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Quantum Chromodynamics: Wilson twist-2 operators

Deep Inelastic Scattering [Gross, Wilczek 73]

O&.....; =4 VYu Dy, Dy, q + symmetrisation — traces
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
O&.....; =4 VYu Dy, Dy, q + symmetrisation — traces

g — T
O oon; = Gpuy Dy, Dy Dy, Gy, + symmetrisation — traces
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
a - I

Ol ..., =7 VY, Dy, --- Dy, q + symmetrisation — traces
g — T

O oon; = Gpuy Dy, Dy Dy, Gy, + symmetrisation — traces

Operators mix under renormalization
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
a - I

Ol ..., =7 VY, Dy, --- Dy, q + symmetrisation — traces
g — T

O oon; = Gpuy Dy, Dy Dy, Gy, + symmetrisation — traces

Operators mix under renormalization

(@Q4,....u;|0) = a
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
O&.....; =4 VYu Dy, Dy, q + symmetrisation — traces
O, =G Dy, Dy Dy, Gy, + symmetrisation — traces
Operators mix under renormalization
(@|94,....u,|a) = A
(9|9 .., |9) = s
(91O, l9) = o

(@O, ...u; la) =
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
O&.....; =4 VYu Dy, Dy, q + symmetrisation — traces
O, =G Dy, Dy Dy, Gy, + symmetrisation — traces
Operators mix under renormalization — Matrix of anomalous dimensions
(@19, .on; a) = o
(91O .9 = ro()
(91O, |9) = Ao

(@O, ...u; la) =
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
O&.....; =4 VYu Dy, Dy, q + symmetrisation — traces
O, =G Dy, Dy Dy, Gy, + symmetrisation — traces
Operators mix under renormalization — Matrix of anomalous dimensions
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
O‘Z’ o =4 Vi D ",Dujq + symmetrisation — traces
O .s; = Gous Dy, Dy Dy Gy, + symmetrisation — traces
Operators mix under renormalization — Matrix of anomalous dimensions
<(j|QfII yeees kb }Q> - "/qi;
(1 10) > ()
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators

o8, 16 16 s 8 .8 4
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators

7 8 16 16 c 8 +8 4
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators

7 _§ 16 _ 16 _C _ 8 +§_ 4
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Quantum Chromodynamics: Wilson twist-2 operators

7 _§ 16 _ 16 _C _ 8 +§_ 4
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Quantum Chromodynamics: Wilson twist-2 operators
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Origin: N' = 1 Supersymmetric Yang-Mills theory
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N = 4 SYM theory: One loop

Wilson twist-2 operators:
[Gross, Wilczek '73]
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N = 4 SYM theory: One loop

Wilson twist-2 operators:

[Gross, Wilczek '73]
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N = 4 SYM theory: One loop

Wilson twist-2 operators:
[Gross, Wilczek '73]

~ ~a
g a a g a
OH17 Y G ,u1 ID,U'S' Hj— G (9“17"'1“‘] G /t1 DHS"'Dllj—leuj
A _ya a,i __ya a,i
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N =

Wilson twist-2 operators:

SYM theory: One loop

[Gross, Wilczek '73]

O ooy =G Py Dy Dy G Oy = G5 Dy Dy Dy, G
Ol:\l,m,#j = 5‘;‘17#12)#2'“1)#;' A® @1?17»--,#] = 5\?’)/57/L1D[L2"'D/Lj P
O,L?hm,#g‘ = gZ_S?ID/Ll‘lD/J'Q“'DIJ’j ™"
Anomalous dimension matrix in leading order:

[Lipatov ‘00]
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N =

Wilson twist-2 operators:

SYM theory: One loop

[Gross, Wilczek '73]

O ooy =G Py Dy Dy G Oy = G5 Dy Dy Dy, G
Ol:\l,m,#j = 5‘;‘17#12)#2'“1)#;' A® @1?17»--,#] = 5\?’)/57/L1D[L2"'D/Lj P
O,L?hm,#g‘ = gZ_S?ID/Ll‘lD/J'Q“'DIJ’j ™"
Anomalous dimension matrix in leading order:

[Lipatov ‘00]

Yag  Yax Voo
I'= Mg N Mo
Yog  Vex Voo
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N = 4 SYM theory: One loop

Wilson twist-2 operators:
[Gross, Wilczek '73]

O, Gam 2Dys--.D M- Ga @%’1,___,;” Gaﬂ1 IDHS"'IDMfléZuj
O,Ll,, = X?’ymDM...DM 2@ (9#17 oy = 5\?757/L1D#2..,D“j A\
0#17 kg T J)?DMD;LQ---DM on"
Anomalous dimension matrix in leading order:
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v = *451(j)+;7jj_1 7 = —asmG) 49 = Jil,é
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N = 4 SYM theory: One loop

