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Quantum Chromodynamics: Wilson twist-2 operators

[Gross, Wilczek '73]Deep Inelastic Scattering

Oqµ1,...,µj = q̄ γµ1
Dµ2

...Dµjq + symmetrisation− traces

Ogµ1,...,µj = Gρµ1Dµ2Dµ3 ...Dµj−1Gρµj + symmetrisation− traces

Operators mix under renormalization

→ Matrix of anomalous dimensions

〈
q̄
∣∣Oqµ1,...,µj

∣∣q〉→ γjqq

〈
g
∣∣Oqµ1,...,µj

∣∣g〉→ γjqg〈
g
∣∣Ogµ1,...,µj

∣∣g〉→ γjgg〈
q̄
∣∣Ogµ1,...,µj

∣∣q〉→ γjgq

Γ =

(
γqq γqg

γgq γgg

)

S1(j) =

j∑
k=1

1

k
= Ψ(1)−Ψ(j + 1)

γqq = 2CF

[
4S1(j)− 3− 2

j(j + 1)

]
γqg = −8TR

j2 + j + 2

j(j + 1)(j + 2)

γgq = −4CF
j2 + j + 2

(j − 1)j(j + 1)
γgg =

[
8CA

(
S1(j)− 1

j(j − 1)
− 1

(j + 1)(j + 2)
− 11

12

)
+

8

3
TR

]
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Quantum Chromodynamics: Wilson twist-2 operators

γqq = CF

[
8S1(j) − 4

j
+

4

j + 1
− 6

]

γqg = TR

[
−8

j
+

16

j + 1
− 16

j + 2

]
γgq = CF

[
− 8

j − 1
+

8

j
− 4

j + 1

]

γgg = CA

[
8S1(j) − 8

j − 1
+

8

j
− 8

j + 1
+

8

j + 2
− 11

12

]
+

8

3
TR

CF = CA TR =
1

2
CA

γqq + γgq = γgg + γqg = CA

[
8S1(j)− 8

j − 1
+

4

j
− 6

]

Dokshitzer relation

Origin:

N = 1 Supersymmetric Yang-Mills theory
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N = 4 SYM theory: One loop

Wilson twist-2 operators:
[Gross, Wilczek '73]

Ogµ1,...,µj = Gaρµ1
Dµ2
Dµ3

...Dµj−1
Gaρµj

Õgµ1,...,µj = Gaρµ1
Dµ2
Dµ3

...Dµj−1
G̃
a

ρµj

Oλµ1,...,µj = λ̄ai γµ1
Dµ2

...Dµjλa, i

Õλµ1,...,µj = λ̄ai γ5γµ1
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Gaρµj Õgµ1,...,µj = Gaρµ1

Dµ2
Dµ3

...Dµj−1
G̃
a

ρµj

Oλµ1,...,µj = λ̄ai γµ1
Dµ2
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...Dµjλa, i Õλµ1,...,µj = λ̄ai γ5γµ1
Dµ2

...Dµjλa, i

Oφµ1,...,µj = φ̄arDµ1
Dµ2

...Dµjφa, r

Anomalous dimension matrix in leading order:
[Lipatov `00]

Γ =

(
γgg γgλ γgφ
γλg γλλ γλφ
γφg γφλ γφφ

)

γ
(0)
gg = −4S1(j) +

4

j − 1
−

4

j
+

4

j + 1
−

4

j + 2
γ
(0)
λg

=
8

j
−

16

j + 1
+

16

j + 2

γ
(0)
φg

=
12

j + 1
−

12

j + 2
γ
(0)
gλ

=
4

j − 1
−

4

j
+

2

j + 1
γ
(0)
λφ

=
8

j
γ
(0)
φλ

=
6

j + 1

γ
(0)
λλ

= −4S1(j) +
4

j
−

4

j + 1
γ
(0)
φφ

= −4S1(j) γ
(0)
gφ

=
4

j − 1
−

4

j

Γ̃ =

(
γ̃gg γ̃gλ

γ̃λg γ̃λλ

)

γ̃
(0)
gg = −4S1(j)−

8

j + 1
+

8

j
γ̃
(0)
λg

= −
8

j
+

16

j + 1

γ̃
(0)
gλ

=
4

j
−

2

j + 1
γ̃
(0)
λλ

= −4S1(j) +
4

j + 1
−

4

j

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N=4 SYM



N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
[Lipatov `00]

