PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 1, 2020
ACCEPTED: August 4, 2020
PUBLISHED: August 31, 2020

Supergraph calculation of one-loop divergences in
higher-derivative 6D SYM theory

I.L. Buchbinder,“* E.A. lvanov,® B.S. Merzlikin®** and K.V. Stepanyantz®®
@ Department of Theoretical Physics, Tomsk State Pedagogical University,
634061, Tomsk, Russia

b National Research Tomsk State University,
634050, Tomsk, Russia

¢ Bogoliubov Laboratory of Theoretical Physics, JINR,
141980 Dubna, Moscow region, Russia

4 Tomsk State University of Control Systems and Radioelectronics,
634050 Tomsk, Russia

¢ Department of Theoretical Physics, Moscow State University,
119991, Moscow, Russia

E-mail: joseph@tspu.edu.ru, eivanov@theor. jinr.ru,
merzlikin@tspu.edu.ru, stepan@m9com.ru

ABSTRACT: We apply the harmonic superspace approach for calculating the divergent part
of the one-loop effective action of renormalizable 6D, N' = (1,0) supersymmetric higher-
derivative gauge theory with a dimensionless coupling constant. Our consideration uses
the background superfield method allowing to carry out the analysis of the effective ac-
tion in a manifestly gauge covariant and A" = (1,0) supersymmetric way. We exploit the
regularization by dimensional reduction, in which the divergences are absorbed into a renor-
malization of the coupling constant. Having the expression for the one-loop divergences,
we calculate the relevant S-function. Its sign is specified by the overall sign of the classical
action which in higher-derivative theories is not fixed a priori. The result agrees with the
earlier calculations in the component approach. The superfield calculation is simpler and
provides possibilities for various generalizations.

KeEyworbDSs: Field Theories in Higher Dimensions, Renormalization Regularization and
Renormalons, Superspaces, Supersymmetric Gauge Theory

ARX1v EPRINT: 2004.12657

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP08(2020)169


mailto:joseph@tspu.edu.ru
mailto:eivanov@theor.jinr.ru
mailto:merzlikin@tspu.edu.ru
mailto:stepan@m9com.ru
https://arxiv.org/abs/2004.12657
https://doi.org/10.1007/JHEP08(2020)169

Contents

1 Introduction 1
2 Harmonic superspace formulation of 6D, A/ = (1,0) higher-derivative
SYM theory 3
3 Background field quantization in harmonic superspace 5
4 Calculation of the divergent supergraphs 6
5 Conclusion 9
A The second variation of the classical action 9
B Divergences of the supergraphs with a gauge loop 12

1 Introduction

It is well known that field theories with standard kinetic terms and standard interactions
are not renormalizable in higher dimensions because of the dimensionful coupling constants
and the too slow decrease of propagators at large momenta. Supersymmetry is sometimes
capable to improve the ultraviolet behavior in the lowest loops [1-4], but does not lead to
the renormalizability [4] even in theories with maximally extended supersymmetry [5-8].
A way to obtain a higher-dimensional renormalizable theory is to allow the action to
include terms with higher derivatives. The study of the higher derivative theories at the
classical and quantum levels has a long history that apparently begins with the seminal work
by Pais and Uhlenbeck [9]. Although the higher-derivative theories suffer from the ghost
states in the spectrum, they still attract much attention and are widely used in gravity,
cosmology and quantum field theory (see, e.g., [10-14]). Some of the recent applications, as
well as the discussion of ways to evade the problem of ghosts, can be found in refs. [15-20]
and reviews [21, 22| (and the references therein). So, the higher-derivative models are
considered to be very interesting and deserving the study from different points of view.
An important example of application of the higher-derivative theories is the regulariza-
tion by higher-order covariant derivatives [23, 24]. This regularization is self-consistent and,
for supersymmetric theories, can be formulated in a manifestly supersymmetric way [25-28]
consistent with the non-renormalization theorems (see, e.g., [29-31]). When applied for
investigating quantum corrections in supersymmetric field theories, the higher-derivative
regularization allowed to reveal some interesting features of them (see, e.g., [32, 33] and
references therein). This is one more argument why it is useful to study the quantum
corrections in higher-derivative supersymmetric theories in various dimensions.



In this paper we consider the six-dimensional higher-derivative supersymmetric gauge
theory proposed in ref. [34] and calculate the divergent part of the one-loop effective action,
using the regularization by dimensional reduction. This theory describes the following set
of the interacting 6D fields: the vector field, the Weyl spinor field, and three real scalar
fields, all being in the adjoint representation of the gauge group. In the gauge field sector
the action starts with the term containing four derivatives

_ glgtr / & (VM Farn)?, (1.1)
where F)sy is the standard Yang-Mills strength. This implies that the coupling constant
go is dimensionless. The manifestly supersymmetric formulation of the theory in 6D,
N = (1,0) harmonic superspace and the full off-shell component form of the action in the
Wess-Zumino gauge were earlier given in ref. [34].!

