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1 Introduction

The ultraviolet behavior of extended supersymmetric Yang-Mills (SYM) theories in higher
dimensions (D > 5) represents an exciting subject with the long history [1-5]. In this work
we focus on the 6D SYM theory coupled to hypermultiplets. We formulate the theory
in 6D, N’ = (1,0) harmonic superspace [6-12] and develop the corresponding background
superfield method. As the basic topic, we expose the ultraviolet properties of the one-
loop effective action for this theory in the general case when the hypermultiplet lies in an
arbitrary representation of the gauge group. In the particular case of the adjoint represen-
tation, the considered NV = (1,0) SYM - hypermultiplet system amounts to 6D, N' = (1,1)
SYM theory formulated in terms of N' = (1,0) harmonic superfields.

In a recent work [13] we have calculated the divergent part of the one-loop effective
action for the abelian 6D, N = (1,0) gauge theory, in which the vector (gauge) multiplet
interacts with a hypermultiplet. The basic tools were the background superfield method
and proper time technique appropriately adapted to 6D, A/ = (1,0) harmonic superspace.
By explicit calculations we confirmed the general structure of one-loop counterterms which
was analyzed earlier in refs. [1, 14] on the pure symmetry grounds. In the present paper
we generalize this study to the non-abelian case. We consider the 6D, A/ = (1,0) model in
which the SYM multiplet interacts with the hypermultiplet in an arbitrary representation
of gauge group, the adjoint and fundamental representations being particular cases. We
extend the background superfield method to this general case of 6D, N' = (1,0) SYM
theory with the hypermultiplet matter. In many aspects, it is similar to the well-developed
background superfield method for 4D, N' = 2 SYM theory with hypermultiplets [15-17].
Using the 6D, NV = (1,0) harmonic background superfield method constructed and the
proper time technique, we calculate the divergent part of the one-loop effective action in
the considered 6D, N' = (1,0) model. It should be emphasized that we take into account
the full set of contributions depending on both the background gauge multiplet and the
hypermultiplet. To the best of our knowledge, the explicit calculation of the hypermultiplet-
dependent divergent contributions to effective action of 6D SYM theories has never been
accomplished earlier, and it is the pivotal point of our consideration.



It is well known that both 6D, N' = (1,0) and 6D, N' = (1,1) SYM theories at one
loop are on-shell finite [1, 14]. For the 6D, A/ = (1,0) theory without hypermultiplets
this result is easily recovered from the quantum calculations. The main result of the
present work is the explicit proof of the absence of one-loop logarithmic divergencies in 6D,
N = (1,1) SYM theory off shell. We demonstrate this by calculating the divergent part of
the one-loop effective action in /' = (1,1) SYM theory formulated in terms of N' = (1,0)
harmonic gauge and hypermultiplet superfields, both in the adjoint representation of the
gauge group [14]. We start with a general 6D, N’ = (1,0) SYM - hypermultiplet action and
find the one-loop contributions to the divergent part of the effective action. We demonstrate
that the numerical factors depending on the gauge group and on the representation of the
hypermultiplet vanish in the case when the hypermultiplet is in the adjoint representation
of the gauge group. Hence, for the N’ = (1,1) SYM theory we establish the absence of
logarithmic divergencies in the one-loop effective action. The similar phenomenon takes
place in N' = 4 SYM theory in four dimensions formulated in terms of N' = 2 superfields
(see, e.g., [16, 17]).

It should be pointed out that in a certain sense the off-shell absence of the one-loop
divergencies in that part of the total NV = (1,1) SYM effective action which depends
only on gauge background superfields is an expected result. It is dictated by the formal
structure of this one-loop effective action, in which the contributions from the ghost su-
perfields are canceled by the corresponding contribution from quantum hypermultiplet in
the adjoint representation. Once again, this happens in the full analogy with 4D, N' = 4
case [15]. However, taking the background hypermultiplet parts of the one-loop effective
action into account entails a few technical problems. The basic one is that, after making
the background-quantum splitting, we encounter the mixed terms involving the quantum
gauge superfields along with the hypermultiplet ones. In order to diagonalize the action,
we are led to make a non-local shift of hypermultiplet variables [18-20] which induces an
additional background hypermultiplet dependence in the one-loop effective action caused
by the contributions from the quantum gauge multiplet.

