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Fukumura S. et al. Proposal for new measurements of muonic helium
hyperfine structure at J-PARC //EP) Web of Conferences. — EDP Sciences,
2022. -T. 262. - C. 01012.

e New measurement of ground state hyperfine structure
of muon — electron helium atoms. The aim is to increase
precision 1000 times than previous experiments.

Schmidt S. et al. The next generation of laser spectroscopy experiments

using light muonic atoms //Journal of Physics: Conference Series. — |OP
Publishing, 2018. — T. 1138. — Ne. 1. — C. 012010.

® New generation of laser spectroscopy experiments with
muonic atoms and ions by CREMA collaboration.
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Three - Particle Bound State

Bound particles in muon-electron lithium, beryllium, and boron ions have
different masses:

u 1 . 1
me <m, KM= aj~—<KLag~—

0
my, m,

e
The reduced masses of the electron — nucleus and muon — nucleus A7
subsystems are: -
The relative muon and electron
M, = Mme, , M, = Mm,, coordinates are
M+ m, M +m,,

% = [Ty =7l

Xe = |re — Tyl

Xpe = |x” — Xe |
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CS) Three - Particle Bound State

The muon and the nucleus form a quasinucleus, and in the first approximation, the muon-electron ion can be
considered as a two-particle system with Hamiltonian:
S. D. Lakdawala and P. J. Mohr, Phys. Rev. A 29, 1047 (1984).

1 1 Za (Z-1a
Hy=—-——-V?— VZ——— )
ZMM1 ko2M, X, Xe )
a a
AH=——-—,  AH™°=-—V,-V,,  H=Hy+AH+ AH"*° + AH"P + AHS""
Xye Xe M

In the initial approximation, the wave function of three particle system is determined in terms of muon and
electron wave functions:

3 3 3
w2 W22 Wx W x W22 Wx
Y (1) = —— WX W (x) = e‘T(1——), Yo (x) = ——e" 2 Wx (en (2)
150 = 25(0) = 2 2r(0) =2 (en)

The ground state wave function is:

1 3 _
q”lS(x;uxe) = l‘UlS(xu) - Wis(x,) = E(WuWe)Ze WeXe e~ Wuu

W,=M,(Z—-Da, W, =MZa
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Hyperfine Structure Hamiltonian

The hyperfine structure Hamiltonian has the form:

81 8m 8m
h
AHofs = _?ﬂNﬂua(xu) - ?”eﬂu6(xu _ xe) - ?MNﬂea(xe)-

Magnetic moments of nucleus, muon and electron are:

gneé 9guc ge€
= —S , = - , - — S
Un Zmp N ”[,L ZmH u He Zme e
The hyperfine structure Hamiltonian can be presented in the form:
AH)TS = a@(SyS,) — b(S.S,) + E(SxS.),
2ma gnGu ~ _ 2maQ geGy 2TTa gnGe

a = ) , b= 6(x, —x,), = ) :
“T3 m,m,, (%) 3 memy, (% = xe) “T3 m,me (xe)

The contribution to hyperfine structure is determined by matrix elements:

v=<AH}® >=a < (SyS,) > —b < (5,5,) > +c < (SyS,) >
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Ground State Hyperfine Splitting

The hyperfine structure levels correspond to different values of the total spin and the spin of the muon-nucleus subsystem
(Sny =Sy +5,5 =S8+ Sy, Cnun agpa Sy = % The total spin of a three-particle system can take the values § = 31515

//{\/// LSS S S S

The average values of the spin-spin interaction operators can be
calculated using the transformation of the basis wave functions :

e e e i

H,
//r%—ng(b’C) Ysnuss, = ZSNe(—l)Su+SN+Se+s\/(25Nﬂ +1)(Sye + 1)
5=
y gﬂ SSN gxﬂ} Wsress, (8)
. _<;: Aufa) a~ < W oo |SnSu|Wsyss, >
SNSM = %[SJZVI,L — SIZV — S;Zt]' SIZV/JlLPSN,,L,s,sZ > = SNIJ(SNIJ + 1)|IPSN/,L,S,SZ >
s 5-1 " o~ < Wy oo ISuSelWsy, s >
§=3 b~ < qJSeu,s,szlseSuquSeu,s,sz >
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CS) Energy Matrix

The matrix elements of the hyperfine splitting Hamiltonian AHS fs give 4 X 4 matrix, corresponding to different values

Syyand S
[ Pils, Yis, Y35, Yals, \
1 5
LIJl%,SZ —Za——b—zc 0 0 0
5 1 5 V15 /15
Y = Lpl,%,Sz 0 —Za+§b+§c _Tb-l_Tc 0 (9)
Y 3 0 —Eb+Ec Ea+E —gc 0
25,5z 8 8 4 8 8
\ 55, 0 0 0 —a——b+ c/
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CS) Hyperfine Energy Levels

