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Introduction

O.V.T.

Functional reduction of one-loop Feynman integrals with arbitrary masses,
JHEP, 06:155, 2022.

One-loop n-point integrals

1 dk
UmYils) = s | 55

where
Dj = (ki — pj)* — mj + in, si = (pi — pj)’,

depending on n(n + 1)/2 arbitrary kinematic variables and masses can be written as a
linear combination of integrals depending on n variables:

KO(ms, ..., iy {sg}) = Z QDR {sy = R — Relj > Kk})

r=1

where {R;}, = {A(i)/A(i)}, are sets of ratios of modified Cayley over Gram
determinants and @, are products of ratios of polynomials in masses and kinematic
variables.
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Functional reduction of box integrals

As an example we condider functional reduction of box type integrals:

Y S RS 5

e N N N
a) b) c) d)

These integrals are encountered in calculating radiative corrections to
o light by light scattering (ATLAS, CMS)
photon splitting (VEPP-4M, Novosibirsk, 2002)

Delbriick scattering

o vy —>~Z
@ reduction of 5-, 6-point diagrams

R. Karplus and M. Neuman Phys. Rev., 83:776-784, 1951; Phys. Rev., 80:380-385, 1950.
B. De Tollis, Nuovo Cim., 32:757, 1964;
V. Constantini, B. De Tollis, and G. Pistoni. Nuovo Cimento, 2A:733-787, 1971.
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Functional reduction of box integrals

Functional reduction formula of the box integral with arbitrary kinematics

2

) (m3, m3, m3, m%; s12, 23, 534, S14, 524, S13) = Z QB (r( s ri g iy i)

k=1

where gy = Ay 3/} and

B (Ry, Ry, Rs, Rs)

d)(Rl, Ro,R3, R4; Ro — Ri,Rs — R, Re — R3, Ry — Ri, Ry —

:F( ) 7_4/ //Xp@h XmdXQdX3

and
2 2 2 2.2 2
hs =1 — z1x] — 22X1 X5 — Z3X{ X5 X3
with
1 R> R> — R3 R:s — Ry
z1 = —_ Zy = zZ3 =
R’ R R
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-
Integrals for light by light scattering

Master integral for light by light scattering
S12 = 53 = $34 = 514 = 0, m; =m

For this kinematics functional reduction method gives

/(d)(m m2 m2 m 0 O 0 0 524,513)
513 ()= pp2 2 S ()~ p2 2
L S ,M ,m”) + — S 7M ,m),
(S24 + 513) ($13, M3 ) (524 +513) (S2s, M )

where
L(d)(gija M227 m2) = Bid) (m2 - M227 m27 m2 _AS'I'JW m2)
= I(d) (m - M27 m2 m2 E”bmz; M225 7/‘;"]7,5177 M22707 M22 75”]) 5

2 524513 ~ Sij
= == Sij = —
(524 +513) 4
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-
Integral for light by light scattering

Analytic result for the integral L(d)(Ej, M2, m2) can be obtained by solving dimensional
recurrence relation

(d = 3L 2G5, M3, m?) = —2(m® — M3)L')(5j, M2, m®)
- I?Ed)(m27 m27 m2; 45]'7 0, 0)7
Solution of this recurrence relation for arbitrary d = 4 — 2¢ reads

d_ 1 o_d d—5 ~
- dzz72(1—2z2) 2 Sjj

L@ Siis I\/I2,m2 = ( )2 / In (1 -z ) .
( ] 2 ) 8SU (d ) 0 1 Mz m2

2 —Z

Using this expression we get

2 7r%(m2)%*3

2(s24 + s13) (452)

JEEA T e () e ()]

d)y, 2 2 2
)(m ,ym,m-,m ;0,070,07524,513)2—
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-
Integral for the light by light scattering

At d = 4 from the one-fold integral representation we get:

~ -1 B +1 B2 — By Bi—1, Ba— By
L@ s,--,M27m2 _ - {I 2 Pij | 2 i g Pi In ij
G Mem) = g5 ™ BBy 2" Bt By ATl Bty
+ o oLip (2T P2 oL l ) +Li Y )
3 2\ B+ *\ B2+ Bi \ B -5
where
b= 1™ i = 13,24 = 1™
Bij=4/1- 3 (ij = 13,24) fa=4y[1— e

