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ABSTRACT

The w0 junction demonstrates a rich variety of dynamical states determined by parameters of the Josephson junction and the intermediate
ferromagnetic layer. Here we find several peculiarities in the maximal amplitude of magnetic moment m̂y , taken at each value of the bias
current, which we correlate to the features of the IV-characteristics of the w0 junction. We show that a kink behavior in the bias
current (voltage) dependence of m̂y along the IV-characteristics is related to the changes in the dynamical behavior of the magnetization
precession in the ferromagnetic layer. We also demonstrate a transformation of the magnetization specific trajectories along the IV-curve,
magnetization composite structures, and hysteretic behavior in the bias current dependence of m̂y . Due to the correlations between features
of m̂y and the IV-characteristics, the presented results open a way for the experimental testing of the peculiar magnetization dynamics
which characterize the w0 junction.

Published under license by AIP Publishing. https://doi.org/10.1063/10.0001716

1. INTRODUCTION

The w0 Josephson junction1 with the current-phase relation
Is = Ic sin(w−w0) is becoming an interesting and important topic in
condensed matter physics.2,3 The superconductor-ferromagnet-
superconductor (SFS) w0 junctions where the phase shift w0 is
proportional to the magnetic moment perpendicular to the gradi-
ent of the asymmetric spin-orbit potential, demonstrate a number
of unique features important for superconducting spintronics and
modern informational technologies.2,4–8 This coupling between
phase and magnetic moment of the ferromagnetic layer allows one
to manipulate the internal magnetic moment using the Josephson
current.1,9 The magnetic moment also might pump current through
the w0 phase shift. It leads to the appearance of the dc component of
superconducting current in w0 Josephson junction.7,9,10

The application of dc voltage to the w0 junction produces
current oscillations and consequently magnetic precession. As
shown in Ref. 9, this precession may be monitored by the appear-
ance of higher harmonics in the current-phase-relation (CPR) as

well as by the presence of a dc component of the superconducting
current that increases substantially near the ferromagnetic reso-
nance (FMR). The authors stressed that the magnetic dynamics
of the SFS w0 junction may be quite complicated and strongly
anharmonic. In contrast to these results, very simple characteristic
trajectories magnetization precession in the my - mx, mz - mx, and
mz - my planes were recently discovered in Ref. 10. To distinguish
specific shapes, some were named as “apple”, “sickle”, “mush-
room”, “fish”, “moon”, etc.

Recent experiments11–13 have measures an anomalous
Josephson effect, validating the w0 junction model and pointing to
its potential uses in a variety of technologies that rely on supercon-
ducting spintronics.2,14 The specific nature of the coupling that
occurs in the w0 junction allows one to manipulate the internal
magnetic moment via the Josephson current, and conversely.1,9,15

Previous simulations of the w0 junction demonstrated how
the application of an external electromagnetic field could be used
to tune the character of the magnetic moment precession over
current intervals corresponding to specific Shapiro steps.10 We also
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demonstrated the appearance of a dc component in the
superconducting current and clarified how it influences the
IV-characteristics within the resonance region, i. e., the region
where the precession frequency is close to that of the Josephson fre-
quency. The effects of Gilbert damping and spin-orbit coupling on
IV-characteristics and magnetization precession were also studied.
We also studied factors that could affect the magnetization reversal
by the superconducting current in the w0 junction.6,8 The physics
of w0 junction was found to have many features in common with
the famous Kapitza pendulum problem.7 Most recently we were
able to provide analytical criteria for magnetization reversal from
predicting the conditions under which the reversal can occur.16 In
the Introduction of Ref. 16, we have given a detailed review of
recent experimental and theoretical developments relating to the w0

junction, and we also discuss the choice of materials available for
its practical realization.

This present work is an extension of some preliminary
results.17 Here we provide a more detailed investigation of the com-
plicated dynamics that results from the unique interaction between
the superconducting current and magnetic moment in the w0 junc-
tion. Interspersed with chaotic dynamics we find several windows
of regular dynamics. In certain ranges of bias current, there are
stable states of the magnetization precession, which we were able to
characterize by the very specific shapes they make through projec-
tions of the phase trajectories. We also simulate how the maximal
amplitude of m̂y changes as the bias current is swept along the
IV-characteristic.

