 = 0 and

{Q,Q†} = 2H, H = H − 2J3 − 3R/2

The superconformal index:
Romelsberger, 2005; Kinney, Minwalla, Maldacena, Raju, 2005

I(y; p, q) = TrG

(
(−1)FpR/2+J3qR/2−J3

∏
k

y
Fk
k e−βH

)
,

F = the fermion number, R = H − R/2, p, q, yk, e
−β are group

parameters (fugacities) for maximal Cartans commuting with Q
(Fk - generators of F ).



Flat 4d space-time ⇒ S3 × S1 ⇒ SCI is preserved (the only
SUSY index) ⇒ no divergencies. H is the Hamiltonian.

Counting of BPS states Q|ψ〉 = Q†|ψ〉 = H|ψ〉 = 0 or cohomol-
ogy space of Q, Q† operators (hence, no β-dependence).

“Physical” (not rigorous) computation yields the matrix integral:

I(y; p, q) =

∫
G

dµ(z) exp

( ∞∑
n=1

1

n
ind
(
pn, qn, zn, yn

))
,

dµ(z) = the Haar measure, the single particle states index

ind(p, q, z, y) =
2pq − p− q

(1− p)(1− q)
χadjG(z)

+
∑
j

(pq)Rj/2χrF ,j(y)χrG,j(z)− (pq)1−Rj/2χr̄F ,j(y)χr̄G,j(z)

(1− p)(1− q)
,

χRF ,j(y) and χRG,j(z) = characters of field representations, and
Rj are the R-charges.



Romelsberger conjecture (2007): SCIs of Seiberg-like dual theo-
ries coincide.

The proof (Dolan, Osborn, 2008; Vartanov, V.S.,2008-2014) is
based on the theory of elliptic hypergeometric integrals.

Particular electromagnetic Seiberg-type duality:

Electric theory: SU(2), F = SU(8), vector superfield + chiral
superfield (f ; f ), IE ≡ V (t; p, q).

Magnetic theory: G = SU(2), F = SU(4)l × SU(4)r × U(1),
vector superfield + chiral superfields (1;Ta, 1) and (1; 1, Ta).

Equality of superconformal indices IE = IM coincides with the
key W (E7) identity for the V -function.



Hyperbolic degeneration of the V -function

Parametrize

tj = e−2πvgj , z = e−2πvu, p = e−2πvω1, q = e−2πvω2.

In the limit v → 0+, Ruijsenaars, 1997

Γ(e−2πvu; e−2πvω1, e−2πvω2) =
v→0+

e
−π 2u−ω1−ω2

12vω1ω2 γ(2)(u;ω1, ω2).

Faddeev’s (1994) modular dilogarithm, or hyperbolic gamma func-
tion

γ(2)(u;ω) = γ(2)(u;ω1, ω2) := e−
πi
2 B2,2(u;ω)γ(u;ω),

second order multiple Bernoulli polynomial

B2,2(u;ω) =
1

ω1ω2

(
(u− ω1 + ω2

2
)2 − ω2

1 + ω2
2

12

)
,

γ(u;ω) :=
(q̃e

2πi uω1 ; q̃)∞

(e
2πi uω2 ; q)∞

= exp

(
−
∫
R+i0

eux

(1− eω1x)(1− eω2x)
dx

x

)
,

q = e
2πi

ω1
ω2 , q̃ = e

−2πi
ω2
ω1 .

Well defined for ω1, ω2 > 0 (|q| = 1) and 0 < Re(u) < ω1 + ω2.



Then, Rains, 2006

V (e−2πvuk ; e−2πvω1, e−2πvω2) ∝
v→0+

e
π
4v

(
1
ω1

+ 1
ω2

)
Ih(u),

Ih(u) =

∫ i∞

−i∞

∏8
j=1 γ

(2)(uj ± z;ω)

γ(2)(±2z;ω)

dz

2i
√
ω1ω2

,

Re(uj) > 0,

8∑
j=1

uj = 2(ω1 + ω2).

Asymmetric parametrization

ua = νa + iξ, ua+4 = µa − iξ, a = 1, 2, 3, 4,

so that
∑4

a=1(νa+µa) = 2(ω1 +ω2). Shift the integration variable
z → z − iξ and take the limit ξ → −∞.

As a result, Ih(u)→ Jh(µ, ν),

Jh(µ, ν) =

∫ i∞

−i∞

4∏
a=1

γ(2)(µa − z;ω)γ(2)(νa + z;ω)
dz

i
√
ω1ω2

.