The paper is organized as follows. In section 2 we briefly outline the gauge theory in
6D, N = (1,0) harmonic superspace and fix our 6D notations and conventions. Section 3
presents the harmonic superspace background superfield method for ' = (1,0) SYM the-
ory. In section 4 we perform the direct calculations of the one-loop divergences in the model
under consideration. In section 5 we summarize the results and discuss the problems for
further study.

2 Gauge theory in 6D, N' = (1,0) harmonic superspace

Our consideration in this section (including notations, conventions and terminology) will
closely follow ref. [14].
The 6D, N = (1,0) gauge covariant derivatives in the “central basis” are defined by

Vi =Dy +iAnm, (2.1)



where D = (Dyy, D?) are the flat derivatives. Here M = 0,...,5, is the 6D vector index
and a = 1,...4, is the spinorial one. The superfield A, is the gauge superconnection. The
covariant derivatives transform under the gauge group as

Vi=e"Vaye ™, 1t =r1. (2.2)

The fundamental object of 6D, N = (1,0) SYM theory is revealed after extending the
standard 6D, N = (1,0) superspace z := (2™, %) by SU(2) harmonics uj, ut?u; =1, and
singling out, in this extended harmonic 6D, N = (1,0) superspace (z,u), an analytic sub-
space ((,u) containing four independent Grassmann coordinates along with the harmonics
uljE All geometric quantities of the theory are expressed in terms of the hermitian analytic

gauge connection V1 (¢, u) = V++(¢, u),

V++ — (V++)ATA7 (TA)+ — TA7 (23)

where the generalized conjugation ~ is defined in [7] and T4 are the generators of the
gauge group.

For simplicity, we will consider only simple gauge groups. In our notation the genera-
tors of the fundamental representation TfA = t4 are normalized by the condition tr(t4t5) =
%6‘43 . For an arbitrary representation R, which can be in general reducible,

(T4, T8 =i fABCTC | o (TATP) = T(R)6AE,  (TY),NTH)" = C(R),". (2.4)

If R is irreducible, we obtain:

dg

C(R)" = Ca(R)8,, ColB) =T(R) (2.5)

where Cy(R) is the second Casimir for the representation R, dg = d44 is the dimension of
the gauge group, and dr = 4, is the dimension of the irreducible representation R. In the
case when R is a reducible representation, R =}, R(;), we have (in the matrix notation)

whence

For the adjoint representation the generators are written as (ngj) 4B = if4¢B_ Conse-
quently,
T(Adj) = Cy, C(Adj)nm" = Cady,,. (2.7)

The connection V11 (2.3), covariantizes the flat analyticity-preserving harmonic
derivative DT :

DYt = VM =D vt
(VHH) = —ieN' T pitemVITh | ATyt o idAT (2.8)



where )\A(C ,u) = M (¢, u) is the real gauge group parameter in the “\-basis”. Another im-
portant object is the non-analytic harmonic connection V== = (V“)ATA covariantizing
the flat derivative D™~

D™ = V" =D"" +iV7 7|

V) = LT pm— gmiatTA + ei)\ATAV——e—i)\ATA . (2.9)
It is not independent and is related to V' by the harmonic flatness condition
[VIT, V=D & D"V~ —D VT +i[vtT V"] =0, (2.10)

where DV is the operator counting the harmonic U(1) charges of the involved superfields.
The formal solution of (2.10) is

Vo (z,u) = i(—i)”“ /du1 oy L) V(2 ) (2.11)

1 (whuy)(ufug) ... (unut)

Using the zero curvature condition (2.10), one can derive a useful relation between arbitrary
variations of harmonic connections [14]

1 1
VT = 5(v——)2<n/++ — 5v++(v——5v——). (2.12)

All the geometric quantities of the theory are expressed in terms of V~7. The covariant
derivatives in the A-frame can be written as

Ve =DF, V,=D;+iA;, Va =0+ iAmw, (2.13)
where superfield connections are determined as

1
A, =iDfV | Ay = 5D;Dbﬂ/“. (2.14)

a

The covariant derivatives satisfy the algebra

]

(Vi V,}=2iVa, [Vi,Val= §sabcdwid, [V, V] =iFyy,  (2.15)
where Vg, = %(’yM Yoo Var and We is the covariant superfield strength
a 1 aocC —_ —a —_ a
Wte = —5¢ bdDFDIDIVTT, W=V oWt (2.16)

We also define the Grassmann-analytic superfield [14]

FtT=>Dfwte=(DMHv—, (2.17)

NG

such that
Dfwtt =ttt DFFtt =0, VITFTT =0. (2.18)



It will be used for constructing the background field formalism and counterterms in the
next sections.