We find a kink behavior in the bias current (voltage) depen-
dence of the maximal m̂y which origin is related to the change of
the dynamical behavior of the magnetization in ferromagnetic
layer. The characteristic trajectories in the my — mx, mz — mx, and
mz — my planes were recently discussed in Ref. 10. However, the
kinks that occur in m̂y , and specifically their origin, have not been
discussed before. As was alluded to in Ref. 10, these characteristic
trajectories offer a unique possibility to control the magnetization
dynamics via an external bias current. Here we show that similar
shaped kinks have a common origin due to the underlying dynam-
ics. We also demonstrate how specifically shaped trajectories trans-
form from one shape into another, the manifestation of composite
structures, and hysteretic behavior.

2. MODEL AND METHODS

In the considered SFS structure the superconducting phase
difference w and magnetization M of the ferromagnetic (F) layer
are coupled dynamical variables. The system of equations describ-
ing their dynamics is obtained from the Landau-Lifshitz-Gilbert
(LLG) equation, the expression for the bias current of the resistively
and capacitively shunted junction (RCSJ) model, and the Josephson
relation between the phase difference and voltage.

Magnetization dynamics is described by the LLG equation18

dM
dt

¼ �γM�Heff þ α

M0
M� dM

dt

� �
, (1)

where γ is the gyromagnetic ratio, α is Gilbert damping parameter,
M0 =| M |, and Heff is the effective magnetic field. Here we have

used the model developed in Refs. 9 and 15, where it is assumed
that the gradient of the spin-orbit potential is along the easy axis of
magnetization, which is taken to be along z. In this case effective
magnetic field is determined by

Heff ¼ K
M0

Gr sin w� r
My

M0

� �
ŷ þMz

M0
ẑ

� �
, (2)

where K is the anisotropic constant, G= EJ / (KV), V is the volume of
F layer, EJ=Φ0Ic / (2π) is the Josephson energy, Φ0 is the flux
quantum, Ic is the critical current, r= lvso / vF is parameter of spin-orbit
coupling, l = 4hL / �hvF, L is the length of F layer, h is the exchange field
of the F layer, the parameter vso / vF characterizes a relative strength of
spin-orbit interaction. We note that the second term inside of the sine
function, i.e., rMy /M0 is the above mentioned phase shift w0.

In order to describe the full dynamics of SFS structure the LLG
equations should be supplemented by the equation for phase differ-
ence w, i.e., equation of RCSJ model for bias current and Josephson
relation for voltage. According to the extended RCSJ model,15 which
takes into account time derivative of phase shift w0, the current
flowing through the system in underdamped case is determined by

I ¼ �hC
2e

d2w
dt2

þ h
2eR

dw
dt

� r
M0

dMy

dt

� �
þ Ic sin w� r

M0
My

� �
, (3)

where I is the bias current, C and R are the capacitance and the resist-
ance of the Josephson junction, respectively. The Josephson relation
for voltage is given by

�h
2e

dw
dt

¼ V : (4)

Using (1)–(4), we can write the system of equations in nor-
malized variables, which describes the dynamics of w0 junction as

mx ¼ ωF

1þα2
{�mymz þGrmzsin(w� rmy)

�α[mxm
2
z þGrmxmysin(w� rmy)]}:

_my ¼ ωF

1þα2
{mxmz �α[mym

2
z �Gr(m2

z þm2
x)sin(w� rmy)]},

_mz ¼ ωF

1þα2
{�Grmxsin(w� rmy)

�α[Grmymzsin(w� rmy)�mz(m
2
x þm2

y)]}, (5)

_V ¼ 1
βc
[I�V þ r _my � sin(w� rmy)],

_w¼V ;

where mx,y,z= Mx,y,z / M0 and satisfy the constraintP
i¼x,y,z m

2
i (t) ¼ 1, βc ¼ 2eIcCR2 is the McCumber parameter. In

order to use the same time scale in the LLG and RCSJ equations,
we have normalized time to the ω�1

e , where ωc ¼ 2eIcR/�h, and
ωF =ΩF / ωc is the normalized frequency of ferromagnetic resonance
(ΩF = γΚ /M0). Bias current is normalized to the critical current Ic
and voltage V — to the Vc = IcR. The system of equations (5) is
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solved numerically using the fourth-order Runge-Kutta method at
fixed value of current I = 0 in time interval [0,1500] with the
timestep δt = 0.005. We use the initial conditions mx = 0, my = 0
mz = 1, V = 0, w = 0, and as the results, we obtain mi(t), V(t), and
w(t) as the functions of time. Then the value of bias current is
increased for the current step the δI = 0.00005 and procedure is
repeating. The obtained values of mx, my mz, V and w at time
t = 1500 for the current I, are used as the initial conditions for the
value of I + δI. During the calculation we have increased a bias
current until Imax and then decreased to zero. In order to calculate
the IV-characteristic, we average the voltage in time interval
[200,1500] at each value of I. To investigate the resonance behav-
ior of the system we calculate the maximal amplitude of magnetic
moment in time domain m̂y at each value of the bias current I
and plot it as a function m̂y(I).