This expression for L) gives (in agreement with result by A.Davydychev, 1993)

I(4 (m*, m*, m*, m*0,0,0,0, 24, 513)

_ 1 2 (B2t Pis P2 — P Po— P _

8513540 {2In <52 +524> +in (ﬁz +513) In (Bz —&-ﬂg;;) 2
Bi—1 . B2 — Bi 2 Bi+1

+,;24[2L'2< ﬂ') 2t (* 5,.“)*'" <ﬂ2+ﬂf)] ’
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Integral for the light by light scattering
(@ with respect to s; we obtained:

Solving differential equation for L

~ 1
L(4)(Sij, I\/I22, mz) = 52
ij VI3

. . . 1
X |:L12 (1 — yjiy2) + Lia (1 — 2) —2Li2 (1 —y2) + 5 In? y,-j:| ,

Yij
where
ﬂ,‘j — 1 52 — 1 ITI2 m2
i = s = . i = 1-— =, = 1-— —,
Yij Byt 1 2= 5 Bij 5 B2 V2

Substituting this expression into the functional relation we get

1 (m?, m?, m?, m2; 0,0,0,0, 55, 513)

2
I = I — 415 (1 —
1352078 n" yis + N~ yo4 is (1 —y»)

+ Liz (1 — y13y2) + Lia (1 — y2ay2) + Lio (1 - 7) + Liy ( - yz):| .
Y13 Y24

This expression is invariant with respect to y; — 1/y;; as well as y» — 1/y»
10/19
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|
One leg off shell

Consider box with one leg off shell
523 = S34 = S14 = 07 m,2 = m2.
Using formula of the functional reduction for I4(d) we get for arbitrary d

dy, 2 2 2 2
I} )(m ,m°,m°,m",s12,0,0,0, s, 513)

S12 , (d) [~ 2 2 S13 , (d) (~ 2 2 24 (d) ~ 2 2
= 219G, M5, m*) — LG, M5, m*) — 221 (55, M5, m?).
So So So
where
2 524513
M3 = -, S0 = S12 — S13 — S24.
4sy

Thus, integral depending on 4 variables is a sum of integrals depending on 3 variables.
Atd=4

4 2 2 2 2
Ii )(m ,m,m ,m ,512,0,0,0,524,513)

__ [RLix(1 — y3) + Fy12,y3) + F(y13,y3) + F(yas, y3)]
33524513 ’
where

. . 1
F(yi; yx) = Li2 (1 — yjyk) + Liz (1 - %) +3 In? yj.
ij
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Two legs off shell

In a similar manner one can consider the box integral with two leggs off shell. There are

two different kinematical situations. The easiest case

2 2
523251420, me=m, k:l,...,4.

From final functional reduction formula for this kinematics we get

Iéd)(n"lz7 m27 m27 m2; S12, O7 S34, 07 So4, 513)

= 221D Gy, ME, m?) — 2B 19 (G, M2, m?)

0a 0

s; ~ S:

24 L(d)(5247 ij m2) + %L(d)(s347 Mi m2)7
4

04

where
512534 — S13524
04 = S12 — S13 — So4 + S3a.

My = 22222
4 454 )

12/19
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-
Two legs off shell

At d = 4 substituting L™ we get

d 2 2 2 2
I} )(m ,m,m,m ;51270,534,0,524,513)

F(y13, ya) + F(y2a, ya) — F(ysa, ya) — F(y12, ya)
Ba (§13§24 — §12534) '
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-
Two legs off shell