The harmonic covariant derivatives V* = D+ 4 jV*+ act on the arbitrary analytic
superfields F in an arbitrary representation of the gauge group as

(T F ) = (D0, + i(VED) (1)) Fy = (V)" F (2.19)
If F belongs to the adjoint representation, then the above equation gives
(VEEF)A = (Dj:j:(SAB _ fACB(Vj:j:)C)]_—B = (VEE)ABFB (2.20)

The superfield action of 6D, N' = (1,0) SYM interacting with a hypermultiplet has
the form

1 & (=) ++ VT (2
SO[V++,q+]:f22( ) tr/szdul...dunV (zw) . VI (2 tn)

= [ dcPaugt v (221)
where f is a dimensionful coupling constant ([f] = —1). In the SYM part of this action

VvVt = V444 with t4 being generators of the fundamental representation, while in the
hypermultiplet part of the action (V+1),,” = V+4(T4),,, where T4 are generators of
the representation for the hypermultiplet. The action (2.21) is invariant under the gauge
transformation (2.8) and

(gn) = (@ )a (2.22)

n

Classical equations of motion following from the action (2.21) read

68 1 A .
-0 = et +m o (pAYy nat 2.2
S(VHH)A 0 Iz ( )" +ig ( )m 4, =0, (2.23)
o5 _ 0= (V"¢ =0. (2.24)
5q+m m H4n

The ™ - reality of eq. (2.23) (as well as of the action (2.21)) is guaranteed by the conjugation
rules gt = —qt, Ft+ = FT* [7].

3 Background field formalism for A" = (1,0) SYM theory

In the present paper we generalize the background field method developed in [13] for the
abelian case to the non-abelian model (2.21). The construction of gauge invariant effective
action in the model under consideration is very similar to that in 4D, N/ = 2 supersymmetric
gauge theories [15, 21] (see also the reviews [16, 17]).!

One splits the superfields V™', g7 into the sum of the “background” superfields
VT, Q" and the “quantum” ones v+, ¢,

VIt S vt 4 fott gt S Q4+ ¢, (3.1)

!The background field method can be also constructed in the ordinary N = 2 superspace [22, 23].
However, this approach encounters a problem of an infinite number of the Faddeev-Popov ghosts.



and then expand the action in a power series in quantum fields. As a result, we obtain
the classical action as a functional of background superfields and quantum superfields.
The original infinitesimal gauge transformations are realized in two different ways: as the
background transformations:

SV = —vtA, sutt = it )], (3.2)

and as the quantum transformations?®

SVt =0, vttt =V A —ipth . (3.3)

To construct the gauge invariant effective action, we need to impose the gauge-fixing
conditions only on quantum superfields. We introduce the gauge-fixing function in the full
analogy with 4D case [15-17]

]__T(+4) — Dttt = efib(v++v++)eib = e b+ ¢ib (3.4)

where b(z) is a background-dependent gauge bridge superfield and 7 means 7-frame (see,
e.g., [7]). We consider the non-abelian gauge theory, where the gauge-fixing function (3.4)
is background-dependent. The gauge-fixing function transforms according to the law

SFH) = _e=tb gt (W 4ot \])Jet® (3.5)

under the quantum transformations (3.3). Eq. (3.5) leads to the Faddeev-Popov determi-
nant
Appt T VI = Det(VIT(VTT +ivth)).

Following the standard procedure, we can obtain a path-integral representation for
App[vT, VTT] by introducing two real analytic fermionic ghosts b and ¢, both in the
adjoint representation of the gauge group. The corresponding ghost action is

Seplb,c, v V] =tr /dC(_4)du bV (Ve +ifvt T, ¢]). (3.6)

As a result, we arrive at the effective action T[V*T, Q7] in the form

eiF[V**,Q*] :/Dv++Dq+Dch5[}"(+4) _ f(+4)] ei{SO[V+++f’U++,Q++q+}+SFP[b,C,’U++,V++]}’

(3.7)
where f(+4) (¢, u) is an external Lie-algebra valued analytic superfield which is independent
of V**+ and §[F () — (+4)] is the functional analytic delta-function. As the next step,
we average the right-hand side in eq. (3.7) with the weight

A[VTH]exp {;tr/szduldquT(H)(z, ul)w&fﬁﬂ) (z,uz)} . (3.8)

2We denote the parameters of these transformations by the same letter, hoping that this will not lead
to confusion.



