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The general procedure for including Stueckelberg fields with reducible
gauge symmetry allows us to construct higher derivative dual formu-
lations for the same spin. By the choice of gauge fixing conditions in
the Stueckelberg action, we can switch between them.

Reducible Stueckelberg symmetry

Involutive closure:

∂iS(ϕ) = 0 , τα(ϕ) = 0 . (1)

Gauge identities:

Γα
i(ϕ)∂iS(ϕ) + τα(ϕ) ≡ 0 . (2)

Identities between τα(ϕ):

ZA
α(ϕ)τα(ϕ) ≡ 0 ; Z1A1

A(ϕ)ZA
α(ϕ) ≡ 0 . (3)

Stueckelberg action:

SSt(ϕ, ξ) =
∑
k

Sk , S0(ϕ) = S(ϕ) ,

Sk(ϕ, ξ) = Wα1...αk(ϕ)ξ
α1 . . . ξαk , k > 0 ,

(4)

where the first order on Stueckelberg fields is defined by

Wα(ϕ) =
δSSt
δξα

∣∣∣
ξ=0

= τα(ϕ) . (5)

Stueckelberg action is gauge-invariant,

δϵSSt(ϕ, ξ) ≡ 0 , ∀ ϵα , ϵA . (6)

Reducible gauge symmetry transformations:

δϵϕ
i = Γiαϵ

α + . . . , δϵξ
α = ϵα + Zα

Aϵ
A + . . . ; (7)

δωϵ
α = Zα

Aω
A + . . . , δωϵ

A = −ωA + Z1
A
A1
ωA1 ; (8)

δηω
A = Z1

A
A1
ηA1 + . . . ; δηω

A1 = ηA1 + . . . . (9)

Massive spin 1

Proca model in d = 4 Minkowski space:

L = − 1

4
FµνF

µν +
m2

2
AµA

µ , Fµν = ∂µAν − ∂νAµ . (10)

Involutive closure:

□Aµ − ∂µ∂
νAν +m2Aµ = 0 ;

τ ≡ m2∂µA
µ = 0 ; τµν ≡ 1

2
(□ +m2)Fµν = 0 .

(11)

Stueckelberg action:

SSt = − 1

2

∫
d4x

[
∂µAνF

µν + ∂µ∂
λξνλ(∂

µ∂ρξ
νρ + 2∂µAν)

−m2((AµA
µ + ∂µξ∂

µξ + ∂νξµν∂λξ
µλ) + 2Aµ(∂

µξ + ∂νξ
µν)

)]
.

Reducible gauge symmetry transformations:

δϵA
µ = − ∂µϵ− ∂νϵ

µν , δϵξ = ϵ , δϵξ
µν = ϵµν + εµνλρ∂λϵρ ;

δωϵ = 0 , δωϵ
µ = −ωµ − ∂µω ; δηω = η , δηω

µ = − ∂µη .
(12)

Gauge-fixing
• ξ = 0 , ξµν = 0 :

□Aµ − ∂µ∂
νAν +m2Aµ = 0 ; (13)

• ξ = 0 , Aµ = 0 , εµνλρ∂
νξλρ = 0 ;

(□ +m2)∂νξµν = 0 . (14)

Massive spin 2

Massive linearized gravity in d = 4 Minkowski space:

L =
1

2

(
h□h− 2hµν∂µ∂νh− hµν□hµν + 2hµν∂ν∂

λhµλ

−m2(hµνhµν − h2)
)
, h = ηµνh

µν .
(15)

Involutive closure:

(□ +m2)hµν = 0 ; ∂νhµν = 0 ; h = 0 . (16)

Dual formulation:

(□ +m2)∂λ∂ρξµνλρ = 0 . (17)

The equations are gauge-invariant under reducible gauge symmetry
transformations with parameters

→ →

Massless spin 2

Einstein linearized gravity in d = 4 Minkowski space:

L =
1

4

(
∂µhνλ∂

µhνλ+2∂µh∂νhµν− 2∂µhνλ∂λhµν−∂µh∂
µh

)
. (18)

Dual formulation:

∂λ
[
∂(µ∂

ρHν)λρ −□Hµνλ − ηαβ
(
∂µ∂ν −□

)
Hαβλ

]
= 0 . (19)

The equations are gauge-invariant under reducible gauge symmetry
transformations with parameters

→ →

Degrees of freedom (DoF) count

NDoF =
1

2

∑
n

n
(
tn −

∑
m

(−1)m(lmn + rmn )
)
, (20)

where tn is the number of equations of order n, and lmn and rmn are
the numbers of gauge identities and gauge symmetries of total order
n and order of reducibility m, respectively.

• for massive spin 2 t4 = 9, l05 = 4, r02 = 9, r13 = 4:

NDoF =
1

2

(
4 · 9− 5 · 4− 2 · 9 + 3 · 4

)
= 5

• for massless spin 2 t3 = 9, l04 = 4, r01 = 15, r12 = 4:

NDoF =
1

2

(
3 · 9− 4 · 4− 1 · 15 + 2 · 4

)
= 2
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