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Abstract—In the paper, the results of the study of ferromagnetic resonance in a ϕ0 junction, in which the
phase difference couples directly to the magnetic moment of the barrier, are presented. We have calculated
current–voltage characteristics, average superconducting current dependences on the bias current and volt-
age, and dependences of the maximum amplitude of the magnetization components on the applied voltage
at different parameters of spin–orbit coupling. We show the emergence of a constant component of a super-
conducting current as the effect of coupling between the magnetization and the spin–orbit interaction, and
we clarify the role of the coupling in the transformations of current-voltage characteristics occurring in the
resonance region. The results presented can be used to develop new resonance techniques for determining the
spin–orbit coupling parameter in noncentrosymmetric materials.
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INTRODUCTION
Recently, the models describing the interaction of

the superconducting current and the magnetic
moment in structures of the “superconductor–ferro-
magnet–superconductor” type, which are important
for a number of problems of superconducting spin-
tronics, have been attracting great attention [1–4]. As
mentioned in [1], the spintronic research helped to
understand fundamental spin-dependent phenomena
and to develop applications for new computer technol-
ogies. In particular, controlling the magnetic state by
superconductivity provides new opportunities for the
development of ultrafast cryogenic memory.

The relationship between the Josephson current
and magnetization may be due to various causes.
Thus, the Rashba-type spin–orbit coupling in a ferro-
magnet with the broken symmetry of inversion leads to
a phase shift in the Josephson junction proportional to
the magnetic moment in the barrier. Consequently,
the so-called ϕ0 junction appears, in which the phase
difference couples directly to the magnetic moment of
the barrier [5, 6], which determines the unique possi-
bilities to control the barrier magnetic properties by
the superconducting current and, in turn, the possibil-
ity to influence the Josephson current by the barrier
magnetic moment [1–11]. In [3, 6], the authors
reported a possibility of reorientation of easy magneti-
zation axis in the presence of spin–orbit coupling.
Assuming that the easy axis is initially directed along
the  axis, they showed that when the superconducting

current was applied, magnetization acquired a certain
stable orientation directed between the  and  axes
depending on the system parameters. The results
obtained provide a possibility to develop an efficient
method of determining the values of spin–orbit cou-
pling in ferromagnetic metals.

The Josephson ϕ0 junction with the current-phase
relation, in which the phase shift is proportional to the
magnetic moment perpendicular to the asymmetric
spin–orbit potential gradient, displays some unique
properties important for superconducting spintronics
and modern information technologies. In Ref. [12],
we showed that the variation of the current along the
current–voltage characteristic (CVC) of the ϕ0 junc-
tion could lead to both regular and chaotic magnetiza-
tion dynamics with different specific phase trajectories.
Their origin is due to the direct relationship between the
magnetic moment and the Josephson current that
emerges in these junctions, and the ferromagnetic reso-
nance (FMR), in which the Josephson frequency coin-
cides with the ferromagnetic frequency. It was also
shown that the external electromagnetic field could be
used to control the magnetic moment dynamics within
the current interval corresponding to the Shapiro step,
and to make topological transformations of particular
precession trajectories. One of the remarkable effects
occurring in the ϕ0 junction is the emergence of a time
independent component of superconducting current
[6], which is stipulated by the relation between the
magnetization and the spin–orbit coupling.z
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In Ref. [13], the magnetic moment reversal in the
Josephson φ0 junction was studied. Based on the
results of the numerical simulation of the magnetic
moment component dynamics under the action of a
current pulse signal, the full reversal of the magnetic
moment was shown at different parameters of the
Josephson junction and the signal parameters. The
detailed results on the intervals of the dissipation
parameter , ratios between the Josephson energy and
the magnetic field energy , and the spin–orbit cou-
pling parameter  with the full reversal of the magnetic
moment were obtained. The periodic reversal was
observed intervals with the increase of the ratio
between the Josephson energy and the magnetic
energy.

In this paper, we investigate the effect of the cou-
pling between the magnetization and the spin–orbit
interaction on the phase dynamics, and the features of
the ferromagnetic resonance in the ϕ0 junction. Based
on precision numerical calculations, the manifesta-
tion of ferromagnetic resonance is shown in the CVC
of the ϕ0 junction and in the average superconducting
current dependence on the bias current, maximum
amplitude  dependence on the average voltage,
and dependences of maximum and minimum values
of the amplitude  on the bias current. We show that
consideration of the Gilbert damping leads to the con-
stant contribution to the Josephson current. This con-
tribution depends on the spin–orbit coupling  and
the ratio between the Josephson energy and the mag-
netic energy  and is absent at . The presence of
this constant Josephson current at the constant voltage

 applied to the junction means the presence of the
dissipative mode, which provides an opportunity for
its experimental detection.