Following the Faddeev-Popov method, the functional A[V "] is determined from the equa-
tion

1= A[V++]/Df(+4) exp{;tr/d14zdu1du2 fT(+4)(z,u1)((1$u_E))3fT(+4)(z,uQ)} . (3.9
Uy Usg

Passing in this expression to the analytic subspace, we obtain
AV = / D) exp{;tr / acPac™ duydug £ (G, u1) A(1, 2) f<+4>(g2,u2)}
= Det /24 (3.10)

Here, like in 4D case [15-17], we have introduced the special background-dependent oper-
ator A, which arose when we passed from (3.9) to (3.10). This operator depends on the
background field through a background-dependent bridge b(z) and has the form

41,2) = L) (s pgyt e 14 (21 — )] (3.11)
(uy uy )3
where
(eibl e*ibg)Adjf(+4) (4-27 UQ) — eible*ibQ f(+4) (4-27 u2)eib2 efibl ) (312)

We note that operator A(1,2) acts in the space of analytic superfields, which take
values in the Lie algebra of the gauge group. Thus, we have derived the following formal
expression for the functional A[V 7]

A[VTH] = Det!/24. (3.13)

To calculate the functional determinant for the operator A, we do not need the explicit
form for it. We represent the determinant for this operator through a functional integral
over analytic superfields,

Det !4 = / DD+ exp {m / d¢\ duydcd™ dug X<+4>(1)A(1,2)p<+4>(2)},
(3.14)

and, as in 4D case, make use of the following substitution of the functional variables

4 2 3ptY) 2
P+ = (V)% Det 5 = Det(V*++)2. (3.15)
g
Then we find (see a similar calculation in [15-17])
Det ' A = Det(V1T)? / DY Do exp {m / dCYdu ) O, a} : (3.16)

Here, the operator a » is the covariant d’Alembertian. Hereafter we use the formal definition
for this covariant d’Alembertian [J) in A-frame
~ 1

0= 5(D+)4(v——)2. (3.17)



It is possible to present this operator as a sum of two terms,

—~ o~

Ox=0 +X, (3.18)
where
A MN +axg— tro—— _ g pt+
O=n"NVyVy + WV, + FHV - S(VTFT), (3.19)
1
X = (W =WV 4209V ) Df + (iVIV T - 16V, V) D Df
1
~ VTV (D) 4 §(V**)2(D+)4. (3.20)

In this equation we use the notation

(D)3 = —égdabCD;D;Dj; Ve = %sabcdvcd. (3.21)
The presentation (3.18) is convenient, because the operator X gives vanishing contribution
acting on the analytic superfields. Therefore, when acting on the analytic superfields, the
operator a » is reduced to the operator a
In every case we should determine the space of superfields on which the operator (3.17)
acts, namely, the harmonic U(1) charge of superfield and the representation of gauge group
to which it belongs. Using egs. (3.13)—(3.16), one obtains

A[VTT] = Det/2(V+H)2Det /2 3 . (3.22)

Finally, we can represent the functional determinant A[V 1] as the functional integral over
bosonic real analytic superfield ¢ taking values in the Lie algebra of the gauge group,

AV = Detl/Qa/Dw exp {iSnikle, VTT]}, (3.23)
SNk = %tr /dC(4)du ©(VTH)2p. (3.24)

Like in 4D case, ¢ is the Nielsen-Kallosh ghost. As a result, we see that the 6D, N' = (1,0)
SYM theory, in the close analogy with 4D, N’ = 2 SYM, in the background field approach
is described by the three ghosts: two fermionic ghosts b and ¢ together with the single
bosonic ghost ¢.

According to (3.4), the gauge-fixing part of the quantum field action has the form

1 vt (D)t (2 1 o
Sarvtt, V] = —§tr /d14zdu1du2 T(?if)ugz)?() + itr /d14zdu vt (D )QU:TJF.

(3.25)
The action (3.25) depends on the background field V** through the background gauge
bridge b, vt = eyt Tei.