In the case under consideration, the issue of renormalizabity was studied in [34] (see
also [35]) in a component formulation and in [36] in a superfield formalism. The actual
calculations definitely show that the theory is renormalizable at one loop.? The one-loop
divergences, renormalization of the coupling constant and the corresponding beta-function
in this theory were calculated in refs. [34, 35] by two different methods based on the
component formulations.

The study of various aspects of the four-dimensional supersymmetric quantum field
theories (see, e.g., the monographs [29-31]) provided an evidence that the most attractive
and elegant way of investigating their quantum properties is by using superfield methods.
The superfield formulation of 6D supersymmetric theories was constructed in refs. [38-40]
in terms of 6D, N' = (1,0) harmonic superspace which is quite similar to its 4D, N = 2
prototype [41-43]. The main advantage of such a formulation is the possibility to keep
manifest N' = (1,0) supersymmetry at all steps of quantum calculations. In our recent
papers [44-50] we developed the harmonic superfield approach for calculating the lowest
off-shell quantum corrections in various 6D, N' = (1,0) and N' = (1,1) supersymmetric
theories. In the present paper we apply this superfield technique for studying the one-loop
effective action in 6D, N/ = (1,0) higher-derivative gauge theory of ref. [34].

The paper is organized as follows. In section 2 we collect the basic notions of 6D,
N = (1,0) harmonic superspace and the formulation of the model under consideration
within its framework. Section 3 presents the manifestly supersymmetric and gauge covari-
ant quantization of this theory and the construction of the corresponding effective action.
In section 4 we compute the one-loop divergences by a direct calculation of the harmonic su-
pergraphs and find the g-function. The results and some further problems are summarized
in Conclusion. The technical details of the calculation are contained in appendices A and B.

IThe radical difference of such a higher-derivative theory from the theories regularized by higher-order
derivatives is that the actions of the latter theories involve higher-derivative terms as corrections to the
standard kinetic terms with canonical numbers of derivatives (two for bosons and one for fermions), while
in the case under consideration no canonical kinetic terms are present from the very beginning.

2The theory under consideration possesses a chiral anomaly [37] which, in principle, can violate the
renormalizability. However it is known that the anomaly does not affect the form of one-loop divergences.



2 Harmonic superspace formulation of 6D, N' = (1,0) higher-derivative
SYM theory

The harmonic superspace technique is most convenient for formulating theories with 6D,
N = (1,0) supersymmetry as it suggests the manifestly supersymmetric and gauge invari-
ant scheme of their quantization.

In our notation the coordinates of 6D Minkowski space and the N' = (1,0) Grassmann
coordinates are denoted by z™ and 6%, with M = 0,...,5,a = 1,...,4, and i = 1,2.
The coordinates (wM , 0% uf) of the harmonic superspace include in addition the harmonic
variables u;t which obey the constraints u™u; =1, u; = (u**)*. Having these coordinates
at hand, one can construct the harmonic derivatives

o o o 0
ou~t’ outt’ Outi Ou~t’

which generate an SU(2) algebra. The harmonic superspace contains an analytic subspace

DTt =yt D~ =u" DY =yt (2.1)

closed under the 6D, N/ = (1,0) supersymmetry transformations. It is parametrized by

the coordinates

o =M 4 %9—7M9+; 0% = uFor, (2.2)

where 7M are 6D y-matrices.
We also introduce the harmonic spinor covariant derivatives
+ _ i -

D w; Dy D
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=u; D!, (2.3)
the only non-zero anticommutation relation among which being {D;, D; } = i(v™) 400

Due to the anticommutativity of the derivatives D} any product of four such derivatives
(defined with respect to the same harmonic variable u) is reduced to the expression

1
4 abed
(D) = —54° DfDSDD}. (2.4)

In this paper we adopt the following convention for the superspace integration measures
needed for constructing N' = (1,0) invariant actions:

In the harmonic superspace formulation the gauge field is carried by the superfield
V*HH(z,u) = VTT4t4 which obeys the analyticity condition

DIVt =0 (2.6)
and is real with respect to a generalized conjugation denoted by a tilde, V= v
In this paper we use the Hermitian generators t* which are normalized by the conditions

tr(t4tB) = 648/2. From the gauge superfield V** one can construct a non-analytic
superfield

