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Prove or disprove the existence of U-dualities in 10
dimensional string theory compactified to 4 dimensions.
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m Bosonic string action (String sigma or Polyakov) -
T
L=— /\/—hho‘ﬁaaX{?BX o (1)

m Bosonic string is embedded in 25 dimensions.

m Compactify last dimension -
X?(o +m,7) = X?®(0,7) + 2rRW. W - winding number.

m Expanding X?® with boundary condition above -
X% = x? 4 2a/p®r 4+ 2RWo (2)

m As evident - X?® compact = momentum p?® quantized.
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m Therefore, p?® = & K € Z

m A few calculations show that - (N, and Ng some numbers)
K WR
oM = o [(ﬁf + (—,)2] LN +2Ne—4  (3)
a

m T-duality: W<+ K, R+»R=%
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m For right moving modes of toroidally compactified bosonic
string. Then these strings follow the equations -

(Lo — 1) |) = (Lo — 1) |¥) (4)
m Reduced to mass shell conditions -

M 1 1
= = 5GulpLpl) + N — 1= EGIJ(Pf'?Pé) +Ng—1 (5)

8 2
m Here momenta p; and pg are given by -

1
pl=w'+ G’J(EKJ — B Wk

1
pr=—-W'+ GU(§KJ — Bxw")
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Adding and subtracting -

e — (wi)6 (%) (6)

c1_ (2(@ — BG™!B) BG—1>

u _ G-1
-GBS
m For T-duality, R <= R is equivalent to inversion symmetry:
W' Ky, G Gt (7)
m Shift symmetry:
N
By — By +— K/—>K/+NUW (8)

Inversion + Shift: (Generates O(n,n) group)

A: AT <1On 10”> A= <10n 10> (9)
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Typel

S0(32) heterotic

|

EsxEs heterotic

M-theory

Type IIA

Type IIB

Figure: M-theory (taken from Wikipedia)
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m Generalise T-duality to Type 2 strings.
m Compactify Type 2 String to n dimensions E, , group

symmetry. (Symmetry of corresponding SUGRA from
compactification)

m E, , - Exceptional Group. For n=4:

Enn = SL(5;R) (10)

m Note that U-duality encapsulates T-duality since:

SO(n—1,n—1;Z) C Ex(Z) (11)

, where E,(Z) is a maximal discrete subgroup of Ej, .

m U-duality = T-duality + S-duality (T-duality type transform

but for string coupling factor - g :) ).
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T-duality - O(d,d) , U-duality - SL(5) (for d=4)
o = span(Tag) — generators

We let o C s/(5) @ RT - we need SL(5) symmetry
eagcpe - 5d SL invariant:  €ABPET 5 Tep =0

Tas5, a=1,...,4, antisymmetrisation of T,, - 6 more
generators: 10d Algebra

Assume [Tag, Tcep] = éFAB,CDGH TeH (7d max-gauged
SUGRA analogy)

Structure constants - "
Fag,cp® = 4FAB,[C[G5D]

Fag,cP = teapcenZ®MP + %5[2\531c + %5[aTB]C + 1627a8

m 7 -antisymmetric, S - symmetric, ZIABCl — ¢
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m Leibniz Identity:
G G _
2F 4, asrcF D] w — FagcFépn + FignFépe =0

= Decompose f into trace and traceless part -
—abc

— fd abce(Sd — 2Tde) + 6[b a]7 a - abb
535 = §I + ‘TaSa 7-ab5 - faba 555 =0
m Choose - Tabc =0, T? b5 = %Tab, be T[ab5c]

m Now we can write the final structure constraints explicitly.
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Oftaley” HTafi ™ 3" e =0 (12
Bibliography ?Cabclb = 0 (13)
References ?Cabc,rb5 =0 (14)
- 2.
fafbde + §fj”de =0 (15)
'f;:abg?gdef - 3?Cg[de?gf]ab -0 (16)

Put L = Z, = Taogle

\ Moty _
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6F " + FhpFede + 2F5 2,y = 0 (17)
- G R
fabe(3Z, + ) =0 (19)
fafbde 2f2bdz, =0 (20)
fcabgfgdef . 3fcg[deg']ab -0 (21)

These are the final equations used for classification.

\ Moty _
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m Start with Lie Algebras classified into non-isomorphic classes.

m Write down structure constants of g (the base Lie Algebra)

m Solve the above set of constraints to find structure constants
of g

m All calculations done in the ecosystem of Wolfram
Mathematica
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Some Results
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EDA )[BT =T | fu' =1 a) f,
1
BT =T, | fu=1 juzs, ST TR
e 2
Classification of (7 Il,lm i
ot = 1= 1)
4d EDA N 2154,
b) f1Hy = 1y, fy
Finding Q f:m2 :f‘r Y{m‘
U-Dualities d) f12e, = fy =
2) [, T] R ,
- =B =1 . . N
Bibliography (15, 13) f’; ﬁa 7 a) =1 (,fm_& _ zﬁfua_&)
M) =Tyem, Rl BS
References b) 1, — G0
3) [TLT) = T, N
w T:] - T, Pt =1 ft = a) o, = 37,
YN =0 f' =1 Lt =1,
[T =T+T | for = 1, fud = 1, | a) % =—fi%
1

(75,73 =T+ Ty | f3 =
5) [, T = ATy
[T, Ts] = BT: | fi' = A, f* = B,
[Ty = CTy | fu’=C

ABC #0

Fiar _ (-24-2B4C)]1%,
) o, = Bi0)f

Fi31 _ —(-244B-20)f8,
b) fi¥ = B
Fasa _ (A-2v-20)73,
o) [P = )

Figure: Some of the 4d EDA
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m Finding Dualities = Finding Classes isomorphic under SL(5):
Th=MEoTE o (M 1)E (22)

m Brute Force: Very big computational space — Use invariants.
m Killing Form to rescue: Generalizes to EDA as : (in form of a
2-matrix)
k= FADEFIED (23)
m We seek the signature of this form to divide all algebras into
smaller subclasses.

m Within these subclasses — find SL(5) isomorphisms by brute
force.
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