Summarizing, one can write the final expression for the effective action (3.7) as follows

GTIVITQY) _ pegl/2 5 /Dv++ Dg* Db De Dy eiSquant[vTT.aT b.e,oVI.QT] (3.26)



Here, the quantum action Sgyent has the structure

Squant = S()[‘/Jr+ + fU++, Q+ + q+} + SGF[U++> V++]
+ Spp[b, c, o™, VI + Sygle, VY. (3.27)

In the one-loop approximation, the first quantum correction to the classical action,
rM[v++, Q7], is given by the following path integral [15, 21]:

TOVHHQY) _ petl/2 / Dvt DgT Db De Dy 520" beeVitQtl (3 08)

In this expression, the full quadratic action S is the sum of three terms. These are
the classical action (2.21) in which the background-quantum splitting was performed, the
gauge-fixing action (3.25) and the actions for the ghost superfields (3.6) and (3.23):

~AB
Sa /dC DaguottAng  ot+B +/dC(_4)dubA(V++)2ABCB
1
2/d€ 4)d’U,(p (V'H‘)?AB B /dC duq-i-m(v-&--f—)mnq;—
_/dg(—4)du{Qv-l-mif(v-l—-i-)C(TC) n ++q+m f(U++)C(TC)an:}. (3.29)

Hereafter, we write all the group indices explicitly. The operator a (3.17) transforms the
analytic superfields v+ into analytic superfields and, according to (2.20), has the following
structure
~AB 1]
O = §(D+)4{(D——)25AB _ 9fACB(y=-)Cp== _ fACB(p-—y—-\C
+ fACE DB (y=)C (v )P (3.30)

The Green function, associated with (3.30), i.e. GéBQ)(Zl,U1|ZQ,U2) =
i(0|T(vi )4 (v )B|0), is given by the expression which is similar to that of the
4D, N = 2 case [7]

1 AB
GG (21,0122, u9) = — <D1 > (V) M (21 — 22)602) (ug, u) . (3.31)

The action S (3.29) contains terms with a mixture of quantum superfields v+ and
q". For further use, we diagonalize this quadratic form by means of the special substitution
of the quantum hypermultiplet variables® in the path integral (3.28), such that it removes
the mixed terms,

gH(1) = (1) - f / dct ™V duy G 1y (12),7 i€ (2) (TO), QF (2). (3.32)

with h; being a set of new independent quantum superfields. It is evident that
the Jacobian of the variable change (3.32) is unity. Here G 1)(C1,u1|C2,u2)m™ =

3 A similar substitution was used in [18, 21] and [19] for computing one- and two-loop effective actions
in supersymmetric theories, and in [20] for non-local redefinition of fields in non-supersymmetric QED.



(0| Tq;! (¢1,u1)G T ™(C2, u2)|0) is the superfield hypermultiplet Green function in the 7-frame.
This Green function is analytic with respect to both its arguments and it satisfies
the equation

(VIO )mP G (112)," = 02,050 (1]2) (3.33)
In 7-frame the Green function can be written in the form

—~ WU,
Gran12)n" = <Dll> " (Vi) (v;)‘*w. (3.34)

Uy Uy

n

Here 5&?’1)(1|2) is the covariantly-analytic delta-function and (a)m is the covariantly-

analytic d’Alembertian (3.17) [25] which acts on analytic superfields ¢, in accordance
with (2.19), as follows

—~

1
On ™ = 5 (D (D728 + 20V )@ D™ 4DV )ET),"
~(V )WV TP@OT) " ) (3.35)
Note that the covariant d’Alembertian transforms the analytic superfields into analytic
superfields.

After performing the shift (3.32), the quadratic part of the action Sz (3.29) splits into
few terms, each being bilinear in quantum superfields:

1 - _ ~AB ~
So= [ e adf 4’vr+A{D sV R) =220 M (TG T?),," m} i
1
+ / d¢tVdub (VAP 4 / A du g (V)2 AP P
- / d¢Ydu k(D) R (3.36)

Starting from the action (3.36) one can construct the one-loop quantum correction
IM[V++, Q1] to the classical action (2.21), which has the following formal expression

1 ~AB m n 2 —
v+, Q] = 5Tﬂn {D —2£2Q" (TG 7). Qn} - §Trln 0
—iTrln(VH)3g + %T&rln(v++)idj +iTrln VT (3.37)

where subscripts Adj and R mean that the corresponding operators are taken in the adjoint
representation and that of the hypermultiplet.