Wilson twist-2 operators:
[Gross, Wilczek '73]

~ ~ a
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_\a a,t __\a a,i
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__Ja a,r
Om, oty =Pr Dy Dy Dy ¢
Anomalous dimension matrix in leading order:
[Lipatov '00]
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N = 4 SYM theory: One loop

Wilson twist-2 operators:
[Gross, Wilczek '73]

O, Gam 2Dys--.D M- Ga @%’1,___,;” Gaﬂ1 IDHS"'IDMfléZW
Om,. N S‘g'ﬂtlpm-"Du;’ A® Om, Ky T 5‘?75’7;L1Du2---puj P
0#17 kg T J)?DMD;LQ---DM o*"

Anomalous dimension matrix in leading order:

[Lipatov '00]
752):_451(j)+%_3+111_112 W;z)_é_jl% jlfz
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R
Tox = ;-jil IR = s+ -
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:

4;8) 7(0) ’Y(O) ~(O) (O[)Lipatov ‘00]
r© — (0) (0) (0) o) — ’)/
T e N T = 7(0) )
AN

,V(O) ,Y(O) /7(0)

Fermionic contribution to AD of twist-2 in N'=4 SYM
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
()
'Yg¢
0
W(O)

0 0
%Y %(A)

r© — ,y<0> O
7<0> 4
U

S1(j —2) 0
0 S1(4)

0 0

S1(j+2)

[Lipatov ‘'00]

~ ~(0) 5/(0)
0) _ Vax
F0) _ ( % )

Fermionic contribution to AD of twist-2 in N'=4 SYM
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:

[Lipatov ‘'00]
% U e _ TR '
r© — YO ALY A© 7o — ( s ’Y(O) )
,V(g) ,Y(O) /7(0) Mg
¢ ¢
S1(5—2 0 0 )
1(30 ) 5 (i 0 Si(j— 1) 0
1(7) ( 0 S +1)
0 0 S1(j +2)

Eigenvalues of anomalous dimension matrix are expressed trough
the same function ~ % (j +2) = S1(j) with shifted argument

luni
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:

[Lipatov ‘'00]
% U e _ TR '
r© — YO ALY A© 7o — ( s ’Y(O) )
,V(g) ,Y(O) /7(0) Mg
¢ ¢
S1(5—2 0 0 )
1(30 ) 5 (i 0 Si(j— 1) 0
1(7) ( 0 S +1)
0 0 S1(j +2)

Eigenvalues of anomalous dimension matrix are expressed trough
the same function ~ % (j +2) = S1(j) with shifted argument

luni

Origin:
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:

[Lipatov ‘'00]
% %(g) ’Yg(g) - 0 F© N
r© — YO ALY A© 7o — ( s 7(0) )
7<g> YD O Mg
\ \
S1(j — 2 0 0 .
1(30 ) 5 (i 0 S1(j —1) 0
1(7) ( 0 S +1)
0 0 S1(j +2)

Eigenvalues of anomalous dimension matrix are expressed trough
the same function ~ % (j +2) = S1(j) with shifted argument

Tuni

Origin: All multiplicatively renormalizable operators in N' = 4 SYM theory
belong to the same supermultiplet
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:

~LO) 7;2) ,y;g) o ~(O[)Lipatov '00]
O = [ o0 o2 A0 fo- (2 1)
%gc} 7;3) 7;33 Mg A
4 il
S1(j —2) 0. 0 S0 1) 0
LR 0 SiG+1)
0 0 Si(+2) !

Eigenvalues of anomalous dimension matrix are expressed trough
the same function “,/((J> (j +2) = S1(j) with shifted argument

unt

Origin: All multiplicatively renormalizable operators in N' = 4 SYM theory
belong to the same supermultiplet

T — g A &
OM17~~7M - OM1,~-<7MJ' + Oﬂla-~7ﬂj + ON1;~-7MJ'
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

-
O; = X, (i0, )" P2 —1:272=1) (§+/8+) X, %Jr %

D
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

-
O; = X, (i0, )" P2 —1:272=1) (§+/8+) X, %Jr %

D

Building supermultiplet:
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

-
O; = X, (i0, )" P2 —1:272=1) (2%*/8*) X, %Jr %

D

Building supermultiplet: Supersymmetry transformations for AV = 4 SYM
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