1. MODEL

In the Josephson junctions with a thin ferromag-
netic layer (F-layer) the superconducting phase differ-
ence and magnetization of the -layer are two related
dynamic variables. The system of equations describing
the dynamics of these variables follows from the Lan-
dau–Lifshitz–Gilbert (LLG) equation and the
Josephson relations for the phase difference and the
current. In particular, the magnetization dynamics in
our system is described by the Landau–Lifshitz–Gil-
bert equation with the effective field depending on the
phase difference

(1)

where  is the gyromagnetic ratio;  is the phenome-
nological dissipation parameter;  is the phase differ-
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ence between the superconductors along the junction;
, ,  is the anisotropy con-

stant,  is the volume of the  layer,  is the
spin–orbit coupling parameter;  characterizes
the spin–orbit coupling intensity;  is the Fermi
velocity; ,  is the length of the  layer;
and  denotes the exchange field in the ferromagnetic
layer.

Based on the equations for the Josephson junction
and magnetic system, we can rewrite the complete sys-
tem of equations (used in our numerical calculations)
in the normalized units:

(2)

where  is the McCumber parameter;
 for ; and  with the

ferromagnetic resonance parameter  and
the characteristic frequency . Here the
time is normalized to , the external current  is
normalized to , and the voltage  is normalized to

. This system of equations is solved numeri-
cally by the Runge–Kutta method of fourth order, and

,  and  are determined as the functions of
time and external current . After the averaging proce-
dure [14, 15], the current–voltage characteristic is cal-
culated at the fixed parameters of the system [12]. In
order to follow the estimations presented in [6] for the
parameter  that is determined by the values of the
spin–orbit coupling and the exchange field, we use
the values from  to  for  in our calculations.

2. RESULTS 
OF NUMERICAL CALCULATIONS

Based on the solutions of the system of equations (2),
the dynamics of the magnetization component was
determined and the CVC of the ϕ0 junction was calcu-
lated. The calculation parameters are presented in
Fig. 1. For each value of the bias current, we determined
the maximum and minimum values of the magnetization
components, in particular,  and . In Fig. 1a,

0M = M ( )JG E K= / 9 K
9 F /so Fr l= v v

/so Fv v

Fv

4 / Fl hL= v� L F
h

2

2

2
2

2 2

2

2 2

{ sin( )
1

[ sin( )]},

{ [
1

( )sin( )]},

{ sin( )
1

[ sin( ) ( )]},

1 sin( )

F
y z z yx

x z x y y

F
x z y zy

z x y

F
x yz

y z y z x y

y
y

c

m m Grm rmm

m m Grm m rm

m m m mm

Gr m m rm

Grm gj rmm

Grm m rm m m m
dmdV I V r rm

dt dt

ω= − + ϕ −
+ α

− α + ϕ −
ω= − α
+ α

− + ϕ −
ω= − −
+ α

− α ϕ − − +
⎡= − + − ϕ −⎢β ⎣

�

�

�

, ,d V
dt

⎤ ϕ =⎥⎦

22 /c ceI CRβ = �

0/i im M M= i x y z= , , /F F cω = Ω ω
0/F K MΩ = γ

2 /c ceRIω = �

1
c
−ω I

cI V
c cV I R=

( )im t ( )V t ( )tϕ
I

r

0 1. 1 r

max
ym min

ym
4  2020



818 SHUKRINOV, RAHMONOV

Fig. 1. (a) Manifestation of the ferromagnetic resonance in the CVC of the ϕ0 junction and (b) average superconducting current

as a function of the bias current. Maximum amplitude  dependence on the average voltage is shown in the insert; the reso-
nance peak is observed; and (c) dependences of the maximum and minimum values of the  amplitude on the bias current.
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the CVC of the Josephson ϕ0 junction is presented
showing the specific behavior near the point where the
Josephson frequency coincides with the ferromagnetic
frequency, i.e., in the region of ferromagnetic reso-
nance. The dependence of the average value of super-
conducting current on the value of bias current pre-
sented in Fig. 1b also displays a ferromagnetic reso-
nance in the form of maxima at I = 0.5. The
ferromagnetic resonance is clearly shown in the
dependence of the peak value of the oscillation ampli-
tude  on the voltage, which is shown in Fig. 1b,
inset. The FMR is manifested in the form of growing
maximum and minimum amplitudes of oscillations of
the magnetization component  in the current
dependence presented in Fig. 1c. Hence, based on the
emerging specific features of the current–voltage