After diagonalizing the matrix, we obtain 4 eigenvalues that determine the energy levels of the hyperfine structure of the
spectrum:

V1<SN;L=1» S=E>=—Za—1b—zC

3 1
Vs, <SNM =1, S = —) = —(—a +b—c—+/16a2 + 4b% + 16¢2 + 4ab — 28ac — 11bc)

2 4
3 1
vs(Swu=2  S=2 =Z(—a+b — c++/16a? + 4b% + 16¢2 + 4ab — 28ac — 11bc)
Sny = 2 S = °) 3 ! b + >
Va|one = & T2) T a7y
Small intervals of the hyperfine structure are represented with good accuracy in the form (a > b, a > c):
v, = ]_3b+15c+0bc Av, = ]_Sb 15c+0bc 10
izl mhl=rg 8 a'a)’ Ve = Vs =Vl =g 8 a'al’ (10)
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CS) Leading Order Contribution

The parameters a, b, and ¢, which determine the levels and intervals of the hyperfine structure, are calculated within
the perturbation theory:

a=apg+af +a;+a;’ +, b=by+bf +bi+bF 4+, c=cotcyt +ci et +

The main contribution to the parameters a, b, and c in the first order of perturbation theory has the form:

2na gng gugn m
ag=—— mﬂ < Wis(xy, %) |6(x,)|Pis(x,, xe) > = vp LIL/I/ 3me
p'"u 4 (_e) p (11)
W,
21 ey 9uJe 21 gnge INGe My
0 — 3 memﬂ<5(xﬂ_xe)>=VF ( ) C0= 3 mpme<6(xe)>=vF 4 m—p
where W, = M, (Z — 1)a, W,=M,Za,vp = 38 — Fermi energy. Gyromagnetic factors of the nucleus gy = g—N,
N
muon g, = 2(1 + K,'M) and electron g, = 2(1 + k,.).
7Li:6.08349 * 10® MHz 7Li:355830.53 MHz 7Li:4422.90 MHz
ao = | 3Be: —5.26948 * 108MHz |, by= | 3Be: 120791.03 MHz |, co=| 3Be: —5397.57 MHz (12)
:1B:23.66123 « 108MHz t'B: 286127.04 MHz t'B: 29216.41 MHz
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Numerical values of intervals of hyperfine structure of muon-electron lithium (ues Li)*, berillium
3+
(ueiBe)?*, boron (pei'B)

(uesLi)* 21731.04(41) 13994.76(41)
(ueiBe)?* 35067.07(1.74) 85539.16(1.74)
(el B)3+ 162228.31(4.68) 123767.56(4.68)

Faustov R. N. et al. Ground-state hyperfine structure of light muon-electron ions //Physical Review A. — 2022. —T.
105. — No. 4. — C. 042816.

Our estimates of hyperfine structure intervals for muon-electron helium atoms are in good agreement
with experimental and theoretical results:

Haw pe3ynbrar Av hfs(ueSHe)=4166.089(29), MHz | Av hfs(,uenge)=4464.504(29), MHz

D. T. Aznabayey, A. K. Bekbaev, and V. I. Korobov, Av hfs(ﬂenge)=4166-39(58): MHz Av hfs('uegHe)=4464,55(60), MHz
Phys. Part. Nucl. Lett. 15, No. 3, 236 (2018).
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The Lamb Shift

2P, 0 The lamb shift in the case of two-particle hydrogenlike muonic
J atoms and ions appears in the leading order due to vacuum
polarization and nuclear structure effects. The leading
contribution has the order a(Za)?.

AE; c(uN) = (Za)?[a;a + aya? + aza(Za) + -+ ]

2Py s

LS

251 /9

When we consider three-particle bound state, lamb shift arises already due to coulomb interaction 4H.
In the case of electronic lamb shift, the general structure has the form:

1 1 Za (Z-1Da
H. = __|72 _ \72 _ _ ’
0 2M, " 2M, ¢ xy Xe
AH = 2.2 AH"®e¢ = i|7 Vv
C Xye Xe o M* e

H = Hy + AH + AH*¢ + AH"? + AHS""
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CS) AH Contribution to Lamb Shift

Lamb shift in three-particle muon — electron 1ons is determined in leading order by matrix elements in first order of

perturbation theory:
a «a
AEM(28) =< ‘st(xﬂ,xe)|AH (x“,xe)|‘1!25(xﬂ,xe) > = fdx“dxe ‘st(x“,xe) (x_ — x_> ‘st(x“,xe) =
ue e
| 8+a; (20 +a;(12 +ay (10 + al)))] W, Z-DM, m, (13)
= e |7y 2+ ay)® M Tw T Tz M, m,

(2 +ay)® —6af — af]]