O; = X, (i0, )" P2 —1:272=1) (2%*/8*) X, +

-

0+0
-
D—-D

D

Building supermultiplet: Supersymmetry transformations for AV = 4 SYM

5,20 Oa15 pi

N ~ ™~

59,20 55,20 .15
2 s

~
N N ~ o~

T Ty

2y 4y

T90T0 Tg.10

+(94 -9

T99 T99

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N'=4 SYM



N = 4 SYM theory: Two loops

S S
(1) D A Al (D) Vg A
r = g o e r = (1) ~g(1>
7<1) 2D 7<1> Mg A
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N = 4 SYM theory: Two loops

¢ ~ ~(1) ~/(1)
F(l) = '7(1) ,&) 7(1> F(l) = ( (1) ’y(1> )
7<1) 7<1> 7<1> g
I I
(1)
-2 I I .
’-Yunz(J ) 121 31 ")/(1) (7 o 1) le
( ) un
0 ’}/unz(.]) r‘BQ 0 (1) /. 1
0 0 AW(i4+2) Yuni (7 + 1)
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N = 4 SYM theory: Two loops

P ~ 5 5
T = [ 0 o) o = ( o )
7<1) 7<1> 7<1> g
U I
(1)
-2 I I. ~
Yuni(J = 2) 121 31 7(1) G—1) Ty,
( ) un
0 Yoni(J) ) I3 0 +W (4 1)
0 0 Ai(i+2) e

In the next-to-leading order (NLO) the matrix will triangle, but again

the eigenvalues are expressed through the same function ’yfl]n)z(y)
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N = 4 SYM theory: Two loops

o ~ S A1)
T = (4 A o - (2 1)
Ag AN
Wo BN % -
I I
’Yq(ﬁl)z (-2 TIxn L3 ) . ~
M ¢, Yuni(G — 1) Loy
0 Yeri(F) I'so 1),

In the next-to-leading order (NLO) the matrix will triangle, but again

the eigenvalues are expressed through the same function ’yfl 1)7(7)

37

1)

uns

YG) = Yuni() = () + U () + 60N+
(+2) = (S5(7) + S-5(7)) =28 2,1() + 281 ()(S2(4) + S2())
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N = 4 SYM theory: Two loops

(L D A
oa” Tox go ~ A1) A
@ = D AL AL = 99 oA
= ’y)\g ’y}\(b =

A SOy
ryd()}]) ’Yq(b}\) ’yqf&(lb) Ag AN
U I
kG —-2) T I's1 a,. ~
) . Yani(G — 1) IS
0 0 AGki+2)

In the next-to-leading order (NLO) the matrix will triangle, but again
the eigenvalues are expressed through the same function ’yfl]n)z(y)

N o= (A — a0 (s 22 (1) (- ~3.(2) (-
() = Yuni(d) G’Yum(j) a Pyum(j) ta ’Yunz(j) + "KLV ‘03]

LM G +2) = (S30) + S-3() = 25-2.1(j) + 251 () (S2(j) + S—2(4))

Nested harmonic sums (level ¢ = |a| + |b] + |¢| + .. .):

! (sign(a))¥ ! (sign(a))¥
su) = YA s = T ey
k=1 k=1
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LM (G +2) = =S5() — S_3(j) + 251, 2(j) +252.1(j) + 2 S1.2(5)
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LW G +2) = =S5() = S_s(j) + 251, 2(j) + 2 521(j) + 2 51.2(j)

Two-loop result in QCD: N. Sz = Su(N+1)

17 28 151 11
YWt w) = 4CACF(2N+S17ﬁ725 -3 Sl+(N,+N+)[WS1+251_,27€S2}>

11 1 3
+4an/(12+351 (N,+N+){6S17§52]>+4CF2<4S 3251425 - o

+N_ {Sz +2S3} —(N_+Ny) {Sl +4851, 2+2812+285 +53}>
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LW G +2) = =S5() = S_s(j) + 251, 2(j) + 2 521(j) + 2 51.2(j)

Two-loop result in QCD: N. Sz = Su(N+1)

17 28 151 11
YWt w) = 4CACF(2N+S17ﬁ725 -3 Sl+(N,+N+)[WS1+251_,27€S2}>

11 1 3
+4an/(12+351 (N,+N+){6S17§52]>+4CF2<4S 3251425 - o
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LW G +2) = =S5() = S_s(j) + 251, 2(j) + 2 521(j) + 2 51.2(j)

[A.Kotikov, L.Lipatov arXiv:hep-ph/0112346]