The expression (3.37) is the starting point for studying the one-loop effective action in
the model (2.21). In the next section we will calculate the divergent part of (3.37). The
whole dependence on the background hypermultiplet is contained in the first term of the
first line of eq. (3.37).

We also note that the possible structure of the one-loop divergences in the model under
consideration was discussed in [14] and [13].

~10 -



4 Divergent part of the one-loop effective action

The (F*1)2 part of the effective action depends only on the background vector multiplet
V++ and is defined by the last three terms in eq. (3.37). More precisely,

1 . 1 )
TRV = T (VE )Ry + S Trn(VE)Rg +iTrn ViE+
= —iTrin V5 +¢Trin VE™. (4.1)

Let us vary the expression (4.1) with respect to the background gauge multiplet (V+)4,
keeping in mind the explicit expressions for the covariant harmonic derivatives (2.20)
and (2.19),

STV = iTx fACE (V) GBA) — Tr (T9)," (VI (Gay)n™- (4.2)

Here (G(11))n"™ is the superfield Green function (3.34) for operator (V*+),”™ (2.19)
acting on the superfields in the representation R of gauge group to which the hy-
permultiplet belongs. Also we denoted G(Bfi) the Green function for the operator
(V)B4 (2.20), which acts on superfields in adjoint representation. The Green function
Gﬁﬁ) has the structure similar to (3.34), but it is constructed in terms of the covariant
d’Alembertian (3.30), (3.18)—(3.20).

The calculation of (4.1) was discussed in details in recent works [13, 24, 26]. It is
similar for abelian and non-abelian cases. Our aim is to calculate the divergent part of the
effective action (4.1). In the proper-time regularization scheme [25, 26], the divergences are
associated with the pole terms of the form % , € = 0, with d = 6 — ¢. Taking into account
the expression for the Green functions (3.34), we obtain

_ . m 2=1
STV = / d¢~Vau (Vi H)C { FAOPGES (112) + (T "G (1120 [
= —i / d¢ duy (Vi HC / d(is)(isp?)? (4.3)
0
isﬁ . n isr\ m 514 o2 S =1
% {fACB(e DI)BA—FZ(TC)m (e Dl)n }(VT)4(V;)4(_,_1_|_32) o
(ujug)?  ldiv

Here s is the proper-time parameter and p is an arbitrary regularization parameter of
mass dimension. Like in the four- and five-dimensional cases [27-31], one makes use of the
identity

40 (21 — 22)

(uyug)?

- u—u+ 2
(V) —(vi)! {(afu;><v1>4—<u1u;>al+ O H)} 514 (1 —2),

(uyuy)
(4.4)
where the operator [J is given by eq. (3.19), and we have introduced the notation
1
Q" =iVPV,V, - WOV, + (VW) (4.5)
To find a part of eq. (4.3) corresponding to the first term in eq. (4.4), we use the identity
ez‘sal( 62‘361(

ufud) = ufug)e sttt (4.6)

11 -



and the well-known equation

1 1
e"Be ™ = B+ 114 Bl + 5 [A[A B + ... (4.7)
This gives the following terms which are relevant for calculating the divergent part of the

effective action:

L~ = 2=1 (is)2 M o 1.
501 (gt e 50 = _T<v Vi F 4 P (v F) - §[V FH, FH
i W+“(V;F++))
2(is)?
. (ZS) VMVNF++8M8N + ..., (48)

3

where dots denote terms which do not contribute to the one-loop divergences. Adding the
relevant terms coming from the expansion of the last factor in eq. (4.6) we obtain

= 2=1 Y 1
I (wfug)| = —“Z) (VMVMF++ —VTTET FT W*“(V;F*ﬂ)
2(is)?
— (Z;)VM VNF oy 0N + ... (4.9)

In calculating a divergent part of eq. (4.3) corresponding to the second term of eq. (4.4) we
can commute the exponent with (uj ug ). After this, it is necessary to expand exp(is a) in
a series and keep only terms containing (D*)4(D~)*. Then calculating the divergent part
of the effective action according to the standard technique, after some (rather non-trivial)
transformations we obtain the result proportional to

VMY B 4 (Whe v, Frt) — %[V”F**, FtH =0 F*. (4.10)