V™ (z,u) = Z(—i)”'H /dulduQ ... duy,

n=1

VIt (z,u))VTH(z,ug) ... VT (2, up)

D). gy D




and, further, the harmonic gauge superfield strength
FtT=(DOMHv—. (2.8)
It is evidently analytic. Moreover, it satisfies the off-shell condition
VH T = DHF R vt P =0, (2.9)
which is a consequence of the harmonic flatness condition
DYV —D VT [Vt VT = 0. (2.10)

The latter can be considered as a definition of V™.
The gauge transformations in the harmonic superspace are parametrized by a real
(with respect to the tilde-conjugation) analytic superfield A = MAA:

V:I::t N ei)\V:I::te—iA _ Z-eiAD:t:I:e—i)\ Ftt N ei)\F++e—i)\ ) (2'11)
The 6D, N = (1,0) supersymmetric generalization of the usual 6D Yang-Mills theory
in the harmonic superspace formulation is given by the action [51]

1 & (—i)” 14 Vit (z,ur) ... VT (z,up)
SsymM = — tr/d zduy ...duy , 2.12
13 7; n ! (ufug) ... (uul) (2.12)

with the coupling constant fy having the dimension of the inverse mass. It is clear that this

theory is not renormalizable by power counting. The one-loop divergences for this theory
have been calculated in ref. [46].

In the present paper we will consider a different theory which contains the higher
(four) derivatives. Unlike the second-order derivative SYM theory with the action (2.12),
the higher-derivative theory we are considering is characterized by a dimensionless coupling
constant. Such a theory was formulated in harmonic 6D superspace in [34]. It is described
by the following manifestly gauge invariant and AN/ = (1,0) supersymmetric action

S = i% tr / d¢Ydu (FT)2 = i% / d¢ du(FH4)? (2.13)
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where the analytic harmonic superfield strength F** is defined in eq. (2.8). The aim of
our paper is to investigate the one-loop divergences for the theory with the action (2.13).

The sign of the action (2.13) deserves some comments. In conventional field theory
models without higher derivatives the overall sign is fixed by the requirement that the
energy is positive. In the higher-derivative theories the energy is not positively defined in
general. This means, that there are no actual reasons to fix an overall sign of the action
in such theories. This is why we cannot fix the sign of the action (2.13).> Note that in
ref. [34] there was chosen the sign minus (corresponding to the sign in (1.1)) since it gives
rise to the correct sign in front of the component kinetic term of the triplet of scalar fields
entering the gauge N = (1,0) multiplet (the former auxiliary fields). However, this does
not imply the positivity of energy for all component fields which involve higher-derivative
ghosts for any sign. In ref. [35] there was chosen the sign “plus”. In order to have a freedom
to compare our results with those obtained in refs. [34, 35], we prefer not to fix the overall
sign of the action.

3This point was also noted in [35].



3 Background field quantization in harmonic superspace

The harmonic superspace technique makes it possible to construct the manifestly N =
(1,0) supersymmetric quantization procedure. It is also convenient to use the background
superfield method [52-54] which provides a manifestly gauge invariant effective action. In
6D, N = (1,0) harmonic superspace it is formulated similarly to the 4D, N' = 2 case
treated in [55, 56]. In particular, the background-quantum splitting is linear,

V= vyt (3.1)

where V1 and v™ are the background and quantum gauge superfields, respectively.
After the substitution of (3.1) in the action (2.13) the gauge invariance (2.11) amounts to
the two types of transformations. The background gauge invariance

i\ —iX _ iA —iA i\ —iA
VT 5 AV Tte™ e Dt Tem™, vt eMytte? (3.2)

remains a manifest symmetry of the effective action, while the quantum gauge invariance
vit o V++; vt o ei/\(v-‘r—i- 4 V-‘r—l—)e—i/\ —_Vvtt_ iei/\D-l--‘re—i)\ (3'3)

is broken by the gauge-fixing procedure down to the invariance under the BRST transfor-
mations. It is assumed that the gauge-fixing term should be chosen invariant under the
transformations (3.2). The harmonic superspace analog of the {-gauge is then given by
the action

1 “ul) . . o~
Sgf = :F7292§0 tr / d" 2 duy dus 7(% us ) b1 ib2 (V;+v;+) b2 O, (Vf+vf+),
0

(uf ug)?
(3.4)
where the operator
-~ 1
0= 5(D+)4(V")2 (3.5)

is reduced to the covariant analog of the d’Alambertian operator, when acting on analytic
superfields.* The background covariant derivatives are defined as

VvVt =Dt vt V= =D +iV . (3.6)

Evidently, if they act on a superfield in the adjoint representation (e.g., on v*1), the gauge
superfields should be expanded over the generators of the adjoint representation, so that

ViR T = pEEyTE g [vEE ), (3.7)

The background bridge superfield b in eq. (3.4) is related to the background superfields
V++ and V=~ (constructed out of V*+ by the equation similar to (2.7)) via the relations

VT = el Dt te 0, V™ = —ie®®D e, (3.8)

“In principle, in the framework of the background field method we could use any appropriate gauge
preserving the background gauge invariance. However, it is technically convenient to choose the action Sgt
to be of the same degree in derivatives as the classical action.