Γ(0) =




γ(0)
gg γ(0)

gλ
γ(0)
gφ

γ(0)
λg

γ(0)
λλ

γ(0)
λφ

γ(0)
φg

γ(0)
φλ

γ(0)
φφ


 Γ̃(0) =

(
γ̃(0)
gg γ̃(0)

gλ

γ̃(0)
λg

γ̃(0)
λλ

)

⇓ ⇓


S1(j − 2) 0 0
0 S1(j) 0
0 0 S1(j + 2)




(
S1(j − 1) 0

0 S1(j + 1)

)

Eigenvalues of anomalous dimension matrix are expressed trough

the same function γ
(0)
uni(j + 2) = S1(j) with shifted argument

Origin:

All multiplicatively renormalizable operators in N = 4 SYM theory
belong to the same supermultiplet

OTµ1,...,µj = Ogµ1,...,µj +Oλµ1,...,µj +Oφµ1,...,µj
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
[Lipatov `00]
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


γ(0)
gg γ(0)
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Origin:
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belong to the same supermultiplet

OTµ1,...,µj = Ogµ1,...,µj +Oλµ1,...,µj +Oφµ1,...,µj
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
[Lipatov `00]
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

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)
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the same function γ
(0)
uni(j + 2) = S1(j) with shifted argument

Origin:

All multiplicatively renormalizable operators in N = 4 SYM theory
belong to the same supermultiplet

OTµ1,...,µj = Ogµ1,...,µj +Oλµ1,...,µj +Oφµ1,...,µj
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
[Lipatov `00]

Γ(0) =




γ(0)
gg γ(0)

gλ
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γ(0)
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)
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Origin:

All multiplicatively renormalizable operators in N = 4 SYM theory
belong to the same supermultiplet

OTµ1,...,µj = Ogµ1,...,µj +Oλµ1,...,µj +Oφµ1,...,µj
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
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Origin: All multiplicatively renormalizable operators in N = 4 SYM theory
belong to the same supermultiplet

OTµ1,...,µj = Ogµ1,...,µj +Oλµ1,...,µj +Oφµ1,...,µj
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order:
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Origin: All multiplicatively renormalizable operators in N = 4 SYM theory
belong to the same supermultiplet

OTµ1,...,µj = Ogµ1,...,µj +Oλµ1,...,µj +Oφµ1,...,µj
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Twist-2 in N = 4 SYM: Supermultiplet

Conformal operators: P
(a,b)
n � Jacobi polynomials

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov `03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Oj = X1(i∂+)nP (2j1−1,2j2−1)
n

(↔
D+/∂+

)
X2

∂ ≡
→
∂ +

←
∂

↔
D ≡

→
D −

←
D

Building supermultiplet:

Supersymmetry transformations for N = 4 SYM

T gg, T̄ gg +Ω̄
gq
, −Ωgq T i

[±] , T̄ i
[±] Si

T̄ qq,10 , T qq,10 Ωsq,20
[±] , Ω̄sq,20

[±] Si,15 Ωi
[±] , Ω̄

i
[±]

Oss,20 Õqq,15 P i
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N = 4 SYM theory: Two loops

Γ(1) =




γ(1)
gg γ(1)

gλ
γ(1)
gφ

γ(1)
λg

γ(1)
λλ

γ(1)
λφ

γ(1)
φg

γ(1)
φλ

γ(1)
φφ


 Γ̃(1) =

(
γ̃(1)
gg γ̃(1)

gλ

γ̃(1)
λg

γ̃(1)
λλ

)

⇓ ⇓


γ
(1)
uni(j − 2) Γ21 Γ31

0 γ
(1)
uni(j) Γ32

0 0 γ
(1)
uni(j + 2)




(
γ
(1)
uni(j − 1) Γ̃21

0 γ
(1)
uni(j + 1)

)

In the next-to-leading order (NLO) the matrix will triangle, but again

the eigenvalues are expressed through the same function γ
(1)
uni(j)

γ(j) ≡ γuni(j) = âγ
(0)
uni(j) + â2γ

(1)
uni(j) + â3γ

(2)
uni(j) + ...,

1
8 γ

(1)
uni(j + 2) = (S3(j) + S−3(j))− 2S−2,1(j) + 2S1(j)(S2(j) + S−2(j))

[KLV `03]

Nested harmonic sums (level ` = |a|+ |b|+ |c|+ . . .):

Sa(j) =

j∑

k=1

(sign(a))k

ka
, Sa,b,c,···(j) =

j∑

k=1

(sign(a))k

ka
Sb,c,···(k)
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(2)
uni(j) + ...,

1
8 γ

(1)
uni(j + 2) = (S3(j) + S−3(j))− 2S−2,1(j) + 2S1(j)(S2(j) + S−2(j))