The fact that the operator a appears in the final expression is a non-trivial test of the
calculation. Actually, the final expression has the form

(C2 = T(R))

D ry++
F =
V"] 3(4m)3e

/ dCdusVHA O A (4.11)
This implies that following the same procedure as in our previous work [13], it is possible
to find the action the variation of which coincides with (4.11). Up to an unessential
additive constant,

Cy — T(R)
6(4m)3e

_ G -T(R)

1 _
Pre = 3(4m)3e

/ d¢TD du (FH4)? tr / d¢TVdu (FHH)?, (4.12)
where in the last equation F++ = F++4¢4 with t4 being the generators of the fundamental
representation.

The hypermultiplet-dependent part QT F Q™ of the one-loop counterterm comes out

from the first term in (3.37). To calculate this contribution, one expands the logarithm in

- 12 —



the first term (3.37) up to the first order and computes the functional trace,

i ~AB ~ i —~
§TI' In {D —2f2Q+m(TAG(1,1)TB)an:’L_} = §TI' In O
; 1\ AC
+ 5 Trln 648 — 92 (D > QT (TG nT?), "QF (4.13)

We note that, like in 4D, N'= 2 SYM theory, the term %Tr In a does not contribute to the
divergent part.? To see this, let us expose some details of the structure of Green function for
vector multiplet (3.31). In the limit of coincident points we need to collect eight spinorial
derivatives on delta-function ~ (D*)*(D~)4%(# — ') in order to obtain a non-vanishing
contribution. However, the Green function (3.31) manifestly contains only four derivatives
(DT)*, while the other four spinor derivatives could be taken from the expansion of the
inverse operator a in (3.31) up to the fourth order in D~ . However, from this expansion we
will simultaneously gain the fourth power of the inverse flat d’Alembertian. Thus, we will
(DEI 4)4
action and so is of no interest for our consideration.

be left with the operator ~ which can contribute only to the finite part of effective

Now, let us consider the second term in (4.13). Following [13], we decompose the
logarithm up to the first order and compute the functional trace

2=1

~—1

AB
Mk =—if* [ PauGmar (B7) (176001,
= —if? / dcYVdu QtmQ; (4.14)
~—1\ 4B 1
X <[] > <TBD TA> "(ufu;)56(:c1—x2)‘

Here we made use of the explicit expression for the Green function (G(1 1))m" (3.34) and

div

2=1"

once again applied the identity (4.4) for extracting the divergent contribution to effective
action. Then we decompose the inverse covariant d’Alembertians (3.30) and (3.35) up to
the second order and obtain

(1) 42 Simeyt 047 ACB pt+ye D1
FQFQ:_Zf/C Jdu Q" Q! o +2f0(F )57%

% (TB)mp (51[9 _ 2i(F++)C(TC) lDl__> (TA)ln(UfU;)(sG(xl _ £172)‘

Ly P =1
= 2if? [ Qi
x {fACB(TPTY),, — i(TATOTH) " ) g0t 2| . (4.15)
3 _

Let is rewrite the expression within the brackets in the last line of eq. (4.15), using the

commutation relation
TCTA = TATC 4 i fCAPTD (4.16)

*A similar analysis can be done for the contribution Tr In 0 in (3.37).
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Then we obtain for this expression
fACBTBTA _rATCTA = 9 fACBTBA _ i ATATC, (4.17)
Finally, we use eq. (2.4) and the identity
JACBBpA _ %fACBfBADTD _ %’Cﬂﬂc, (4.18)

as well as the momentum representation of the space-time §-function, and calculate the
momentum integral in the e-regularization scheme. This leads to

L
@5

™ | =

(ml—wg)’ S — (4.19)

2=1  (47)3
The result is

2if2
(4)3e

TorolV™ Q7] = - /dC(_‘”du QT ™(Cady, — C(R) ) (FFH)A (T4)" Q;f - (4.20)

Summing up the contributions (4.12) and (4.20), we finally obtain the total divergent

contribution
r Q) = S S [ e au
2i f (—4) 7. A+ o+
- (M)gg/dg duOF (Cy — C(R))FH Q™. (4.21)

We observe that the coefficients of the (F+1)? and @+F++Q+ terms in the divergent part
of one-loop effective action are proportional to the differences between the second order
Casimir operator for adjoint representation of gauge group and the operators T'(R) and
C(R) for the hypermultiplet representation R, respectively. Since 6D, N' = (1,1) super-
symmetric Yang-Mills theory involves only the hypermultiplet in the adjoint representation
of gauge group, (4.21) vanishes for this case. Hence, the 6D, N = (1,1) SYM theory is
one-loop finite, and there is no need to use the equations of motion (2.23), (2.24) to prove
this property.

