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|—General expressions in teleparallel gravity
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|—General expressions in teleparallel gravity

1 1 1
T= oS T = 7T T + ST Tyun = Ty, AT,

1 4
S = 2K2/dxef( T),

where e = det(e,j‘) = \/—g and k? is the gravitational constant.
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|—Equations for Bianchi | in teleparallel gravity

e;\ = diag(l, a(t), b(t), c(t)),

8w = diag(l, —a(t)z, —b(t)z, —c(t)z)

Now introducing three Hubble parameters H, = g H, = % and
H. = % we find for torsion scalar

T = —2(HaHb + H,H. + HbHC).

1
5 - T = k2p,

where we denote ' = df /dT and introduce isotropic fluid in the
right-hand side p = wp,
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|—Equations for Bianchi | in teleparallel gravity

p+ (14 w)(Ha+ Hy + He)p =0,
(Hy + He) 'Tf”+%f+ (1)
f'(Hhy + H2 + He + H2 + 2H,He + HoHhy + HaHe) = —K%wp,

- 1
(Ha+ He) TF" + 5F + (2)
f'(Ha + H? + Ho + H2? + 2Ho He + HaHhy + HyHe) = —r2wp,

: 1
(Ha+ Hy) TF" 4 o + (3)
F'(Ho + H2 + Fhy + HZ + 2HoHhy + HoHe + HyHe) = —#2wp.
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|—Equations for Bianchi | in teleparallel gravity
(T, H=Ha+ Hy + He),

summing equations (1) + (2) + (3):

2THF" + %f + 2f'(H + H?) = —3wk?p,

summing with the coefficients (—2H,)- (1) +(—2H,)- (2)
+(=2Hc)- (3):

2T TF" — Hf + Tf' 4+ 2f' TH = 2wk?Hp,
p+ (1+w)Hp=0.
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|—Future attractor

For the expanding Universe we expect decreases of all dynamical
variables with time, so let us try to find solution in the form

T =tot™™, H=hot™", p=pot "
with some positive m, n, k. Substituting it into
p+ (1+w)Hp=0,

we find n = 1, which is quite natural. Now we can see that for any
function f that can be expanded in the Taylor series f = >, fiT!
will keep only the terms with the lowest / because all other will
decrease more rapidly. It is quite natural to suppose that the lowest
term is T because f = T is equivalent to GR, and we would like to
have it as a limit. It means that instead of previous system for this
kind of solution we have an approximate system
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L Future attractor

3 . 1
5T+2(H+H2) = —3/{2wp:—3w(§T— T),
. 1
HT + T = 2n2pr:2va(§T— T),
where we used constraint equation. Substituting there our solution,

we find m = k = 2. Let us introduce the parameter a: T = —aH?2.
Now for the parameters a, hy we have

—gahg — 2hg + 2h = —gwhga,
—hoahd +2ah3 =  whgah?,

which has the unique solution ho(1+ w) =2, a=2/3
corresponding to the expanding (ho > 0, Vw) isotropic solution.
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|—Stationary points

+§(1 +w)f —3wTof' +2f'H3 = 0,
*(1+W)Hof+2(1+W)HoTof,: 0.

In the most general case there are three (groups) stationary points.

P1. The first one is Hy = 0, Tog = 0. This point exists for any
shape of the function with f(0) = 0, which is quite natural, any eos
w and corresponds to the Minkowski solution.

P2. The second point is Hy = 0, Tg # 0.

To: 2wTof’ = (14 w)f. Note that this point exists only if the
last equation admits solution with Ty < 0 and can present a group
of points for the polynomial function f.
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|—Stationary points

P3. And the third one is Hy # 0, Tp # 0. As we can see from
second equation, in this case we have Ty : 2Tof' = f, Yw and
therefore by using the first equation, we find 2H3 = —3Tj that
corresponds to the isotropic de Sitter solution. We can see that this
solution actually corresponds to two de Sitter points one for an
expanding and the other for a contracting Universe, and it exists
only for functions that admit solutions with Ty < 0.
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L Numerical investigations

LBouncing solutions and future attractor

/)—i—(l—i—w)Hp:O,

H > 0 — expanding Universe; H < 0 — contracting Universe
. 3 .
2THFK+§f+2f%H4-H%::—3WK%%
2TTF" — Hf + Tf +2f' TH = 2wk?Hp,
1
57‘ — Tf' = K?p,

f=T+hHT?
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L Numerical investigations

LB::)uncing solutions and future attractor
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Puc.: Bounce solutions for H =0.1, N=2, w =0, x* = 1.
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|—Numerical investigations

LBt:)uncing solutions and future attractor

Puc.: Future isotropic attractor for b =0.1, N=2, w =0, x? =1,
Hy = 71072, To = —107%.
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|—Numerical investigations

LFuII phase portraits

The only point P1 exists.

Puc.: Phase portrait for b = —0.2, N =2, w =0, k% = 1.
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I—Numerical investigations

LFuII phase portraits

The points P1 and P2 exist.

—02, N=2, w=

Puc.: Phase portrait for f»
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|—Numerical investigations

LFuII phase portraits

The points P1 and P3 exist.
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Puc.: Phase portrait for b, =02, N =2, w = % K2 =1.
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|—Numerical investigations
LFuII phase portraits

Puc.: Phase portrait for b, =02, N =2, w =0, % = 1.
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All three types of points exist.
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L Conclusion

m Maria A. Skugoreva, Alexey V. Toporensky, Anisotropic
cosmological dynamics in f(T) gravity in the presence of a
perfect fluid, Eur. Phys. J. C 79 (2019) no. 10, 813;
arXiv:1907.12538 [gr-qc]

m We confirm mains results of previous authors and find a
number of new ones such as

m the existence of an essential number of bounce solutions

m and existence of point P2, which was not found in that
research.
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|—Covariant formulation of teleparallel gravity
_ A _B
g,u,l/ - 77AB S ue v

1A _ AA _B 1A __AA C F A C
eu—/\ Be,u, w B//'_A Cw Fu/\B +A CQL/\B,

A _ A A A C A c  _
R Buv = OuW BV_an Bu+w cuW By —W W Bu_oﬂ

A A A A _B
M =ea (&,eu—i-w Byeﬂ),

A _ A A B A A _
v/lel/_aueu—i_w Bueu_r uue/\_oa
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|—Covariant formulation of teleparallel gravity

op

1
M= QgPU(augm/ + Ov8uo — aag/u/)v

op 1
Kp;ux = rp;u/_ r = E(Tup v Tup w Tp,ul/)v
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|—Covariant formulation of teleparallel gravity

o 1 o 1
(R —58uw R) + 5gulf(T) - FIT)+ f"Syn VAT =k2T7,,,,

connection field equation

Oufr [8,,(ee[A“eB]”) + Zeec[“efl]\wCB]V =0,
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