1|
AEMW(2P) =< W,p(xy, x.)|AH (x, x0)|#Pap (2, x0) > = all, [_Z T 4(2 + ap)®

(14)

Lamb shift in three-particle muon — electron ions is determined in leading order by matrix elements in first order of
perturbation theory:
35.018 GHz, (ueLi)* 02 1098.515 GHz, (uejLi)*
AE, <D = aW, = 165.951 GHz, (uejBe)** | AE, OV = aw, L = {2053.353 GHz, (ne;Be)**
3+ (1 + zal) 11 3+
99.743 GHz, (uei'B) 3099.942 GHz, (ues'B)
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Vacuum Polarization Effects

Effects of vacuum polarization are described by following interaction potentials:

” Z JEZ 10282 +1
M) = 51 | dfp(f)e-zmefxe(—x—Z‘), o) =L éff + D)

(0 ] Z -
AVp(x,) = %j dé p(§)e™2Mes*n (— x_a) AV, (x4e) = %L dE p(&)e~2MeE e <_ xi)

1 n e
In first order of perturbation theory the contributions have the form

(15)

W, m
(D) _ __ Ve e
AE 1 senve = 0, a; = Wu'az = Wu
1.132195393 10°GHz, (ues Li)
= {2.238039356 106 GHz, (uejBe) ; (16)

a
' 13.713166335 105GHz, (uel'B)
0.639 GHz, (uelLi)
(1) _ VVea(Z“) a% _ 9 (17)
AES s onyp = > = 12.852 GHz, (ue;Be) ¢,
| SO 4 (8377 GHz, (uel'B)

(1) _
AEeLS,/,LN vp — 0

.
y

Y

W, a(Za) 1
AE(?S NVP — caZe)
HLSH 187

Y
k
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Vacuum Polarization Effects

W,a?
€Y _ e
AEg s euve = — 3 ai x (18)

2
— a3(—620a3 — 120a$ — 150ma, — 270 a3 + 135wa3 + 30maj) + 30aj(—40 + 5a3 + 2a3) In

2 al - 4 - a%
5+ 4
5a; /4 — a3 az

—1.031 GHz, (ueiLi)
AEP(L?S'W vp =3 —2.736 GHz, (ue;Be) ¢,
—4.795 GHz, (uei'B)

0.212 GHz, (ueiLi)
AESS ouyp =3 0.711 GHz, (uefBe) ¢,
1.670 GHz, (pei'B)
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Nuclear Structure Effects

Effects of vacuum polarization are described by following interaction potentials:

1 Ly WA k? 2
AV (k) = —47TZaﬁ(GE(k2) —-1) = — oz < - zrﬁ + = 1) = gnZar,% (19)
uN 2 2 eN 2 2
. . AVEY = §n(Za)rN6(xu), AVEN = §n(Za)rN6(xe)

In first order of perturbation theory the contributions have the form
—798105.432 GHz, (ueiLi)

(1) (Za)Wﬁ 2 9 (1)
DEy s strun = — g T = | ~2708154.972 Gz, (uezBe) {,  AE, 5o oy =0 (20)
~6164059.905 GHz, (uei'B)
771 -
o CaOwp | 0.028 GHz, (,ue93 Li) .
AEeLS,StT eN — —WT‘N =<-0.134 GHZ, (,UB4B€) , AEeLS,StT UN =0 (21)
> » ~0.369 GHz, (pei'B)
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CS) QED Corrections

There 1s another important contribution, that must be considered: QED correction, that is the main one for hydrogen
atom lamb shift.
Eides M. 1., Grotch H., Shelyuto V. A. Theory of light hydrogenic bound states. — Springer Science & Business
Media, 2007. — T. 222.

i | I | I I ] | |
| 1o oo Lo
| I E L1 + Lo T

% X X . X X X X

al[(Z — Da]* M2 [4 M, 4 10 (22)
AEQED(nS) = T[n?’ mg §ln Me(Z — 1)2a2 — §1n ko(nS) + ?
AE 5 (2P) = alZ - Dal"Mef % (2P) — —¢ (23)
QEDAEE) =T 2| T3 o 6M,
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Numerical values of the contributions to electronic lamb shift in muon — electron ions of lithium (uel Li)™, beryllium
3+
(ueiBe)?*, boron (uei'B)”" in GHz

Dorokhov A.E. et al. Low-lying electron energy levels in three-particle electron-muon ions of Li, Be, and B//Physical
Review A.—2021.-V.103.—Ne.5.—P.052806.

" Conbuton (i) i) | (el

Contribution from AH 34.837 65.684 99.214

Effects of VP 0.306 1.916 6.491
Nuclear structure -0.027 -0.075 -0.184
corrections
QED corrections -14.257 -63.273 -180.004
Summary 20.859 4.252 -74.483
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