Two-loop result in QCD: N. Sz = Su(N+1)
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]
J . k
(sign(a))
Sunencli) = 3 S g g
k=1
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confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Sabe-(1) = z%sb,g...(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =
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Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
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Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
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In ¢ order of perturbative theory is equal to 2¢ — 1 J
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Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
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In ¢ order of perturbative theory is equal to 2¢ — 1 J

One loop: S
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Saben(i) = z%sbﬁ,..(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ¢ order of perturbative theory is equal to 2¢ — 1 J

One loop: S
Two loops: S3, S_3, So1, S1,2, S—2,1, S1,-2, S1,1.1
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Saben(i) = z%sbﬁ,..(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ¢ order of perturbative theory is equal to 2¢ — 1 J

One loop: S
Two loops: S3, S_s, Sa1, Si,2, S—2.1, S1,—2, S1,11

Using the maximal transcendentality principle we can obtain
the universal anomalous dimension in N' = 4 SYM theory
without any calculations from the results obtained in QCD
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt '04]
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt '04]

Applied maximal transcendentality principle: immediately
[KLOV “04]
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Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt '04]

Applied maximal transcendentality principle: immediately
[KLOV “04]

= %(;)Z(J) = 28385 —8-253853-355+245 3111
+6(S—41+S-32+523) —12(S_311+S-212+S-221)
—(S2+281)(35_3+S53—28 91) —S1(85_4+ 52,
+4858 5 +283+38,—1285 37— 1085 95 +16S5_911)
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt '04]

Applied maximal transcendentality principle: immediately
[KLOV ‘04]

= %(Li)z(]) = 285 385, —85—25 95 —-35_5+245 2111
+6(S—41+S-32+523) —12(S_311+S-212+S-221)
—(S2+281)(35_3+S53—28 91) —S1(85_4+ 52,
+4858 5 +283+38,—1285 37— 1085 95 +16S5_911)

In particular case j = 2

7uni(2):12g2—48g4+33696_|_...’
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt '04]

Applied maximal transcendentality principle: immediately
[KLOV ‘04]

= %(Li)z(]) = 28385 —8-253853-355+245 3111
+6(S—41+S-32+523) —12(S_311+S-212+S-221)
—(S2+281)(35_3+S53—28 91) —S1(85_4+ 52,
+4858 5 +283+38,—1285 37— 1085 95 +16S5_911)

In particular case j = 2

2
N
Yuni(2) = 129> —48¢* +336¢° +---,  ¢g* = g(Zié)Q

Confirmation of the result for the anomalous dimension of Konishi
in A/ = 4 SYM theory from integrability (ABA) J
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M theory: Integrability

alous dimension of twist-2 operators TrZ

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]
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SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]
e Wrapping effect - Luscher corrections

[Bajnok and Janik ‘08]

O¢ = TW(ZXZX-ZZXX)
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SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]

® Wrapping effect - Luscher corrections [Bajnok and Janik ‘08]

O = T(ZXZX - ZZXX)
Wrapping effects: [LT41)
N =4 SYM:

[Fiamberti, Santambrogio, Sieg, Zanon '07]

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N'=4 SYM



SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]

® Wrapping effect - Luscher corrections [Bajnok and Janik ‘08]

O = T(ZXZX - ZZXX)
Wrapping effects: [LT41)
N =4 SYM: -

[Fiamberti, Santambrogio, Sieg, Zanon '07]

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N'=4 SYM



SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]

® Wrapping effect - Luscher corrections [Bajnok and Janik ‘08]

O = T(ZXZX - ZZXX)
Wrapping effects: [LT41)
N =4 SYM: =

[Fiamberti, Santambrogio, Sieg, Zanon '07]

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N'=4 SYM



SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]

® Wrapping effect - Luscher corrections [Bajnok and Janik ‘08]

O = T(ZXZX - ZZXX)
Wrapping effects: [LT41)
N =4 SYM: p—

[Fiamberti, Santambrogio, Sieg, Zanon '07]

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N'=4 SYM



SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z
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Wrapping diagrams
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® Wrapping effect - Luscher corrections [Bajnok and Janik ‘08]
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Wrapping effects: [LT41)
I T I
N =4 SYM: Superstring theory:
[Fiamberti, Santambrogio, Sieg, Zanon '07] [Bajnok and Janik '08]
Wrapping diagrams Luscher corrections
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M theory: Integrability

alous dimension of twist-2 operators TrZ

All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]
e Wrapping effect - Luscher corrections

[Bajnok and Janik ‘08]

TBA-eqUation, Y—SyStem [Gromov, V.Kazakov, Vieira, Arutyunov, Frolov ‘09-'11]

Quantum SpeCtraI CUrVe [Gromov, V.Kazakov, Leurent, Volin *13]