The subscripts 1 and 2 in eq. (3.4) refer to the harmonic variables u; or us present in Sgf.
Similar notation will be used below.

The action for the Faddeev-Popov ghosts corresponding to the gauge-fixing action (3.4)
is obtained in the standard way (see, e.g., [55]) and is given by

Spp = tr / d¢Edu bt (V++c +ifot, c]), (3.9)

where the anticommuting analytic superfields b and ¢ stand for the Faddeev-Popov

antighosts and ghosts, respectively. However, the presence of the operator O in eq. (3.4)
change the form of the Nielsen-Kallosh determinant. Namely, in the case under considera-
tion it can be written in the form

Axk = Det~/2(V++)2 Det O = / Dy DX Do exp (iSnk), (3.10)

where the set of Nielsen-Kallosh ghosts involves the commuting analytic superfield ¢ to-
gether with the Grassmann-odd analytic superfields x(*%) and o, all being in the adjoint
representation of the gauge group. The action for these ghosts reads

1 —~
Sk = tr / d¢=Ydu (—2(v+w)2 +x* 0O a) : (3.11)
Then the generating functional for the considered theory can finally be written in the form

Z[Sources, V1] = /Dv++Db Dc Dy DX(+4)DO' exp {i(S+ng+SFP+SNK+SSOHrceS> }

(3.12)
The source term is defined as

Ssources = /dC(_4)dU J++A’U++A +..., (313)

where dots denote terms corresponding to various ghost superfields. The effective action
['[Fields, V] is defined as the Legendre transform of the generating functional for the
connected Green functions W = —iln Z. Setting all quantum fields equal to zero, we obtain
the manifestly gauge invariant action T'[V**] = I'[ Fields — 0, V1.

Like in the case of standard 6D, N' = (1,0) SYM theory [45, 46], there are two ways to
calculate divergent terms in this action. One of them is based on the superfield proper-time
technique and preserves manifest gauge invariance at all steps. Another goes through the
direct calculation of the relevant Feynman supergraphs with invoking gauge invariance at
the final stage. Here we employ the second method, leaving the first one for the future study.

4 Calculation of the divergent supergraphs

The one-loop contribution to the two-point Green function of the background gauge su-
perfield for the considered model is given by the supergraphs depicted on figure 1. We will
calculate it in the minimal gauge £ = 1, where £ is the renormalized gauge-fixing parame-
ter. The external wavy lines in the supergraphs on figure 1 represent the background gauge
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Figure 1. Supergraphs which allow to calculate the divergent part of the one-loop effective action
for the model (2.13). The dashed lines stand for all ghost superfields present in the theory.

superfield V*+ (or the background bridge b). The wavy internal lines correspond to the
propagators of the quantum gauge superfield v™". In the Feynman gauge this propagator
has the simplest form and is given by the expression

827,

1
S — = 42ig2 — (D)4 6" (21 — 22) 6* ) (uy, us), 4.1
TSI e, 90 51 (D2)707 (21 — 22) (u1,u2) (4.1)

where

514(21 — 2’2) = 56(l’1 — 1'2) 58(01 — 92) (4.2)
and Zjp denotes the generating functional of the free theory. The dashed lines denote
propagators of the Faddeev-Popov and Nielsen-Kallosh ghosts. All ghost contributions

have already been calculated earlier [45, 46]. Actually, the ghost part of the generating
functional for the theory under consideration and for the theory (2.12) differ only in the

—~ 1/2
</ DY Do exp {itr/dd‘”du Y+ 0O a}) . (4.3)

However, according to [46] this expression cannot produce divergences. This implies that

expression

the total ghost contribution (which include both Faddeev-Popov and Nielsen-Kallosh parts
and can be found by calculating the supergraphs (3) and (4) in figure 1) coincides with the
one for the theory (2.12) and, according to [46], is equal to

C -
(Art(;)))ghost - 36(43‘()3 tr/dc( 4)du (F++)2a (44)

where it is assumed that the regularization by dimensional reduction is used, with e = 6—D.