In general, for any other choice of the irreducible representation R, the expression (4.21)
does not vanish even with taking into account the equations (2.23), (2.24), i.e. we meet
the same situation as in the abelian case considered in [13], the theory is divergent already
at the one-loop level.> The case of pure 6D, N' = (1,0) SYM theory corresponds to the
evident choice T'(R) = 0 and C(R) = 0 in (4.21), and the one-loop divergent part is
vanishing on shell, where F'** = 0, in agreement with the old result of ref. [1].

5In principle, when the hypermultiplet is in some reducible representation of gauge group, we can pick
up this representation in such a way that the coefficients before the corresponding divergent parts vanish.
Such a theory will be also off-shell finite at one loop.
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5 Summary and outlook

In the present paper we explicitly calculated the divergent part of the one-loop effective
action in 6D, N' = (1,0) SYM gauge theory coupled to the hypermultiplet in an arbitrary
representation of the gauge group. The theory was formulated in the 6D, N = (1,0)
harmonic superspace, which preserves the manifest 6D, N’ = (1,0) supersymmetry and
provides a reliable ground for conducting the quantum field analysis.

We developed the background field quantization of the model under consideration. Al-
though the A' = (1,0) SYM theories are in general anomalous® (see, e.g., the papers [32, 33]
and references therein), the one-loop divergences can be calculated in the manifestly gauge
invariant and A/ = (1,0) supersymmetric way. Anomalies are obtained by considering finite
contributions and do not affect the one-loop divergences considered in this paper. Namely,
we found one-loop divergences of the effective action both in the gauge multiplet sector and
in the hypermultiplet sector for an arbitrary gauge group and an arbitrary hypermultiplet
representation. The structure of the divergences in the gauge multiplet sector (with all
hypermultiplet contributions being suppressed) completely matches with the results of the
analysis in refs. [1, 2]. In particular, the divergences in this sector can be eliminated by
a field redefinition. This implies that the theory is on-shell finite in the gauge multiplet
sector. However, when the hypermultiplet sector is taken into account, the situation is
drastically changed. The divergences cannot be eliminated by a field redefinition and the
theory is divergent even on-shell.

However, there is a subclass of the general theory, which deserves a special consider-
ation. It is the N = (1,1) SYM theory which includes the interacting N' = (1,0) gauge
multiplet and the N’ = (1,0) hypermultiplet, both being in the same adjoint representa-
tion. The structure of the coefficients in various terms of the divergent part of the one-loop
effective action (4.21) allows us to assert that the one-loop quantum effective action of the
N = (1,1) SYM theory does not contain the logarithmic divergences at all, even off-shell.
Such a result is entirely unexpected.

We would like to emphasize that 6D, NV = (1,1) SYM theory is in many aspects
analogous to 4D, N' = 4 SYM theory. The 4D, N'= 4 SYM theory is formulated in N = 2
harmonic superspace, the 6D, N' = (1,1) SYM theory is formulated in N' = (1,0) harmonic
superspace, both theories include vector multiplet and hypermultiplet in the same adjoint
representation, both theories are described by the same set of harmonics. Both theories
are off-shell finite at one loop. But 4D, N' = 4 SYM theory is a completely finite field
model. Taking into account these analogies and the results of this paper, we are led to
assume that 6D, ' = (1,1) SYM theory can be off-shell finite at higher loops as well.” The
first crucial test for such a conjecture would be the study of the structure of the two-loop
divergences in 6D, N = (1,1) SYM theory. In the forthcoming paper, we plan to carry
out an explicit calculation of the divergent part of the effective action of this theory in the
two-loop approximation.

5The main object of our investigation, the A" = (1,1) SYM theory, is free from anomalies.

"It is possible that there are new non-renormalization theorems in 6D, N = (1,1) SYM theory (see
the discussion of the non-renormalization theorem in 4D, N' = 2 SYM theories in harmonic superspace
approach in [34, 35]).
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