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Sasaki-Einstein
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Sasaki-Einstein Spaces

SUGRA in AdS®xSs = 4-d boundary SCFT

Dual to quiver theories

Important properties:

m Riemannian
m Symplectic
m Complex

m Infinite families YP:9 and LP:9"
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Sasaki-Einstein
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Sasaki-Einstein YP-9

Metric of Yp, g with p < q:
11—
ds? = Ty(de + sin*0d¢?) +

q(g)y)(dw ~ cos#d¢)? + w(y)(da + f(y)(dv — cosfdg))?

2(b— 2 _ 2 3 _ 2
w(y) = 2357, aly) = 595520, f(y) = S,

2 a2
b:%+% /4p2 — 3q2

i<y<wym 0<f<m0<op<2r, 0<¢ <2m 0< a<2x/
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Sasaki-Einstein
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Equations of motion

We obtain them using V2® = —E®
Solutions take the following form:

O(y.0, .9, a) = expli(Ps¢ + Pyt + FFa)]O(0) Y (y),
using this ansatz we can separate the variables and obtain:

LYW+ G 555 555 YY) + Q)Y (y) =0

Q(y) is just some rational function of y.
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Heun equation
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Heun equation

This equation looks like Heun, but not quite. So we change
variables:

and rescale our equation:
Y(y) =z"(z = 1)"(z — t)*h(2)

This way we can obtain the canonical form of the Heun equation:

di,/;(zz) + (Z*Z d e t> dlZ/(zZ) * (z(za—ﬁf)(_zk— t)> (z) =0
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Heun equation
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Parameters

The parameters of our Heun are connected to the geometry
parameters as follows:

a=-A+Y,q;, =2+1+;q,

a1 =23[Pa(p+q— %) — Qrl, a2 = £3[Pa(p— g+ %) + QR]
_2 2+ 2+ 4 273 2

a3 = £3[Po(—EH Z” P8 1) — QR

y=14+2||ul, 0 =1+2|az|, e=14 a3, k=

(||a1||+||a3||)(||0<1H+||0t3||+1)—HC¥2||2+1“((||041H+||0<2H)(||041H+||042H+1)—||a3||2) —fi

t:1(1+\ﬁ1p2—3q2>

2 q
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Isomonodromic Deformation
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Schlesinger system

Let us consider the linearized form of our equation:

M) — (A y Ay A (z)

Tr( ) - euv A = —Ap — A1 — Ay,
For our system to be m-inv. dyh(z) = A;h(z)dt;,
And A must satisfy dy,(A;dy;) = (Aid,) A (Ajdy)
This allows us to derive the Schlesinger equations:
A; .
= [Ai (L= 05) 575 + 05 D2 a,Af'aj]
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Isomonodromic Deformation
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EMEYERY

We effectively have a symplectic structure on each submanifold:
dr _ du _ _ df dg _ df dg

=\ F={Hu {f.el=0a o

Deformed Heun has the form:

h/ll(Z) — (TI‘A + 82 In A12) hll(Z) + (detA — Alll + An(’)z In A12)h1(z) =0
Hamiltonian and p can be expressed as:

H; = —Res; ,+,q(z), pi = A11(\i) = Res,_,,q(z)
Using these we can obtain the Painleve VI:

1/1 1 1 1 1 1
" _ - = 12 - /
)‘(t)_z(A+>\ 1= t))\ (t+t—1+)\ >/\

n AN — 1)()\1)—2 t) ((600 _qye 03t  03(t—1) (0 = 1)e(e - 1))

2t2(t — X (A—1)2 (A —t)2
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Isomonodromic Deformation
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Some geometric intuition

1l Bessel

/ N

VI Gauss — V Kummer 1l Airy — | None

N /

IV Hermite-Weber

D ion of Painleve ions [Chekhov, Mazzocco, Rubtsov, '15]
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Isomonodromic Deformation
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Theory " matching”

—1)2

t 12 A t A—1

¥P9 ——» GHE ——F—» FVI

T ——» CHE ——» py

By comparing the coefficients of PV, we can establish
what are the conditions for Y9 and T1! to be equivalent
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Results and Outlooks
©000

Results

PVI describes the flow geometric parameters

[
m Non-integrability of YP9 and PVI non-integrability?
m Cofluent Heun/PVI encode changes in geometry

[

Conditions for algebraic equivalence
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Results and Outlooks
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Outlooks

m Black hole backgrounds - equivalence/embedding of theories
m Scattering, S-matrices and Quasinormal modes

m Spectral curves and Seiberg-Witten curves
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Thank you!
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