fACD fBCD — 4 §AB | where the structure

The constant Cs is defined by the equation
constants fABC are given by the commutator of generators,

Thus, it remains to calculate only the one-loop divergences produced by the super-
graphs containing a loop of the quantum gauge superfield. These divergences are completely
determined by the part of the total action quadratic in the quantum gauge superfield (which
does not contain other quantum superfields). Obviously, such terms are present only in the
classical action (2.13) and the gauge-fixing action (3.4). In appendix A we demonstrate



that, in the Feynman gauge & = 1,°

5(2)+ng:j:212tr/dc(_4) duvt™ E|2v++
90

qi;ggtr/dmz duy dug W61b16_2b2v;+62b26_’b1 [F v o). (4.5)
Starting from this expression we calculate the one-loop divergences coming from the super-
graphs which contain a loop of the quantum gauge superfield (see appendix B). Namely,
from the expression (4.5) we find the vertices in the supergraphs depicted on figure 1. Next,
we calculate the first two supergraphs in figure 1 and obtain the corresponding contribution
to the divergent part of the two-point Green function of the background gauge superfield.
Finally, taking into account the background gauge invariance of the effective action, we
obtain the general result for all one-loop divergences coming from the supergraphs with a

loop of the quantum gauge superfield inside. The result is given by the expression

(ard) _ A% / d¢TDdu (FH)2, (4.6)

0 )gauge 5(47[-)3

Summing up egs. (4.4) and (4.6), we obtain that the divergent part of the one-loop effective
action for the theory (2.13) regularized by the dimensional reduction takes the form

1105
1
+ (AF(OO))ghost = _35(471')3

This result exactly agrees with the ones obtained in refs. [34, 35] starting from the compo-

ATY) = (ArY)

gauge

tr / d¢TDdu (FH)2, (4.7)
nent formulation of the theory in the Wess-Zumino gauge.

Adding the expression (4.7) to the classical action (2.13) we can find quantum correc-
tions to the coupling constant gy,

1 11Cy _
r_ T (—4) gy (F+)2
Sef ( 293 35(4%)3> tr/d{ du ( )

+ finite one-loop contributions + higher order corrections. (4.8)

From this expression we see that the renormalized coupling constant g is related to gg as
1 1 22C,

— = —5 F ———= + higher orders, (4.9)

9° g5 3e(4m)?

which exactly agrees with the relation obtained in (the revised version of) ref. [34] and in

ref. [35]. It is more convenient to rewrite it in terms of a = g2 /4,
1 1 22C :
o= o ¥ ()’ + higher orders. (4.10)
This relation implies that the one-loop S-function is given by the expression
11a2Cs
Blo) =% 2472
Thus, the lower sign corresponds to the Landau zero, while the upper sign corresponds

+ higher orders. (4.11)

to the asymptotic freedom. If one takes into account the difference in the notations, the
former choice was used in ref. [34], while the calculation of ref. [35] corresponds to the
latter case.

5When calculating the one-loop divergences, there is no difference between choices & = 1 and & = 1.



5 Conclusion

In this paper we have considered the higher-derivative 6D, N' = (1,0) supersymmetric
Yang-Mills theory in the harmonic superspace formulation. The theory was quantized
within the background superfield method which allows to preserve the manifest gauge
invariance and 6D, N' = (1,0) supersymmetry at all stages of the quantum calculations.
Using the supergraph technique and the regularization by dimensional reduction we have
calculated the one-loop divergences of the quantum effective action. The calculations were
organized as follows. The divergences were firstly found to the lowest order with respect to
the background gauge superfield. Then, using the manifest gauge invariance, the full result
for the divergent part of the one-loop effective action was restored.® It was shown that
the divergences can be absorbed into the renormalization of the dimensionless coupling
constant gg. The corresponding S-function was computed and its sign was shown to be
determined by the sign of the initial classical action.

It is natural to expect that the theory will remain renormalizable after adding to the
action (2.13) the action of 6D, ' = (1,0) gauge theory without higher derivatives involving
a dimensionful coupling constant fy. It would be interesting to study the renormalization
properties of such a theory involving two coupling constants gg and fy. Another interest-
ing problem is the construction of the 6D, N' = (1,1) higher-derivative supersymmetric
gauge theory and the study of its renormalization properties. For this purpose one should
extend the theory considered here by higher-derivative couplings with the hypermultiplet
in the adjoint representation (e.g., along the line of ref. [57]) and try to ensure the hid-
den N = (0,1) supersymmetry in such an extended 6D system. These problems will be
addressed elsewhere.
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A The second variation of the classical action