[KLV `03]

Nested harmonic sums (level ` = |a|+ |b|+ |c|+ . . .):

Sa(j) =

j∑

k=1

(sign(a))k

ka
, Sa,b,c,···(j) =

j∑

k=1

(sign(a))k

ka
Sb,c,···(k)

Vitaly Velizhanin Fermionic contribution to AD of twist-2 in N=4 SYM



Two loops: QCD vs. N = 4 SYM theory

Two-loop result in N = 4 SYM theory:

1
8 γ

(1)
uni(j + 2) = −S3(j)− S−3(j) + 2S1,−2(j) + 2S2,1(j) + 2S1,2(j)

[KLV `03]

[A.Kotikov, L.Lipatov arXiv:hep-ph/0112346]

CA = Nc, CF = Nc, nf = 2Nc × 0

Two-loop result in QCD: N± S~m = S~m(N ± 1)

γ(1)+
ns (N) = 4CACF

(
2N+S3 − 17

24
−2S−3 − 28

3
S1 +(N− +N+)

[
151
18

S1 +2S1,−2 − 11
6

S2

])

+4CF nf

(
1
12

+
4
3

S1 − (N− +N+)

[
11
9

S1 − 1
3

S2

])
+4CF

2
(

4S−3 +2S1 +2S2 − 3
8

+N−

[
S2 +2S3

]
− (N− +N+)

[
S1 +4S1,−2 +2S1,2 +2S2,1 +S3

])
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

con�rmation of maximal transcendentality principle [KL `02]

Sa,b,c,···(j) =

j∑

k=1

(sign(a))k

ka
Sb,c,···(k)

Transcendentality: sum of the absolute values of indices |a|+ |b|+ |c|+ ...

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in N = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ` order of perturbative theory is equal to 2`− 1

One loop: S1

Two loops: S3, S−3, S2,1, S1,2, S−2,1, S1,−2, S1,1,1

Using the maximal transcendentality principle we can obtain
the universal anomalous dimension in N = 4 SYM theory
without any calculations from the results obtained in QCD
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt `04]

γ(2)+
ns (N) = 16CACF nf

(
3
2

ζ3 − 5
4

+
10
9

S−3 − 10
9

S3 +
4
3

S1,−2 − 2
3

S−4 +2S1,1 − 25
9

S2 +
257
27

S1 − 2
3

S−3,1 −N+

[
S2,1 − 2

3
S3,1 − 2

3
S4

]
− (N+ −1)

[
23
18

S3 −S2

]
− (N− +N+)

[
S1,1
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt `04]
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Three-loop anomalous dimension in QCD: 10 years
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years
[Moch,Vermaseren,Vogt `04]

Applied maximal transcendentality principle: immediately
[KLOV `04]

1
32 γ

(2)
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N = 4 SYM theory: Integrability

Anomalous dimension of twist-2 operators TrZDµ1
Dµ2

. . .Dµ
j
Z

• All-loop Asymptotic Bethe ansatz (j →∞)

• Wrapping e�ect - Luscher corrections

• TBA-equation, Y-system

• Quantum Spectral Curve

[Minahan, Zarembo, Beisert, Staudacher, V.Kazakov, Frolov, Tseytlin, Arutyunov `02-`05]

[Bajnok and Janik `08]

[Gromov, V.Kazakov, Vieira, Arutyunov, Frolov `09-`11]

[Gromov, V.Kazakov, Leurent, Volin `13]

OK′ = Tr (Z X Z X − Z Z X X)

Wrapping e�ects: | ↓ ↑ ↓ ↑ 〉
N = 4 SYM:
[Fiamberti, Santambrogio, Sieg, Zanon '07]
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Superstring theory:
[Bajnok and Janik '08]

Wrapping diagrams Luscher corrections

QSC results:

• 11-loop Konishi

• 7-loop twist-2 for general j

• NNNLLA BFKL eigenvalue

The result in N=4 SYM theory is the most complicated part
of the corresponding QCD result with CA = Nc and CF = Nc
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Exact results in QCD

Eigenvalue of BFKL kernel [Balitsky, Fadin, Kuraev, Lipatov `75-`79]
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+O(ω0)

[Velizhanin `14]

Leading Nf contribution [Gracey `94]
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Leading Nf contribution in QCD

Calculation of critical indices in 1/Nf expansion [Vasiliev, Pismak, Khonkonen `81]

β(g) = (D − 4)g +

(
2

3
TFNf −

11

6
CA

)
g2 + · · ·

β(gc) = 0 ⇒ gc =
3ε

TFNf
+O

(
1

N2
f

)