The most complicated case corresponds to the kinematics
s34 = s14 =0, m; :mz, k=1,..,4.
From final formula of functional reduction for this kinematics we get
2dv o) (m?, m?, m?, m; 512, 53,0, 0, 524, 513)
= d1513524L(d)(§137 S1, mz) — 611523524L(d)(§237 S, mz)
d1512$24L(d)(§12, S, m’) + 2d1$224L(d)(§24, S, m?)
msi2(s12 — s13 — 523)B£d)(m§, me, m> — 3, m2)

dyy 2 ~2 2 ~ 2
— msiz(s12 — s13 +523)Bz(; )(mo,mo,m — 513, m")

dy 2 ~2 2 ~ 2
msx(si2 + si3 —523)B£ )(mo,mo,m —Sp3,m"),

+

where

(d)y 2 ~2 2 ~ 2y _ (d)y. 2 ~2 2 ~ 2 ~ o~ ~
B, (mg, mg, m —s,-j,m)_li )(mo,mo,m — 55, m°; =52, 5 — 5,5, 51, 52, 51 — Sj).

2
2 2 ~2 2 513524 512513523

mg=m" — S, mg=m" —5,, S5 = —=, Sy =————,

4d2 dl

2

N1 = 2512523 — S12524 + 513524 — 23524, (2 = S12523 — S12524 + 513524 — 523524 + Sha,

2 2 2
di = sip + Si3 + Si3 — 2512513 — 2512523 — 2513523,
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-
Two leggs off shell

. d ~
In order to evaluate the integrals B( mg, m3. m® — 313, m*) we use Feynman parameter
4 0> 05 )
representation

— 9 x2x dxidxodxs
Bid)(f12347f2347f347r4) —/ / / [ ) :
a—

2
— o2 — ex2x2x3"

where
a = ro234, b = ri234 — raa, C = N34 — I34, € =134 — Iy

At d = 4, changing variables xo = \/u, x3 = z3/x1, integrating over u, changing order of
integration over x; and z3, we get

dt
V1—t (ac+ be — bet)

x{ln {1+(b+‘;74+e)t]—|n {1+‘i—j In {1+ib]}

(r12347 234, r3a, r4

0.V. Tarasov (JINR) Evaluating integrals for four photon amplitudes by fi 15/19



-
Two leggs off shell

The integrals can be rewritten in terms of L®)
Bu(m® — S1,m* — S5, m* =5, m%)

_ (s (s, ME=S0E 2 g @ (5, S-S5 o
05 Js5 ds

+m2(51 — 52) L(4) <m2(51 - 52) m2(51 - 52)§,j’m2)} .

52*"72 m2752 ’ 55

where
05 = g,;,'(f‘l’l2 — 52) + 52(51 — m2).

Thus the integral If) with two leggs off shell can be written in terms of L) functions.
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Functional reduction of integrals with IR divergences

Finite observables typically require the explicit cancellation of infrared divergences across
different loop orders. In ref. Zhang J., Commun. Theor. Phys.,v.73 (2021) 105203
complicated IR divergent integral was considered

4 .~

my =0

s =0 =0y
Substituting m? = m; = s14 = 0 into formula for functional reduction we get

1190, m3, m3, 0; 512, 523, 534, 0, 524, S13) = OélBid)(rl, 0,0,0) + Za,-jB‘Ed)(r,-, 0, r;,0)

u
+ > B (r, 0,1, 1) + > BBy (1, 17,1, 0) + > i B (1, 15, 1y 1)

ijk ijk ijkl

I}d) depends on 7 variables. After functional reduction IR divergences arise in integrals
depending on 1,2, 3 variables.
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Functional reduction of integrals with IR divergences

Three infrared divergent integrals:

Bid)(fi:070>0) = —i.,

B(r,0,5,0) = —— 1 |n( —7>+ 2 2F1(1
M 8rl (453) sin 24 ri d—4 ¢-2 ’

d—4_d—2_Q
2 ' 2 'r,-

@ o g VITA=5)T(5-2) 45
B0 ) = s e ) artanh (/% )+z% o)
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Conclusions

@ Functional reduction transforms integrals of interest to simpler integrals.

o At d = 4 all box integrals are expressible in terms of combinations of dilogarithms
encapsulated in the L™ functions.

@ Application of functional reduction to the infrared divergent integrals split them into
a simpler IR divergent integrals plus more complicated IR convergent part.
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