For calculating the one-loop divergences we need to single out that part of the action which
is quadratic in the quantum gauge superfields. As is evident from eq. (3.1), to this end one
should calculate the second variation of the action, then make the replacement

SVt o ptty ytt oyt (A1)

and finally multiply the result by 1/2.
The first variation of the action (2.13) is given by the expression

1 1
08 = £—tr / ATV du FYH6FT = £ = tr / d"zdu FTHev—. (A.2)
90 90

6 As was already mentioned, an alternative to this calculation is the computational procedure preserving
the manifest gauge invariance at all steps and based on the superfield proper-time technique [45]. We plan
to consider this approach in the forthcoming paper.



To obtain the variation 6V~ note that, as a consequence of eq. (2.10), it should satisfy
the relation

VeV =v 6V, (A.3)
where the covariant derivatives are defined as
vVt =D v, V=D +iV . (A.4)

Note that, in contrast to egs. (3.6), these expressions contain the superfields yEE (instead
of V*E). The solution of eq. (A.3) satisfies the equation

1
SV = (V) eVt — SV (A.5)

N | =

Substituting this expression into (A.2) and using (2.9), the first variation of the action can
be presented in the form

1
08 = 4o tr / d"z du FHH(V—)26V (A.6)
90
Next, we calculate the second variation

1
55 = 6(08) = 5 5 tr / d"z du (SFHH(V77) VI P gV, Voot
90

I Avan [W——, 5V++} ) (A.7)
Substituting 6 F++ = (D1)46V~ into this expression, after some algebra we obtain

R / 4"z du (5\/“ Osv+t
90

- %61/“ [F++, v——évﬂ + %61/“ [v——F++, 5V++} ) (A.8)
where )
O=5(0Y(v )~ (A.9)

To find the variation 6V~ we introduce the (non-analytic) bridge superfield b related
to V£ by the relations similar to (3.8),

Vit = —ie®Dt e VT = e D e, (A.10)
Then, taking into account that V** = ¢ D¥+e~%® the solution of eq. (A.3) can be written
as [58]

1 L L
VT = /du2 orenaL eyt eib2mibt (A.11)
1 U2

where the subscripts refer to the corresponding harmonic variables.

~10 -



Substituting the expression (A.11) into eq. (A.8) we rewrite the second variation of
the action (2.13) as

1
528 = +— tr/sz duy dus

3 elble—lbg (S‘/2++€Zb2€_2bl
90 (u )

1 U
x <61 SV — % P v;—avﬁﬂ + % [v;—F#, 5v1++D . (A12)

Making in this expression the replacement (A.1) and multiplying the result by 1/2 we
obtain that part of the action (2.13) which is quadratic in the quantum gauge superfields,

1
S — 12—2 tr/d”‘z duq dus

i
90

e e—zbz ,U;——l-ezbge—zbl

—~

ufug)?

X <D1 UfrJr —

N | =

Fi, vimoft| + 5 (ViTF uf*D . (A13)

To obtain the analogous part of the total action, we should add the gauge-fixing ac-
tion (3.4) to this expression. Using the identity

- 1 2 1 __ __
[0,V ]ott = §(D+)4 [(V ) ’V++} I —§(D+)4(DOV LV D0>v++
= (DAYt = —i[FTT v (A.14)

after integrating by parts with respect to the harmonic derivatives the gauge-fixing
term (3.4) can be rewritten as

1 . : . . “us ~
St = Fooe 7 tr / dM 2 duy dug e b2y T b2 {DT‘FD;‘*‘ <(u1 U ) >
9o<0

ving () o)

(A.15)
1 Uz
Then, with the help of the identities
1 Uy 1 1, (2.9 _
D+ pTt ( (uy uy) ) _ = YD) 252D (g ) (A.16)
O Gg) = g 2P
1 Uy Tuy 1 1
D++ < (ul u2) > — (U’l u2) — D7 < > (Al?)
Co\fu)?) gt 2 \(ufug)?
it is convenient to rearrange the expression (A.15) to the form
Ser = :I:ltr/dC(_4) duvt™ ﬁ 2yttt £ L tr/sz duq dusg ;
& 293 2950 (ufuz)?
x elbreTibyrt oibaoiby {ﬁl o T+ % Vi [F, vf“]} . (A.18)

- 11 -



The quadratic in the quantum gauge superfield part of the total action is obtained as
a sum of the expressions (A.13) and (A.18),

1 ~ 1 . )
S@4g f:j:tr/dg(_4) duv++l:|2v++:|:tr/d14zdu1 dug ———— 017021+
BT 268 293 (uf uz)? ’
. ) 1\ 2 ) 1 ) 1
x ezeibrd (1 — ) Oy var—}—l 1—— [foFf#,var]—i 1+— ) [FfH, vy o 1) g
o 2 o 2 o

(A.19)

This expression is drastically simplified in the Feynman gauge £ = 1. In this gauge
eq. (A.19) is reduced to the expression (4.5).