ym

ym
PHYSICS O
characteristic and the current dependence of the max-
imum and minimum oscillation amplitudes of the
magnetization components, which reflect the mani-
festation of the ferromagnetic resonance, we show the
mutual influence of the Josephson current and the
magnetization precession in the ferromagnetic layer of
the ϕ0 junction.

We investigate the effect of spin–orbit coupling on
the manifestation of the ferromagnetic resonance in
the current–voltage characteristic. In Fig. 2, the parts
of current–voltage characteristics of the ϕ0 junction
are shown for , , and , at dif-
ferent values of the spin–orbit coupling parameter.

The results presented suggest that a variation of the
parameters of the Josephson junction and ferromag-
netic layer in a system with damping can lead to a

0 1G = . 0 1α = . 0 5Fω = .
F PARTICLES AND NUCLEI  Vol. 51  No. 4  2020
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Fig. 2. Manifestation of the ferromagnetic resonance in the
current–voltage characteristic. The parts of current–volt-
age characteristics of the ϕ0 junction are shown for

, , , and  at different values
of the spin–orbit coupling.
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rather strong coupling between the superconducting
current and magnetization. This interaction mani-
fested in the CVC of the ϕ0 junction near the ferro-
magnetic resonance is presented in Fig. 2. The direct
current contribution to the Josephson current is man-
ifested here as a deviation of the CVC curve from the
linear dependence in the resonance region. Note that
the observed CVC feature in the resonance region
actually reflects the emergence of a resonance branch,
which is emphasized by the emergence of the corre-
sponding hysteresis at r = 0.5, , and . With
the increase in the spin–orbit coupling parameter, the
rate of growth of the magnetic moment amplitude
increases and the length of the resonance branch in
the CVC increases, respectively. The mechanism of
emergence of this branch is similar to the mechanism
observed in the shunted Josephson junctions at the

0 7r = . 1r =
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Fig. 3. (a) Maximum amplitude  dependence on the voltage
out considering the term ; and (c) comparison of the re
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parallel resonance [16, 17], and that of a resonance
branch emergence in the CVC of a two-contact
SQUID [18, 19].

The corresponding  dependences on the volt-
age at different values of the spin–orbit coupling are
shown in Fig. 3. The effect of the spin–orbit interac-
tion on the resonance behavior of the presented 
voltage dependence at different values of the spin–
orbit coupling parameter can provide a theoretical jus-
tification for developing an experimental method for
determination of spin–orbit coupling intensity in the
noncentrosymmetric materials.

Note that in the equation (the fourth equation in
system (2)) of the RCSJ model that describes the ϕ0
junction dynamics, the ϕ phase difference is replaced
by  to preserve the gauge invariance. The
requirement of the gauge invariance leads to an addi-
tional term  in the RCSJ model equation,
which was neglected in [12]. In Fig. 3b, the results are
presented without considering this term. We see that
its contribution does not change the qualitative picture
of the phenomenon we described at small values of the
spin–orbit coupling parameter . In both cases, the

 dependences on  almost match each other
down to about . In Fig. 3c, the results are com-
pared at .

3. ANALYTICAL RESULTS 
AND THEIR COMPARISON 

WITH NUMERICAL CALCULATIONS
In this section, we compare the results of numerical

calculations with the analytical results based on linear-
ization of the LLG equation in the approximation of
smallness of parameters of the spin–orbit coupling 
and the ratio between the Josephson energy and the
magnetic anisotropy energy . In [6], the dynamics of
the system was studied in the approximation of
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, i.e. when the energy of the Josephson junc-
tion and the value of superconducting current are
determined by the fixed Josephson frequency . In
this case, the Josephson phase ϕ can be substituted by

. This coincides with the point chosen in the CVC
of the Josephson junction. In this approximation,
the bias current is not considered, which allows com-
paring the numerical results with the analytical calcu-
lations.