3. KINKS IN THE IV-CHARACTERISTICS AND THEIR
ORIGIN

Due to interaction between the superconducting current and
the magnetization in the ferromagnetic layer, the w0 Josephson
junction exhibits a rich, complicated dynamics, which can be
strongly anharmonic and even chaotic.9,10,15 On the other hand, as
has been demonstrated in Ref. 20, the precession of the magnetic
moment in some current intervals along IV-characteristics may be
relatively simple and harmonic.10 Here we concentrate on the inter-
action between the Josephson current and ferromagnetic layer mag-
netization and on some of the peculiarities of the magnetization
dynamics which may be manifested in the experimentally measured
IV-characteristics of such systems. The magnetization dynamics is
characterized by its maximal amplitude m̂y taken at each value of
the bias current along the IV-characteristics.

In Fig. 1 we present a part of IV-characteristics together with
the maximal amplitude m̂y with decrease in bias current at I > Ic.
All calculations in this paper were done at the following parameters
of the system: G = 1, r = 1, βc = 25, α = 0.01. Along with chaotic
parts (see, particularly, the left side of the figure), reflecting
complex magnetization precessions, we see a regular variation of
m̂y with the bias current. We note, that the positions of the pecu-
liarities in the IV-characteristics coincide with the positions of the
specific behavior of maximal amplitude of m̂y as a function of bias
current. An interesting feature of this m̂y (I) dependence are the
kinks shown by the arrows.

To stress these kink peculiarities, we show in Fig. 2 the
V-dependence of the maximal amplitude m̂y along the
IV-characteristics of the w0 junction at three different values of the
ferromagnetic resonance frequency: ωF = 0.4, 0.5, and 0.6. In all
cases we can see very clear the kinks on either side of the resonance
frequency ωF in the R2 and R3 regions. Such a shift in the kink
position indicates their relation to the ferromagnetic resonance. A
kink in the region R1 is also manifested, but it has no symmetric
counterpart due to the transition of the Josephson junction to the
zero voltage state. One of the the main purposes of the present
paper is to explain the origin of the kink.

FIG. 1. Part of the IV-characteristic of the w0 junction in the ferromagnetic reso-
nance region (ωF = 0.5) together with the maximal amplitude m̂y with decrease
in bias current along the IV-curve. Arrows show the kinks in the m̂y (I)
dependence.

FIG. 2. V-dependence of the maximal amplitude m̂y with a decrease of the bias
current along the IV-characteristics of the w0 junction in the ferromagnetic reso-
nance region at different values of the resonance frequency, indicated by
dashed lines.
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In Fig. 3 we demonstrate the magnetization trajectories in the
my−mx plane and the corresponding results of FFT analysis of the
temporal dependence of my in the regular region R1, at I = 0.95 (a),
(b) and I = 0.75 (c), (d), i.e., to the right and left sides of the kink,
respectively. We find that the kink is the bifurcation point between
the two types of trajectories, i.e., as the system goes from period
one to period two behavior.

In Figs. 3(b) and 3(d) we present results of FFT analysis of the
time dependence of the magnetization component my at different
bias currents corresponding to the dynamics before and after the
kink. At I = 0.75 an additional frequency f = fJ /2 appears in com-
parison to the case at I = 0.95, confirming the period doubling.

Different types of magnetization trajectories in the my - mx,
mz - mx, and mz - my planes, realized along the IV-characteristics
were found in Ref. 10, such as “apple”, “sickle”, “mushroom”,
“fish”, and “moon”, called like that for distinctness. But the kinks
in m̂y and their origin were not discussed at that time. It was men-
tioned there that the specific trajectories demonstrate a unique pos-
sibility of controlling the magnetization dynamics via external bias
current. Here we show the similarity in the appearance of the dif-
ferent kinks and stress that their origin is related to the transforma-
tion in the magnetization dynamics. In Fig. 4 we demonstrate the
magnetization trajectories around the kink in the R2 region, which
present the “apple” type at I = 0.6 before the kink and the “mush-
room” type after kink at I = 0.555. The results of FFT analysis [see
Figs. 4(b) and 4(d)] show the doubling of the period of trajectories
in case of the “mushroom”.

Actually, such a transformation of the “apple”-type trajectory
to the “mushroom” type happens over a large bias current interval,
and we will discuss this in the next section. In Fig. 5 we first show
time dependence of the my very close to the kink, just at current

FIG. 3. Magnetization trajectories in my - mx plane for regular region R1 and
results of FFT analysis of the temporal dependence of my. The value of current
at the corresponded points is indicated in the figures.