11-loop Konishi
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M theory: Integrability

alous dimension of twist-2 operators TrZ

All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]
e Wrapping effect - Luscher corrections

[Bajnok and Janik ‘08]

TBA-eqUation, Y—SyStem [Gromov, V.Kazakov, Vieira, Arutyunov, Frolov ‘09-'11]

Quantum SpeCtraI CUrVe [Gromov, V.Kazakov, Leurent, Volin *13]

11-loop Konishi

® 7-loop twist-2 for general j
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YM theory: Integrability

malous dimension of twist-2 operators TrZ Z

e All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]
e Wrapping effect - Luscher corrections

[Bajnok and Janik ‘08]

L4 TBA-eqUation, Y—SyStem [Gromov, V.Kazakov, Vieira, Arutyunov, Frolov ‘09-'11]

O Quantum SpeCtraI CUrVe [Gromov, V.Kazakov, Leurent, Volin *13]

® 11-loop Konishi

® 7-loop twist-2 for general j

® NNNLLA BFKL eigenvalue
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1 SYM theory: Integrability

malous dimension of twist-2 operators TrZ Z

All-loop Asymptotic Bethe ansatz (j — o)
[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov ‘02-'05]
Wrapping effect - Luscher corrections

TBA-eqUation, Y—SyStem [Gromov, V.Kazakov, Vieira, Arutyunov, Frolov ‘09-'11]

Quantum Spectral Curve

[Bajnok and Janik ‘08]

[Gromov, V.Kazakov, Leurent, Volin ‘13]

QSC results:

11-loop Konishi
7-loop twist-2 for general j

NNNLLA BFKL eigenvalue

The result in N'=4 SYM theory is the most complicated part
of the corresponding QCD result with C'4 = N, and Cr = N,

Vitaly Velizhanin
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Exact results in QCD

Eigenva|ue Of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov ‘75-'79]
BFKL BFKL
w 2 i
— = V|- vl —-2v(1
—4g° < 2 ) " ( T ) )
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Exact results in QCD

Eigenva|ue Of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov ‘75-'79]
BFKL BFKL
w 2 i
— = V|- vl —-2v(1
S - () () e
2

Yag (N = 1)

(49) -0 (-29) o (48) - (48)
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Exact results in QCD

Eigenva|ue Of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov ‘75-'79]
BFKL BFKL
w i Y
— = V(- U1 —2W¥ (1
= G B A G By
_4g2 _492 2 _4g2 3 _4g2 4
N=1 = 2 -0 0| —— —4(3 +.
=1 = 2 (ZE0) 0 (Z20) o (Z15) —age (=
Double-logarithmic equation [Kirschner, Lipatov ‘3]
ws(w+yns) = —2Cras
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Exact results in QCD

Eigenva|ue Of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov ‘75-'79]
BFKL BFKL
w i Y
_4g2 _492 2 _4g2 3 _4g2 4
N=1 = 2 -0 0 —— —4((3 +.

=1 = 2 (ZE0) 0 (Z20) o (Z15) —age (=
Double-logarithmic equation [Kirschner, Lipatov ‘3]

ws(w+yns) = —2Cras

4
ws(N =0) = —2OF— — 402 “—3 16CH = “S - 8001%& _
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Exact results in QCD

Eigenva|ue Of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov ‘75-'79]
BFKL BFKL
I _ v _
7 = x11< 5 >+\If<1+ 5 ) 2 (1)
_4g2 _492 2 _4g2 3 _4g2 4
N=1) = 2 -0 0(——) —4¢@3 +.
=1 = 2 (ZE0) 0 (Z20) o (Z15) —age (=
Double-logarithmic equation [Kirschner, Lipatov ‘3]
ws(w+yns) = —2Cras
4
ws(N =0) = —2OF— — 402 “—3 16CH = “S - 8001%& _
[Vellzhanln ‘14]
3 A2 Al
Ws(w +xs — B/as) = 4ai(Cr(Ca —2CF)| = + —| + O(°)
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Exact results in QCD

Eigenva|ue Of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov ‘75-'79]
BFKL BFKL
I _ v _
vy x11< 5 >+\If<1+ 5 ) 20 (1)
_4g2 _492 2 _4g2 3 _4g2 4
N=1 = 2 -0 0| —— —4(3 +.
=1 = 2 (ZE0) 0 (Z20) o (Z15) —age (=
Double-logarithmic equation [Kirschner, Lipatov ‘83]
ws(w+yns) = —2Cras
4
ws(N =0) = —2OF— —40% “—3 16CH = “S - 8001%& _—
[Vellzhanln ‘14]
3 A2 A1
s(w +ns — B/as) = 4a5;0Cr(Co —2CF) | — + —| + OW?)
Lead|ng Nf Contribution [Gracey ‘94]
o 2 10 3 1IN>+5N -3
ws(N) = asCFTFNf|:352 951+4+ NI(N 1 172
3 0 o[2 10 2 17 12N* +2N® —12N? —2N + 3
+ a:CrTi Ny {953 TR TR N3(N 1 1)?
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