First, we consider the magnetic dynamics of sys-
tem (2) in the case without dissipation ( ) and the
“weak coupling” mode , i.e., the Josephson
energy  is low in comparison with the magnetic
field energy . If the voltage is fixed, the last two
equations in (2) lead to a linear time dependence of the
phase difference  (Josephson junction with
voltage). In our normalization, ; therefore, we
have . If other components satisfy the condi-
tions ( , then Eqs. (2) can be linearized

(3)

and the corresponding solutions can be written in the
following form

(4)

Thus, the magnetic moment precesses around the
z axis. The precessing magnetic moment influences
the current in the ϕ0 junction

(5)

where we have considered that . Hence,

in addition to the first harmonic oscillations, the cur-
rent contains higher harmonic contributions. Near the
resonance, the harmonic amplitudes increase and
change their sign when . Therefore, the mon-
itoring of the second harmonic of the current oscilla-
tions reveals the magnetic system dynamics.

Dissipation plays an important role in the consid-
ered system dynamics; when the dissipation is
included, this leads to a constant contribution to the
Josephson current. Near the resonance , the
linearization conditions leading to Eqs. (4) are not sat-
isfied, and the dissipation should be considered. In
this case [6], by linearizing the LLG equation in sys-
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tem (2), and accounting for , and neglecting the
quadratic terms  and , we obtain:

(6)

The corresponding expression for  in the pres-
ence of dissipation can be written as

(7)

where

(8)

with . Therefore,  shows

the resonance with dissipation when the Josephson
frequency is tuned to the ferromagnetic frequency
( ). In addition, the dissipation leads to the
phase oscillations  (the term proportional to 
in Eq. (7)). Finally, the superconducting current

(9)

contains the time independent (dc) component

(10)

The dc contribution shows that the Gilbert damp-
ing plays an important role in the ϕ0 junction dynam-
ics. This contribution depends on the value of spin–
orbit coupling  and the ratio between the Josephson
energy and the magnetic energy ; it is absent at

.
On the other hand, the presence of the constant

Josephson current at the constant voltage  applied to
the junction means the presence of a dissipative mode,
which can be easily detected experimentally. The
emergence of the peak of the direct current near the
resonance is similar to the Shapiro step appearance in
Josephson junctions in an external electromagnetic
field. Note that the presence of the second harmonic
in  in Eq. (9) should also lead to half-integer Sha-
piro steps in the current–voltage characteristics of ϕ0
junctions [20].

In Fig. 4a, the maximum amplitude  depen-
dence on the voltage calculated based on system of
equations (2), and the analytical dependence 
according to formula (7) are presented.
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Fig. 4. (a) Maximum amplitude  dependence on the voltage calculated based on system of equations (2) and analytical
dependence  according to formula (7); and (b) superconducting current  dependence on the voltage calculated based
on system of equations (2), and analytical dependence  according to formula (10).
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In Fig. 4b, the superconducting current  depen-
dence on the voltage calculated based on the system of
equations (2), and the analytical dependence 
according to formula (10) are displayed. We can see
that the numerical results agree well with the analytical
calculations. Note that no approximations are used in
the numerical calculations, in contrast to the analyti-
cal evaluations (where the weak coupling mode is used
and the case of  is considered). This is man-
ifested in the special features at  and

 of the numerically simulated dependence
, which reflects the emergence of ferromag-

netic resonance harmonics at  and
.

4. CONCLUSIONS

We have investigated the features of the ferromag-
netic resonance in a ϕ0 junction with the direct cou-
pling between the superconducting phase difference
and the magnetic moment of the ferromagnetic bar-
rier. Based on precision numerical calculations, the
manifestation of ferromagnetic resonance is shown in
the CVC of the ϕ0 junction and in the average super-
conducting current dependence on the bias current,
maximum amplitude  dependence on the average
voltage, and dependences of maximum and minimum
values of the amplitude  on the bias current. The
Gilbert damping, accounting for which leads to the
constant contribution to the Josephson current, plays
an important role in the dynamics of the considered
system. This contribution depends on the spin–orbit
coupling parameter  and the ratio between the
Josephson energy and the magnetic energy ; it is
absent at . The presence of the constant Joseph-
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son current at the constant voltage  applied to the
junction means the presence of a dissipative mode,
which provides an opportunity for its experimental
detection. The presented results on the current–volt-
age characteristics of the ϕ0 junction, the maximum

amplitude  dependence on the average voltage,
and the dependences of the maximum and minimum
values of the amplitude  on the bias current at dif-
ferent spin–orbit coupling parameters might be used
to develop new resonance techniques for determining
the spin–orbit coupling parameter in noncentrosym-
metric materials.
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