FIG. 4. Magnetization trajectories in mz - mx plane for regular region R2 and
results of FFT analysis of the temporal dependence of my: (a), (b) at I = 0.6; (c),
(d) at I = 0.555.

FIG. 5. (a) Time dependence of the my at I = 0.5704 and I = 0.5702; (b) FFT
analysis of time dependence of my at I = 0.5704; (c) The same as (b) at
I = 0.5702.
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step before (I = 0.5704) and after (I = 0.5702) the kink. We see that
the difference is related to the modulation of the time dependence
after the kink. FFT analysis [Figs. 5(b) and 5(c)] again confirms
this transformation in the dynamics of the system through the
appearance of the corresponding small peaks.

In Fig. 6 we demonstrate that the kink in the region R3 is related
to the transformation of the “fish”-type trajectory, realized at I = 0.44,
to the “double fish” trajectory, at I = 0.416. Results of FFT analysis
presented in Figs. 6(b) and 6(d) show the doubling of the magnetiza-
tion precession period in the case of “double fish”-type trajectory.

The presented results thus demonstrate that the kinks inm̂y ,
in all three of the considered regular regions R1, R2 and R3, are
related to period doubling bifurcations of the specific precession
trajectories.

4. TRANSFORMATION OF THE MAGNETIZATION
TRAJECTORIES AND COMPOSITE DYNAMICS

The application of dc voltage to the w0 junction produces
current oscillations and consequently magnetic precession. As
shown in Refs. 9 and 15, this precession may be monitored by the
appearance of higher harmonics in the current-phase relation as
well as by the presence of a dc component in the superconducting
current. The latter increases substantially near the ferromagnetic
resonance (FMR). In contrast to Konschelle and Buzdin,9,15 who
stressed that the magnetic dynamics of the SFS w0 junction may be
quite complicated and strongly anharmonic, in Ref. 10 we demon-
strated that the precession of the magnetic moment in certain
current intervals along IV-characteristics may be very simple and
harmonic.

In this section we discuss two peculiarities of the magnetiza-
tion dynamics. The first peculiarity is related to the transformations
that occur between the two types of the trajectories. We found
that such transformations happen continuously. As we have seen
above, the region R2 within bias current interval [0.54675,0.6259]
demonstrates a kink behavior at I = 0.5703. Going down along
IV-characteristic, we observe first the “apple”-type trajectory, and
then after the kink a “mushroom” type, i.e., in the mz — mx plane.
In Fig. 7(a) we show the trajectory of the magnetization at the
boundaries of the interval [0.5703,0.6259] and see that the ampli-
tude of mz and mx is increased with a decrease in I.

At the point where the magnetization pass the point with the
mx = 0, we can see a scroll structure. On the boundary of the above
mentioned two intervals, the scroll structure at I = 0.5703 is widen-
ing. It is demonstrated in Fig. 7(b), where a zoomed part of the tra-
jectories for two boundary values of bias current is presented. In
both cases we see a scroll, which reminded letter “e”. After the kink
is passed, the scroll is transformed and reminds one of a reflected
letter “e” now. In the current interval [0.54675,0.5703] the “apple”-
type trajectory continuously transforms to the “mushroom” one.
This transformation is demonstrated in Fig. 7(c), where the trajec-
tories for three values of current are presented. In Fig. 7(d) the
zoomed part of trajectories closed to the point mx = 0 is shown
[this region is marked with the dashed ellipse in Fig. 7(c)]. As we
can see, the scroll structure disappears continuously throughout the
transformation.

The second peculiarity is related to the creation of the com-
posite type of the trajectory. An example of such magnetization
dynamics appears in the current interval [0.6268,0.6288] between

FIG. 7. Transformation of the “apple”-type trajectory to the “mushroom” one
near kink at I = 0.5703. (a) “Apple”-type trajectory before kink; (b) Enlarged part
of (a), demonstrating scroll; (c) Trajectory transformation after kink; (d) Enlarged
part of (c) near scroll.

FIG. 6. Magnetization trajectories in my — mx plane for regular region R3 and
results of FFT analysis of temporal dependence of my. The value of current at
the corresponded points is indicated in the figures.
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regions R2 and R3 and is demonstrated in Fig. 8. We see a realiza-
tion of composite-type trajectory, i.e., different type of precessions
are realizing in during one period: “apple”, large, small “left and
right mushrooms”. Starting from the point S, in during the first
10000 time units the magnetization describes first an “apple”, then
large “right mushroom” [see Fig. 8(a)], then it continues a preces-
sion along small “left mushroom”, small “right mushrooms” and
large “left mushrooms” [see Fig. 8(b)]. We stop recording of the
time dependence close to the end of the period after 20000 time
units (see point E). We note that the composite structures of differ-
ent type trajectories may appear in different parts of
IV-characteristics by changing the system’s parameters.