B Divergences of the supergraphs with a gauge loop

Let us calculate the one-loop divergences coming from the first two supergraphs presented
in figure 1. Both these supergraphs contain a loop of the quantum gauge superfield, so
that the vertices can be found from the expression (4.5). In particular, the triple vertex
present in the supergraph (1) can be written as

1
0

linear linear

vy AR DruftC = Very + Verp,  (B.1)

linear,1

1
+ — fA5¢ / d"z duy dus

490 (u+u+)2

172

where the subscript “linear” means that it is enough to consider only the part linear in the

background gauge superfield V++,

1 1
A _ A, ++A Ay ++A
‘/Iinear,l - /du2 (uif—u;-)g ‘/2 ) Einear,l - /dU2 W (Dl ) Vé : (B2)

We see that the vertex (B.1) can naturally be divided into the two parts, Ver; and Vers.
—-B

near » While the second one contains

The first one is composed of the terms which include V]
the term with Fﬁ;;f . Therefore, the supergraph (1) in figure 1 splits into three subgraphs,
namely, Ver; — Ver;, Very — Very, and Ver; — Vers. The subgraph containing two vertices
Ver, is very similar to an analogous supergraph calculated in ref. [46] and vanishes due to
the presence of the factors

—\2 ey
(DT 7) (g uz)* =0 or Dy~ Dy~ (ufuz)* =0. (B.3)

Ul =ug Ul1=uz

The subgraph Very — Vers is proportional to

dSk 1
| rEa Ty (B-4)

and is, therefore, finite. This implies that this subgraph does not contribute to the divergent

part of the one-loop effective action and can be omitted.
Thus, we see that the only non-trivial contribution of the supergraph (1) to the one-
loop divergences can appear from the (logarithmically divergent) subgraph Ver; — Vers.
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Applying Feynman rules, we find that the considered contribution to the effective action

is given by the expression
Ver; — Ver _ d" z1d" 25 duy dus du 35 Vin Az, u1) FE A (20, up)
1 2 = 4 1 2 1 2 3 (u+u+) linear 1, U1 linear 2, U2

2 U3

X{D;—[§4<D2 )16 (21 — )5<272><u1,uQ)] Dy~ 8i(D+)4514( —22)5@72)(%%)]

1
— Dy Dy~ [84 (DF)*6" (21 — 22) 62 (uy, Uz)] —5 (D)™ (21 — 22) 672 (uy, uz)
__ _ |1 _
+ ;| (D191 = 2) 0% ur )| D7 | DM 2208 s, )
1
- Dy Dy [82 (DF)*6M (21 = 29) 672 (Uhuz)] (D)6 (21 = 22) 67 (uy, u3)}-

(B.5)

Note that, without a loss of generality, we can assume that all spinor derivatives act on
the point 2.

The é-functions 6*4(z; — z9) include 68(0; — 62), and the product of two Grassmannian
d-functions does not vanish only in the situation when at least 8 spinor covariant derivatives
act on them. Taking into account this property and using the identity

8%(61 — 62) (D)1 (DF)*8°(01 — 02) = (u g )*6%(61 — 62) (B.6)

we can do one of the integrals over d®0. Then, in the momentum representation, eq. (B.5)
can be brought in the form

6
d®0 duy duszS/ d’p foA( p,&ul)FJr+ (p,0,u2)

(2 ) linear linear

ZCQ
) (ug ug )?

dk 1 - - B
X/(2ﬂ_)6 k4(k+p)2{D2 [(u;ug‘)ﬁl(s(l 2)(ul’u2)} l)1 5(2, 2)(u1,u3)

— DDy~ [( Tud) 1@ (uy, uz)} 5(2’_2)(u1,U3)}. (B.7)