Using one-loop integral from Tkachov `81

Skeleton Dyson equations with dressed propagators

0 = ψ−1 + ψ =
A /k(
k2)µ−α

0 = A−1
µν + Aµν =

B gµν(
k2)µ−β

Critical indices: α = µ− 1 + 1/2η and β = 1− η − χ (D = 2µ) [Gracey `91]

η1 =
(µ− 2)(2µ− 1)Γ[2µ]

4 Γ[µ]2Γ[2− µ]Γ[1 + µ]

CF
TF

γq = −a2sCFNf +
5

9
a3sCFN

2
f +
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Leading Nf contribution to anomalous dimension in QCD

[Gracey `93]

0 = A−1
µν + ψ =

A /k(
k2)µ−α

Aµν =
B gµν(
k2)µ−β

Critical indices: α = µ− 1 + 1/2η and β = 1− η − χ (D = 2µ)

Reguralisation: β = β − δ: P
δ

+Q+R ln(p2) +O(δ)
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Leading Nf contribution to anomalous dimension in QCD
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Twist-2 in N = 4 SYM: Supermultiplet

Conformal operators: P
(a,b)
n � Jacobi polynomials

[A.Belitsky, S.Derkachov, G.Korchemsky, A.Manashov `03]
[A.Bukhvostov, G.Frolov, L.Lipatov, E.Kuraev 1985]

Oj = X1(i∂+)nP (2j1−1,2j2−1)
n

(↔
D+/∂+

)
X2

∂ ≡
→
∂ +

←
∂

↔
D ≡

→
D −

←
D

Building supermultiplet:

Supersymmetry transformations for N = 4 SYM

T gg, T̄ gg +Ω̄
gq
, −Ωgq T i

[±] , T̄ i
[±] Si

T̄ qq,10 , T qq,10 Ωsq,20
[±] , Ω̄sq,20

[±] Si,15 Ωi
[±] , Ω̄

i
[±]

Oss,20 Õqq,15 P i
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Fermionic contribution to anomalous dimension in N=4 SYM

8S1 − 8 − 4

N(N + 1)
2× 2

N(N + 1)

0 = A−1
µν + Aµν =

B gµν(
k2)µ−β

0 = φ−1 + ψ =
A /k(
k2)µ−α

φ =
C(

k2)µ−γ

Critical indices: α = µ− 1 + 1/2η, β = 1− η − χ, γ = 1− η − χ (D = 2µ)

βSUSY =

(
11

3
− 2

3
Nf −

1

6
Ns

)

=
(

4−Nf
)
, gc =

ε

Nf

Ns = 2Nf − 2

5 diagrams: 2S1 − S2

2

3
S2 −

10

9
S1 +

3

4
+

11N2 + 5N − 3

N2(N + 1)2

η1 =
1

Nf

Γ[2µ− 1]

8 Γ[µ]2Γ[1− µ]Γ[µ− 1]

N∑
j=1

1

µ+ j − 2

2S1 − S2, 2S2 − S3, 2S3 − S4 − S1ζ3, . . .
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Relation with integrability in N=4 SYM

η1 =
1

Nf

Γ[2µ− 1]

8 Γ[µ]2Γ[1− µ]Γ[µ− 1]

N∑
j=1

1

µ+ j − 2

Solution of the multiploop Baxter equation [Beccaria, Belitsky, Kotikov, Zieme `09](
u+

i

2

)
Q(u+ i) +

(
u− i

2

)
Q(u− i) =

(
u2 − 1

2
−M(M + 1)

)
Q(u)

Q0(u) = 3F2

(
−M, M + 1, 1

2
+ iu

1, 1

∣∣∣∣ 1)
Q

(0)
δ (u) = 3F2

(
−M, M + 1 + 2δ, 1

2
+ iu

1, 1

∣∣∣∣ 1)(
∂δQ

(0)
δ (u)

)∣∣∣
δ=0
⇒ S2(M),

(
∂2
δQ

(0)
δ (u)

)∣∣∣
δ=0
⇒ S3(M)

QNf (u) =
Γ[2µ− 1]

8 Γ[µ]2Γ[1− µ]Γ[µ− 1]
Q

(0)
2−µ(u), ε = 2− µ

Q1(u)= 1
4

(
2γ0∂δ1 − ∂

2
δ2 − ∂

2
δ3

)
3F2

(
−M, M + 1 + 2 δ1,

1
2

+ iu+ δ2

1 + δ1 + δ2 + δ3, 1 + δ2 − δ3

∣∣∣∣∣ 1
)∣∣∣∣∣

δi=0
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