Blg) = (D — 4)g + (g

TeNy — —C
3 FINf 6 A)g +
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

8lo) = (0~ g + (5

3e 1
Blge) =0 = gC_TFNerO(F;)

11
TrNy — FCA)gQ_g_...
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

8lo) = (0~ g + (5

3e 1
Blge) =0 = gC_TFNerO(F;)

Skeleton Dyson equations with dressed propagators

021&71"’—»—@—»— P Ak

_ -1 _ Bgy,l/
0 = Au + m@w AN”_W

11
TrNy — FCA)gQ_g_...
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

8lo) = (0~ g + (5

3e 1
Blge) =0 = ge= TN, +O(Vf2)
Skeleton Dyson equations with dressed propagators
_ A
v+ ¥ (k2)n—e

Using one-loop integral from Tkachov ‘81

1 _ Bguy
A + ’FB‘QDT A = W

11
TrNy — FCA)gQ_g_...

o
I
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

8lo) = (0~ g + (5

3e 1
Blge) =0 = gC_TFNerO(F;)

Skeleton Dyson equations with dressed propagators

0 = 1/)714' —»—@—»— 1/1:714%

(kQ),ufa

Using one-loop integral from Tkachov ‘81
1 B g‘“,
A + Ay = ——
v Y (kZ)u—ﬁ

Critical indices: a=pu—14+1/2nand f=1—-n—x (D =2u)

11
TrNy — FCA)gQ_g_...

o
I
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

86) = (0= g + (370N, - Feu)g 4

3e 1
Blge) =0 = ge= Ty (F?)
Skeleton Dyson equations with dressed propagators

0= €T b=

Using one-loop integral from Tkachov ‘81

_ —1 _ Bgy,l/
0 = Au + m@w AN”_W

Critical indices: a=pu—14+1/2nand f=1—-n—x (D =2u) [Gracey ‘01]

(n=2)2p—1I'24] Cr

T AT — T+ 4] Tr
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Leading Vs contribution in QCD

Calculation of critical indices in 1/N; expansion [Vasiliev, Pismak, Khonkonen ‘1]

86) = (0= g + (370N, - Feu)g 4

3e 1
Blge) =0 = ge= Ty (F?)
Skeleton Dyson equations with dressed propagators

0= vty L&, I

Using one-loop integral from Tkachov ‘81

_ —1 _ Bgy,l/
0 = Au + m@w AN”_W

Critical indices: a=pu—14+1/2nand f=1—-n—x (D =2u) [Gracey ‘01]

(n=2)2p—1I'24] Cr

T AT — T+ 4] Tr

35 83 16\ 5 4
Yq = —a CFNf+ aSCFNf+8 GCFNf+<243 27>CLSCFNJC+
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Leading Vs contribution to anomalous dimension in QCD

[Gracey ‘93]

_ Bgw
A = Gy

1
0 = 'A’“’ + ¥ = (kQ)M o

Critical indices: a =p—1+ 1/277 and 8=1-n—x (D =2pu)
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Leading Vs contribution to anomalous dimension in QCD

[Gracey ‘93]

B guv

A = s

1
0 = 'A’“’ + ¥ = (kQ)M o

Critical indices: a =p—1+ 1/277 and 8=1-n—x (D =2pu)

Reguralisation: 8= 3 — §: £+ Q+ RIn(p®) + O()
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Leading Vs contribution to anomalous dimension in QCD

[Gracey ‘93]
_ -1 _ _ Bgw
0 = Aw+ QP—(kz)Ma A = Gy
Critical indices: a =p—1+ 1/277 and 8=1-n—x (D =2pu)
Reguralisation: 8= 3 — §: £+ Q+ RIn(p®) + O()
_ 10 (p—1)’T[24]
771 - o 7T 2
2 Ty AT — f T + 7]
p(l — p) L2 S 1 2p

(W+N=2(u+N-1)  p-14gpu+j-2 (u-12+1
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Leading Vs contribution to anomalous dimension in QCD

