On thermodynamics of rigid rotors in the field of

Introduction

The thermodynamics and statistical mechanics of rotat-
ing system is studied since the works of Maxwell [1]. The
fundamental result in the area is the Gibbs distribution for
rotating system [2],
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Here, E is the internal energy, | is the total angular mo-
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mentum, [ is the temperature, and k is the Boltzmann
constant. Both the energy and total angular momentum
are supposed to be the function of microscopic state I'.
The quantity Zy denotes the partition function, dI" stands
for elementary volume element of phase-space. In its own
turn, the partition function determines the thermodynamic
potential and thermodynamics of the system. The phe-
nomena caused by interaction of proper angular momenta
of particles and macroscopic rotation sometimes called the
chiral effects [3]. The total angular momentum ] of each
particle in the system is given by the sum of orbital and
spin angular momentum. The most interesting case has
the place when the particle obey a nonzero spin angular
momentum. Nevertheless, the formula admits considera-
tion of systems with the orbital angular momentum, for
example systems of rigid rotors. The macroscopic rotation
excites the rotational degrees of freedom if the product of
angular velocity w and the momentum of inertia of the

particle I is at least of order of the Planck constant h,
wl > h. (3)

For small molecules, this inequality requires very high
angular velocities of order 10’ and higher. For heavy
molecules such as fullerennes inequality can be satisfied
at much lower angular velocities in the range 10°-10° rpm
due to their bigger inertia momentum. Such angular ve-
locities accessible with the modern technologies. The aim
of the current research is to study the thermodynamics and
statistical mechanics and thermodynamics of rigid rotors.
We restrict ourselves with the high-temperature expansion

for simplicity reasons.

Results and discussions

We consider the statistical mechanics of a single quantum
symmetrical rigid rotor with the temperature O that ro-
rates with constant angular velocity w around the z-axis
of a Cartesian coordinate system. The momenta of inertia
of the system with respect to the main axes are denoted
by Iy, I, I.. As the rotor is symmetric, without loss of
generality we assume I, = I,. The microscopic state of
rotational degrees of freedom of the system is described
by the set of quantum numbers 1, k, m subjected to con-

ditions

1=0,1,...; kkm=—L—-1+1,....,1—1,1. (4)

In the state with quantum numbers 1, k, m, the kinetic

(and total) energy Exm of rotor and the projection of an-
gular momentum J, onto z-axis read
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On substituting these expressions into the Gibbs distribu-

tion, we obtain
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The partition function Zj for the rotor has the following

form:
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The partition function determines the thermodynamic po-
tential of a single rotor (per rotor) ® = U — 0S — w] by

the rule
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The thermodynamic potential determines the entropy, and

angular momentum by the rule
d® = —-S§d0 — Jdw. (9)

The entropy and angular momentum of the system are
determined as the derivatives of the function @,
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We are interested in the high temperature expansion of
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the partition function.
We estimate (7) the sum over the indices 1, m, k by the
integral as follows (only leading and sub-leading orders are

written out):
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The high-temperature expansion of the partition function
(7) reads
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Here, the common factor is the partition function of clas-
sical rotor in absence of macroscopic rotation, while the
expression in bracket accounts quantum and rotational

corrections. The first line terms determines the quantum

correction to the partition function of non-rotating classi-
cal rotor. The second line correction accounts rotational
contributions. The leading rotational term is classical be-
cause does not include the Planck constant. As we see,
the first rotational correction is determined by the average

momentum of inertia,
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The result has simple explanation. In the weakly rotating
system, an orientation of main axis of inertia is almost
chaotic. Thus formula (13) involves contributions of each
axis of inertia on equal basis.

The high-temperature expansion of the thermodynamic

potential (8) reads
83121,

21, + 1,)2 = 2(212 + 12
O =—0ln g pe. (2ot 1) = 22k 4 1)

241,21,
21, + 1,
2. 6+ Fo(1).

—W

(14)

(the contributions that are proportional to the negative
powers of O are not included). The internal energy, en-

tropy, and angular momentum have the following form:
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As is seen, the internal energy increases with the growth
of angular velocity w. As for the entropy S, it does not

depend on angular velocity. The happens because we took
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into account first non-trivial correction to the thermody-

namic potential. In next order of perturbation theory, the

entropy of the system depends on angular velocity. In the

4_contributions,

classical limit it is determined by the w
while in the quantum case w2h%-terms are important.
The angular momentum ] linearly grows with spin. The
latter relation has the sense of equation of state (the tem-
perature is involved in higher order corrections). Our re-
sult shows that the rotational degree of freedom can be
involved in interaction with the thermal degree of freedom.
n particular, it is possible to consider the thermodynamic

processes in rotating systems of rotors.

t is interesting to study the heat capacities of at constant

angular velocity and and constant angular momentum. To

solve the problem, we need next-order correction to the

thermodynamic potential. It is convenient to express the

result via the symmetric combinations of inertia momenta,
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The dots denote contributions given in equation (14). In

approximation (19), we get
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For the heat capacity at constant angular momentum, we

find

dw) (9]}
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Figure 1 shows the heat capacity C,, at constant angular
velocity.
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Figure 1: Heat capacity C, for I,/I, = 2.
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