A different degeneration: set u1 = 2(ω1 + ω2) −
∑8

k=2 uk and
take u8 →∞. After renumerating uk → uk−1 ⇒ Ih(u)→ Eh(u),

Eh(u) =

∫ i∞

−i∞

∏6
a=1 γ

(2)(ua ± z;ω)

γ(2)(±2z;ω)

dz

2i
√
ω1ω2

.

Consequences of the V -function symmetry transformations:

Jh(µ, ν) =

2∏
j,k=1

γ(2)(µj + νk;ω)

4∏
j,k=3

γ(2)(µj + νk;ω)

×Jh(µ1 + η, µ2 + η, µ3 − η, µ4 − η, ν1 + η, ν2 + η, ν3 − η, ν4 − η),

where η = 1
2(ω1 + ω2 − µ1 − µ2 − ν1 − ν2),

Jh(µ, ν) =

3∏
a=1

γ(2)(µa + ν4;ω)γ(2)(νa + µ4;ω)

× Eh(µ1 + η, µ2 + η, µ3 + η, ν1 − η, ν2 − η, ν3 − η),

where 2η = ω1 + ω2 − ν4 −
∑3

a=1 µa.



Limits to complex hypergeometric functions
Take

γ(u;ω) =
(e

2πi uω1e
−2πi

ω2
ω1 ; e

−2πi
ω2
ω1 )∞

(e
2πi uω2 ; e

2πi
ω1
ω2 )∞

and set

b :=

√
ω1

ω2
= i + δ, δ → 0+.

Special choice of the argument u:

u = i
√
ω1ω2(n + xδ), n ∈ Z, x ∈ C.

Then, uniformly on the compacta Sarkissian, V.S., 2020

γ(2)(i
√
ω1ω2(n + xδ);ω) ≈

δ→0+
(4πδ)ix−1e

πi
2 n

2
Γ(x, n).



b→ i degeneration of hyperbolic hypergeometric integrals.
Derkachov, Sarkissian, V.S., 2021

Jh(µ, ν) ∝
δ→0

1

(4πδ)6
Jcr(s, n; t,m),

Jcr(s, n; t,m) =
1

4π

∑
N∈Z+ε

∫ ∞
−∞

4∏
a=1

Γ(sa−y, na−N)Γ(ta+y,ma+N)dy,

where na,ma ∈ Z + ε with the balancing condition
4∑

a=1

(na + ma) = 0,

4∑
a=1

(sa + ta) = −4i,

≡ the function entering 6j-symbols for the Lorentz group.

Additional integral representation and symmetry transformations:

Eh(u) →
δ→0+

(4πδ)2i
∑6
k=1 pk−9Ecr(p, l),

where y, pk ∈ C and N, lk ∈ Z + ε, ε = 0, 1
2, and

Ecr(p, l) =
1

8π

∑
N∈Z+ε

∫ ∞
−∞

(y2 + N 2)

6∏
k=1

Γ(pk ± y, lk ±N)dy.



Symmetry transformation I:

Jcr(s, n; t,m) = eπiA
2∏

j,k=1

Γ(sj + tk, nj + mk)

4∏
j,k=3

Γ(sj + tk, nj + mk)

× Jcr(s1 + Y, n1 + K, s2 + Y, n2 + K, s3 − Y, n3 −K, s4 − Y, n4 −K;

t1 + Y,m1 + K, t2 + Y,m2 + K, t3 − Y,m3 −K, t4 − Y,m4 −K),

K = −n1 + n2 + m1 + m2

2
, Y = −s1 + s2 + t1 + t2 + 2i

2
,

A = (n1+n2)(m1+m2)+(n3+n4)(m3+m4)+2(ε+λ)
(

1+

4∑
a=1

ma

)
.



Symmetry transformation II:

Jcr(s, n; t,m) = eπiA
3∏

a=1

Γ(sa + t4, na + m4)Γ(ta + s4,ma + n4)

× Ecr(s + Z, n + L, t− Z,m− L),

where

Ecr(s + Z, n + L, t− Z,m− L) =
∑

N∈Z+λ

∫
y∈R

(y2 + N 2)

×
3∏

a=1

Γ(sa + Z ± y, na + L±N)Γ(ta − Z ± y,ma − L±N)dy,

L = −1

2
(m4 +

3∑
a=1

na), Z = −1

2
(t4 + 2i +

3∑
a=1

sa),

A = 2L2 −
( 4∑
a=1

na

)
− 2n4m4 − λ + 2ε

(
1 +

4∑
a=1

ma

)
.

Discrete parameters ε, λ = 0, 1
2: if L is integer ⇒ ε = λ, other-

wise ε 6= λ.