After integrating by parts with respect to the derivative D; ~ in the last term, this expres-
sion can be rewritten as

iCo [ g / d’p  d 1 tA 2
—= [ d°0 duy dus d F 0 —_—
2 / Ul aug aug (277)6 (277)6 k4(k _|_ p) linear (p7 UQ) (u;-u;-)Q
X ‘/Ilnear ( —D; 07 ’Uq) D277 [( 5 +)45(2 -2 (Ul, u2):| D1775(27_2) (ulv Ug) + (u;ug)z

linear

V__ ( b, 07 Ul) D2__5(27_2) (ub UZ) 6(27_2) (Ul, U3)}, (BS)

where we took into account that

(uFud) 632 (uy, ug) 6@ (uy, uz) — 0. (B.9)
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Once again, integrating by parts with respect to the derivative D, ~ and doing the integral
over duy with the help of 6§22 (u1,ug2), we obtain

iCo 3 / dSp  dSk 1
Very — Very = =2 [ d%0 dusy d
e T Ve = T / U2 [ 9m)6 (2m)8 KAk + p)2

{4V__A( D, 0,uz) FitA (p,0,u2) (u;u;) (u;u;) D2__5(2’_2)(u2,U3)

linear linear

= Ve (=1, 0,u2) Dy~ B4 (p, 0, up) (ug uf )> Dy =632 (ug, ug)
- 2D__‘/1;16?ar ( p, 0, u2) F};:ar (p’ 0 u2) (u;u;) (u2 ug ) 2 -2 (u27 U3)
— Dy Vi (=p.0,u2) Dy R (p, 0, up) (ug uy)? 6372 (u2,u3)}.
(B.10)
Two last terms in this expression evidently vanish because they contain
(ugud) 672 (ug,u3) — 0. (B.11)

Integrating by parts with respect to the derivative D; ~ in the remaining terms we see that
the only expression which does not contain the vanishing product (B.11) is

dp %k 1
. 3
- 2iC / 40 duz Guz / (2m)8 (2m)8 ki (k + p)2

A(—p,0,u2) FrH4(p, 0, uz) (ug ug)? 632 (ug, uz).  (B.12)

linear

x V.

hnear

After calculating the harmonic integrals, this expression takes the form

dﬁp dSk 1
8 ——A ++A
- 2102 / d 9 d'LL / 271' 6 k4(k + p) ‘/Iinear (_p7 67 ’LL) F111near (p7 97 U) (Bl?’)

The momentum integral in this expression is calculated in the Euclidean space after the
standard Wick rotation with the help of dimensional reduction. Clearly, we are interested
in its divergent part only,

dSk 1 [ dPK 1 i ,
/ @) K ()2 — —z/ (@)D K© +finite terms = m+ﬁmte terms, (B.14)
where the capital letter K denotes the Fuclidean loop momentum.
Thus, in the coordinate representation we obtain the following divergent contribution
coming from the supergraph (1) in figure 1:
2C 4C
|diagram (1)] = -2 /d14 du Vi AFiA = 2 /dg Jdu (FiE )2,

I € (47.[.) linear * linear € (471') linear

(B.15)
Now, let us calculate the contribution of the tadpole supergraph (2) in figure 1. The

relevant vertex is also obtained from the expression (4.5) and is composed out of the terms
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quadratic in the background gauge superfield V™' and in the background bridge b,

1 . __ __ . I
- ngtr / d14z du {182U++ [‘/:luadratic’ D ’U++] + Za2v++D [‘/zluadratim U++]
__ __ 1 __ __ e ——
- 82U++ [‘/linear’ [‘/linear’ U++H - Z ([‘/linear’ D U++] +D [‘/Iinear’ U++]) (D+)4
1 1
X ([Vi;_r, D~ vt + D[V, v++]>} + tr/sz duy dug ————
linea. linea 29(2) (u;ru;)z
X {[bl - b27 U;—i_] [Fl?;l—é_ar,l’ Diivi_—i_] - ivg_-l_[F(;l_l:dratic,l? Diivfﬁ_]}’ (B16)
where Kll_la_dratic and F;ljdmtic are those parts of V== and FT™ which are quadratic in

V1. Constructing the corresponding expression for the contribution of the supergraph
(2), we see that all terms in it vanish either because the number of spinor derivatives acting
on the anticommuting d-function at the coincident arguments is less than 8 (for all terms

without (D*)* in eq. (B.16)), or because of the presence of (u]uj) = 0 (for the

terms containing (D1)*). Therefore, the supergraph (2) in figure 1 does not contribute to
the divergent part of the one-loop effective action.

Thus, the one-loop divergences coming from the supergraphs (1) and (2) in figure 1 are
given by eq. (B.15). However, the gauge superfield V™ is dimensionless, so that the one-
loop divergences are also present in supergraphs with an arbitrary number of the external
gauge legs. The general result for the divergent part of the one-loop effective action can be
restored by resorting to the manifest gauge invariance of the effective action I'[V*+*].” The
gauge invariant expression which in the lowest approximation yields eq. (B.15) is evidently
given just by eq. (4.6).

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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