5. HYSTERESIS IN m̂y(I) DEPENDENCE

Another peculiarity we found in the current dependence of
the maximal magnetization of the w0 junction is an appearance a
sequence of hysteresis at different ferromagnetic resonance frequen-
cies. In Fig. 9 we show the bias current dependence of m̂y for three
frequencies: (a) ωF = 0.5, (b) ωF = 1 and (c) ωF = 1.5. They demon-
strate that the difference in the bias current dependence of m̂y for
increase and decrease the bias current is appeared. We see that at
ωF = 0.5 the McCumber type of hysteresis known for
IV-characteristics of underdamped Josephson junctions is mani-
fested only, while with increase in frequency an additional hystere-
sises start manifest themselves [see Fig. 9(b)]. At ωF = 1.5 we
observe a rather large and very pronounced hysteresis at I > Ic.
There are two more small hysteresises which we do not mark in
Figs. 9(b) and 9(c).

An important point is that this peculiarity in the bias current
dependence of m̂y manifests itself in the corresponded
IV-characteristics also. Below we stress such a manifestation in the
the IV-curve, particularly, we show in Fig. 10 the enlarged part of
IV-characteristics which demonstrate the manifestation of the start-
ing and ending points of hysteresis, indicated in Fig. 9(c). We show
there the stating point [ S1, see Fig. 10(a)] of the largest hysteresis
at ωF = 1.5, which is ending with a chaotic behavior at point E1
[Fig. 10(b)].

We also demonstrate the manifestation of the ending point E2
of another big hysteresis at ωF = 1.5 in Fig. 10(c).

FIG. 8. Realization of composite type trajectory at I = 0.6268: during the first
10000 time units; (b) during the second 20000 time units. Points S and E mean
starting and ending points of recording.

FIG. 10. Manifestation of the hysteretic behavior in the IV- characteristic near
points, marked in Fig. 9(c). (a) Starting point of the first hysteresis; (b) Ending
point of the first hysteresis; (c) Ending point of the second large hysteresis.

FIG. 9. Bias current dependence of m in the increase (dotted) and the
decrease (solid) the bias current for: (a) ωF = 0.5, (b) ωF = 1, (c) ωF = 1.5.
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The IV-characteristics are measured experimentally, so the
results presented above open a way for experimental testing of the
peculiarities pronounced in the magnetization dynamics of w0

Josephson junctions. The question concerning the details of the
hysteresis appearance and its dependence on the parameters of the
system will be addressed elsewhere.

6. CONCLUSIONS

We have studied the interaction between the superconducting
current and magnetic moment in a w0 junction and investigated
the maximal amplitude of the magnetization momement m̂y (I),
where I is the bias current. We found a kink behavior in the bias
current (voltage) dependence of m̂y(I) along the IV-characteristics.
Analysis of the magnetization precession dynamics and trajectories
revealed that the origin of the kinks can be related to changes in
the dynamical behavior of the magnetization precession in ferro-
magnetic layer. Found effects concerning the transformation of the
magnetization specific trajectories along the IV-curve, magnetiza-
tion composite structures, and hys- teretic behavior in the bias
current dependence of m̂y open several interesting directions for
future investigations. Due to the correlations between the discov-
ered features of m̂y and the IV-characteristics, the presented results
open a way for the experimental testing of the peculiar magnetiza-
tion dynamics which characterize the w0 junction.

We note that in our model the interaction between the
Josephson current and the magnetization is determined by the
parameter G = EJ / (KV), which describes the ratio between the
Josephson energy and the magnetic anisotropy energy and
spin-orbit interaction. The value of the Rashba- type spin-orbit
interaction parameter in a permalloy doped with platinum21 up to
10%, in the ferromagnets without inversion symmetry, like MnSi or
FeGe, usually estimated in the range 0.1–1, the value of the Γ in the
material with weak magnetic anisotropy K ∼4⋅10−5K ⋅ A−3,23 and a
junction with a relatively high critical current density of
(3 � 105 � 5 � 106)A⋅cm−223 is in the range 1–100. It gives the set of
ferromagnetic layer parameters and junction geometry that make it
possible to reach the values used in our numerical calculations, for
the possible experimental observation of the predicted effect.
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