[Gracey ‘93]
_ —1 _ _ Bguw
0 = A+ ¢—(k2)u e A= s
Critical indices: a =p—1+ 1/277 and 8=1-n—x (D =2pu)
Reguralisation: 8 = g8 — §: £+ Q+ RIn(p®) + O()
S Y o/ (e 1)?T' (2]
2Tr AT[p]?I[2 — pJI'[1 + 4
N
X{ p(l—p) L2 I 2u }
(Wt N=2)(u+N-1) p-ligp+j-2 (p-1)7°+1
2 10 3 1IN?+5N -3
N) = &2CrTrNi|28y — — 2 MV 7oV 9
s(N) a;CrTr f|:352 951+4+ NZ(N + 1) }-1—
3 2 o[2 10 2 17 12N* +2N3 —12N? —2N +3
+“SCFTFNf{9SS 7% 7% T i N3(N +1)° o
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

-
O; = X, (i0, )" P2 —1:272=1) (§+/8+) X, %Jr %

D
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

-
O; = X, (i0, )" P2 —1:272=1) (§+/8+) X, %Jr %

D

Building supermultiplet:
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

-
O; = X, (i0, )" P2 —1:272=1) (2%*/8*) X, %Jr %

D

Building supermultiplet: Supersymmetry transformations for AV = 4 SYM
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Twist-2 in N = 4 SYM: Supermultiplet

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov ‘03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Conformal operators: P _ Jacobi polynomials

O; = X, (i0, )" P2 —1:272=1) (2%*/8*) X, +

-

0+0
-
D—-D

D

Building supermultiplet: Supersymmetry transformations for AV = 4 SYM

5,20 Oa15 pi

N ~ ™~

59,20 55,20 .15
2 s

~
N N ~ o~

T Ty

2y 4y

T90T0 Tg.10

+(94 -9

T99 T99
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Fermionic contribution to anomalous dimension in A'=4 SYM
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Fermionic contribution to anomalous dimension in A'=4 SYM

851 —8
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

851 —8

NN—|—1

_ Bgw

H,/l + \Q@lﬂ/ w QQ_QJ Auu—m
0 = ¢+ --{  }-- w——” b=
- o (]gQ)u*a o (k2)ufv

Critical indices: a=pu—1+1/2n, 8=1-n—x,vy=1—-n—x (D =2p)

o
I
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

851 —8

NN—|—1

B guv

0 = Al + mu@m &su % A‘“’:(/#)%
o L o AR . C

0 — ¢ + Q w_ (]qQ)U«*Oé ¢_ (kQ)M*'Y

Critical indices: a=pu—1+1/2n, 8=1-n—x,vy=1—-n—x (D =2p)

11 2 1
= —_Zz N,
Bsusy ( 3 3V~ 5 )
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

851 —8

NN—|—1

B guv

0 = Al + mu@m &su % A‘“’:(/#)%
o L o AR . C

0 — ¢ + Q w_ (]qQ)U«*Oé ¢_ (kQ)M*'Y

Critical indices: a=pu—1+1/2n, 8=1-n—x,vy=1—-n—x (D =2p)

(11 2 1 )NSZQNf—Q

Bsusy E—g = 6
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

85 -8 NN+1

_ Bgw

H,/l + \Q@lﬂ/ w QQ_QJ Auu—m
0 = ¢+ --{  }-- w——” b=
- o (]gQ)u*a o (k2)ufv

Critical indices: a =

o
I

p=1+1/2n,=1-n—x,vy=1-n—-x (D=2p)

11 2 1 Ns =2Ny -2 €

Ny
5 diagrams: 257 — S
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

85 -8 NN+1

_ Bgw

A+ \o_@m/ wu o&szJ Apy = (’@ﬁ
1 o L _ A¥ . C

ot Q V= (k2)u—a ¢= (k2)n—

Critical indices: a=pu—1+1/2n, 8=1-n—x,vy=1—-n—x (D =2p)

11 2 1 Ns =2Ny —2 €
Bsusy = (*—* f—éNs> = (4—Nf>7 9e = N,

o
I

o
|

5 diagrams: 257 — S

2, 10 3 1IN?24+5N -3
3 9 4 N2(N +1)2
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

85 -8 NN+1

B guv

0 = Al + mu@m &su % A‘“’:(/#)%
o L o AR . C

0 — ¢ + Q w_ (]qQ)U«*Oé ¢_ (kQ)M*'Y

Critical indices: a=pu—1+1/2n, 8=1-n—x,vy=1—-n—x (D =2p)

11 2 1 Ny =2Ny -2 €
= — _Z N, = (4—N), = —
Bsusy (3 3 f— 6 ) f 9e N;

