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Motivation

Formation of primordial black holes (PBH):

I PBH are non-particle candidates of dark matter, as well as candidates
for gravitational wave events. Also they constraint other dark matter
models.

I Our aim is to get a single-field model that describes the formation
of primordial black holes and keeps successes of inflation and the
standard cosmology.

What inflation model should we consider for it?

I The Starobinsky model (1980) perfectly fits current observations of
the CMB radiation, but does not lead to PBH production, so we
should consider more general inflation model.

I We need model with double inflation for large scalar perturbations
collapsing to PBH later.
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Starobinsky model

Current precision measurements of the CMB spectral tilt ns of scalar
perturbations and tensor-to-scalar ratio r :

nS = 0.9649± 0.0042 (68% C.L.) ;

r < 0.0036 (95% C.L.) .
(1)

Up to an uncertainty in the duration of inflation measured by the
number of e-folds:

rs ≈
12

N2
e

, where Ne =

∫ tend

tin

H(t)dt , (2)

with H(t) being the Hubble function, and Ne is expected at 55± 10 .

This estimate comes from the predicted value of ns in the Starobinsky
model via the Mukhanov-Chibisov formula

ns ≈ 1− 2

Ne
. (3)
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The scalar potential of the canonical inflaton field φ in the Starobin-
sky model reads

VS(φ) =
3

4
M2

PLM
2(1− yS)2 , (4)

where we introduce the dimensionless field

yS = exp
(
−
√

2

3

φ

MPL

)
. (5)

Here, MPl ∼ 1018 GeV is the Planck mass, and M ∼ 10−5MPl.

The E-model is simple generalisation of Starobinsky model with a
new variable

y = exp
(
−
√

2

3α

φ

MPL

)
. (6)

It leads to significantly change of the tilt r ,

r ≈ 12α

N2
e

. (7)
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The inflationary observables for CMB will be essentially the same
after a generalization of the scalar potential to

V (φ) =
3

4
M2

PLM
2
[
1− y + y2ζ(y)

]2
, (8)

where ζ(y) is a function regular at y = 0.

An opportunity of changing the inflaton potential by arbitrary func-
tion ζ(y) can be exploited in order to generate PBH.

Technically, the PBH production can be engineered by demanding a near-
inflection point in the potential within the double inflation scenario.

The PBHs formation in the very early Universe should lead to a
stochastic background of gravitational waves (GW) at present.

The frequency of those GW can be estimated as

fGW ≈
(MPBH

1016g

)−1/2
Hz . (9)
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The model

Let us consider the following potential of the canonical inflaton φ:

V (φ) =
3

4
M2

PLM
2
[
1− y + y2(β − γy)

]2
, (10)

where

y = exp

(
−
√

2

3α

φ+ φ0
MPL

)
; (11)

β =
1

1− ξ2
exp

(√ 2

3α

φi + φ0
MPL

)
, γ =

1

3(1− ξ2)
exp

(
2

√
2

3α

φi + φ0
MPL

)
.

If ξ = 0, V has an inflection point at φi , and if 0<ξ � 1, V has a local
minimum and maximum,

y±ext = yi (1± ξ) . (12)
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The shape of potential V (φ) for selected values of inflaton field φ:
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Figure: 1
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The (running) number of e-folds in the slow-roll approximation:

Ne =

tend∫
t

H(t)dt ≈ 1

M2
PL

φ∫
φend

V (φ)

V ′(φ)
dφ . (13)

The standard slow-roll parameters:

ε =
M2

PL

2

(V ′(φ)

V (φ)

)2
, η = M2

PL

V ′′(φ)

V (φ)
. (14)

It yields

ns = 1 + 2η − 6ε = 1− 2

Ne
+ a

3 lnNe

2N2
e

+
b

N2
e

, and r =
12α

N2
e

, (15)

where

a = α
[
1− 2 exp

(√ 2

3α

φi
MPL

)]
,

b =
α

2

{[
1− 2 exp

(√ 2

3α

φi
MPL

)]
ln

4

3α
− 3
}
.

(16)
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Double inflation
The equations of motion are given by

φ̈+ 3Hφ̇+ V ′(φ) = 0 ;

H2 =
1

3M2
Pl

(1

2
φ̇2 + V (φ)

)
;

Ḣ = − 1

2M2
Pl

φ̇2 ,

(17)

where φin + φ0 = φ(0) = 5.938 ·MPl , φ′(0) = 0.
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Power spectrum of perturbations and PBH masses
The standard formula for the power spectrum of scalar perturbations
in the slow-roll approximation:

PR(t) =
H2(t)

8M2
Plπ

2ε(t)
, ε(t) = − Ḣ

H2
, k = aH = ȧ . (18)

Figure: 3
Daniel Frolovsky AYSS–2022 11 / 13



MPBH '
M2

Pl

H(tpeak)
exp

[
2(Ntotal − Npeak) +

∫ tend

tpeak

ε(t)H(t)dt

]
(19)

ns r α ξ φi + φ0 ∆N MPBH

0,95452 0,00307 0,5 0,0102 0,606 20,62 1, 06 · 1019 g
0,95491 0,00360 0,6 0,0106 0,633 20,93 1, 04 · 1019 g
0,95658 0,00409 0,74 0,0122 0,664 18,76 1, 89 · 1017 g
0,95672 0,00439 0,8 0,0115 0,677 19,23 7, 75 · 1017 g
0,95650 0,00496 0,9 0,0111 0,696 18,99 8, 84 · 1017 g

The values of ns > 0.9565 are in good agreement with CMB observations
at the 95% C.L.

The values of the tensor-to scalar ratio r are well inside the current obser-

vational bound.
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Conclusion

I We modified the scalar potential of single-field E-models for double
inflation and PBH production.

I The PBH can have masses 1017−1019 g, so that they can also survive
in the present universe and may form part of cold dark matter (CDM).

I Our results agree with the current measurements of cosmic microwave
background radiation but require fine-tuning of the parameters.

I GW from PBH formation may be detectable by the future space-
based gravitational interferometers such as LISA, TAIJI, TianQin and
DECIGO.

THANK YOU FOR YOUR ATTENTION!
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