1 T2 — 1] o 1

T Ny STPTL — Wl — 1 ;uﬂ'—?
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Fermionic contribution to anomalous dimension in A'=4 SYM

/%Af\

85 -8 NN+1

B guv

0 = Al + mu@m &su % A‘“’:(/#)%
o L o AR . C

0 — ¢ + Q w_ (]qQ)U«*Oé ¢_ (kQ)M*'Y

Critical indices: a=pu—1+1/2n, 8=1-n—x,vy=1—-n—x (D =2p)

11 2 1 Ny =2Ny -2 €
= — _Z N, = (4—N), = —
Bsusy (3 3 f— 6 ) f 9e N;

1 T2 — 1] o 1

T Ny STPTL — Wl — 1 ;uﬂ'—?

251 — 82, 252 — 83, 283 — 54— 51C3,. ..
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Relation with integrability in A'=4 SYM

1 T2 — 1] EN: 1

T Ny ST[PT = pTfp— 1] &= p+j —2

m

j=1
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Relation with integrability in A'=4 SYM

1 I[2u — 1] 3 1

T Ny STPTL — W — 1

Solution of the multiploop Baxter equation
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Relation with integrability in A'=4 SYM

N
1 r2u—1 1
"= N ST AT o T
Ny 8T[pPI L = pJllp = 1) & 45 =2
Solution of the multiploop Baxter equation
(u + %)Q(u i)+ (u - %)Q(u )= (u2 S MM+ 1))Q(u)
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Relation with integrability in A'=4 SYM

1 I[2u — 1] 3 1

T Ny STPTL — W — 1

Solution of the multiploop Baxter equation
Do i Notu— i) (a1
(u+ i)Q(u—Fz) + (u - f)Q(u —1i) = (u —3 M(M + 1))Q(u)

vy

—M, M+1, 244
QO(U):3F2< 11 2 u
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Relation with integrability in A'=4 SYM

1 T2 — 1] o 1
M=~ oo > —
Ny 8T[pPI L = pJllp = 1) & 45 =2
Solution of the multiploop Baxter equation [Beccaria, Belitsky, Kotikov, Zieme ‘09]

wt D)+ + (u= D) Q-1 = (v = 1 - M+ 1)) Q)
2 2

2
— L.y
Qo) = 5P M, M +1, 5 tu 1
1,1
— 1.
QP () =ar (M MEA B
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Relation with integrability in A'=4 SYM

Solution of the multiploop Baxter equation

N

s T[2u— 1] 1
T Ny STPTL — W — 1 2 ptj—2

j=1

(v %)Q(UH) + (- %)Q(“ G % — M(M+1))Q(u)
Qo(u):3F2< ~M, Ml—j—i, ) 1>

Qf;O)(u) =4 ( —M, M+1174225, 1 +iu 1)
(aan;m(u))‘ , = Sa(M), (&g f;’)(u))’ T

Vitaly Velizhanin

[Beccaria, Belitsky, Kotikov, Zieme ‘09]
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Relation with integrability in A'=4 SYM

N

s T[2u— 1] 1
T Ny STPTL — W — 1 2 ptj—2

j=1

Solution of the multiploop Baxter equation [Beccaria, Belitsky, Kotikov, Zieme ‘09]

wt Do+ i)+ (u=)0w—10) = (v = X = M +1)) Q)
2 2 2

— ERI
Qo(u):3F2< M, M1+i, 5 +iu 1>
_ R
QY (u) = 3 F ( M, M+11 JE%’ st 1)
(W), = s00), (3P W)| _ = s0n
T2p — 1]

Qs (W) = SFLBT At 1] QY (w), e=2-p
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Relation with integrability in A'=4 SYM

1 T2 — 1] EN: 1

M Ny TP = pTu — 1] & p+j - 2

Solution of the multiploop Baxter equation [Beccaria, Belitsky, Kotikov, Zieme ‘09]

wt Do+ i)+ (u=)0w—10) = (v = X = M +1)) Q)
2 2 2

1 .
Qo(u):3F2< -M, M1+i, 5 +iu 1>
QO ):3F2< —M, M+114225, 1 +iu 1)
(W), = s00), (3P W)| _ = s0n

T2p — 1]

QNf (u) = 8F[M]2F[1 _ M]]‘_‘[M ]Q<O) ( ) €e=2— I

—M, M+1+261, ++iu+6

)

Q1(u) =2 (27005, — 03, — 93,) sF>
il ' ’ o) 1401+ 02 + 63, 1+ 02 — 63 5,20
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Fermionic contribution to anomalous dimension in A'=4 SYM
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