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1 Introduction

Maximally supersymmetric theories in diverse dimensions are of particular interest in view
of their close relation to superstrings and D-branes. This concerns, e.g., supersymmetric
Yang-Mills (SYM) theories with sixteen supercharges existing in dimensions D < 10. In
particular, maximally supersymmetric 6D,.4" = (1,1) SYM theory arises as a low-energy
effective field theory on coincident D5-branes and is reduced to 4D, 4" = 4 SYM theory
upon the appropriate compactification 6D — 4D. The study of quantum 6D, 4 = (1,1)
SYM theory attracts a heightened attention despite the fact that this theory is non-
renormalizable by power-counting because of dimensionful coupling constant. The rele-
vant full quantum effective action is expected to provide an ultra violet (UV) completion
of this theory and to be identical, after summing up all loop contributions, to the full
Born-Infeld-type world-volume action of D5-branes [1].

The quantum structure of the maximally extended gauge and supergravity theories
is uncovered by studying their amplitudes, for which various powerful methods have been
developed, see, e.g., refs. [2-16] (a more complete list of references can be found in the
paper [15]). Using these methods, some surprising features of 6D, .4 = (1,1) SYM theory
in the quantum domain were observed. For instance, it is free of logarithmic divergences



up to two loops, at three loops such divergences are seen only in the sector of planar
(single-trace) diagrams, while the non-planar (double-trace) diagrams are finite.

No off-shell superfield formalism for 6D, .4 = (1,1) SYM theory is known, while such
a formulation was developed for 6D, .4 = (1,0) SYM theory in [17, 18] in the framework
of the conventional 6D, .4 = (1,0) superspace. The harmonic superspace (HSS) approach
suggested earlier for 4D, 4 = 2 theories [19, 20] was generalized to six dimensions in
refs. [21, 22]. The higher-dimensional counterterms of .4/ = (1,0) and A4 = (1,1) SYM
theories were studied in conventional 6D,.4 = (1,0) superspace [23, 24] and in 6D HSS,
as well as in its on-shell extension, bi-HSS with two sets of SU(2) harmonic variables [15,
25, 26).1

The quantum (Wilsonian) effective action of 6D,.4" = (1,1) SYM theory probably
involves an infinite set of counterterms with the higher-order derivatives. Generically, they
are not supersymmetric off shell and need not to be supersymmetric even on the shell
of original equations of motion. Since every new term added to the original action can
be looked upon as a deformation of the latter, the form of the “on-shell” supersymmetry
transformations can vary from one loop order to another. It is the effective action with
the whole set of counterterms that is expected to possess the properly realized deformed
A = (1,1) supersymmetry. As was argued in [28], up to the fifth order in loops it is
legitimate to deal with the transformations in which the superfields involved are on the
shell of the equations of motion corresponding to the original “microscopic” action. The
deformation effects would manifest themselves only in the next orders. The corresponding
canonical (scaling) dimensions of the component Lagrangians are even and can vary from
d = 6 (one loop) to d = 14 (five loops).

Possible higher-dimensional counterterms were explicitly constructed in [26] using the
off-shell 6D, .4 = (1,0) and the on-shell .4 = (1, 1) harmonic superspace approaches. For
the canonical dimension d = 6, all 6D, .4 = (1, 1) invariants were shown to vanish on shell,
which amounts to the one-loop finiteness of .#* = (1,1) SYM theory. The non-trivial on-
shell 4" = (1,1) supersymmetric and gauge invariant d = 8 operators exist, though they
do not possess the full off-shell 4" = (1,0) supersymmetry required by the perturbation
theory in 6D,.# = (1,0) HSS.? Hence, the theory is UV finite up to two loops and UV
divergences should start from three loops, in accord with the general reasoning of [14]. The
invariants, corresponding to the three-loop order of the perturbation expansion and having
dimension d = 10, are of the two types, planar (single-trace) and non-planar (double-
trace). An interesting property of the single-trace invariant is that it can be equivalently
written as an integral over the full bi-HSS, as well as over its 3/4 analytic subspace. The
double-trace invariant can be defined only in the analytic subspace. This may be one of the
reasons why the double-trace invariant is UV protected and does not make contribution to
the three-loop amplitude that was revealed by explicit calculations in [8-13].

In this paper we continue the analysis of ref. [26] and construct the maximally super-
symmetric on-shell invariants of 6D, 4" = (1,1) SYM theory with the canonical dimension

' A similar bi-harmonic on-shell formulation of 4D, 4" = 4 SYM was recently worked out in [27].
2The manifestly off-shell 6D, .4 = (1,0) supersymmetric and gauge covariant quantum superfield tech-
nique in 6D HSS was worked out and applied in [29-31].



d = 12 which should be responsible for the four-loop divergences. We find that there are
four single-trace invariants and only two double-trace invariants of this dimension. Unlike
the d = 10 invariants, it is impossible to equivalently rewrite any of the d = 12 ones as
integrals over the analytic subspaces of 6D, 4 = (1,1) HSS, with the proper manifestly
analytic Lagrangian densities.

In section 2 we start with recalling basic features of the spinor 6D formalism and
of A = (1,0) HSS with one set of SU(2) harmonic variables and .4/ = (1,1) HSS with
two sets of such variables. The brief exposition of the HSS description of .4 = (1,0)
SYM theory and 6D hypermultiplets is a subject of section 3. The on-shell constraints of
A = (1,1) SYM theory in the bi-HSS and their solution in terms of .#” = (1,0) harmonic
superfields found in [26] are reviewed in section 4. In section 5 we recall the 4" = (1,1)
HSS form of the on-shell invariants constructed in [26] up to the dimension d = 10. We
present a new double-trace d = 10 invariant in which both .4 = (1,0) and ./ = (0,1)
supersymmetries are realized on shell. The structure of new d =12 .4" = (1, 1) invariants
is discussed in detail in section 6. In section 7 we consider the reduction of these invariants
to A = (1,0) SYM invariants. We also study the abelian limit of the new invariants and
show that exists no abelian .#" = (1,1) completion of the bosonic F invariant. Some
technical details are brought in appendix.

This paper is partially based on the bachelor thesis of Serafim Buyucli, the fourth-
grade student of MIPT, defended by him in JINR under the supervision of E. Ivanov in
June of 2018. Serafim had died tragically in August of 2018.

2 6D spinor algebra and HSS

We start by recalling generalities of 6D spinor algebra, as well as of 4 = (1,0) and
A = (1,1) ordinary and harmonic superspaces (HSS). More details can be found in [17, 19—
22, 26, 32]. We will basically follow the notation and conventions of [26].

The group Spin(5, 1) has two inequivalent irreducible spinor representations of complex
dimension 4, that is (1,0) and (0,1) spinors. In contrast to 4D case, the complex conju-
gation does not interchange them, but produces an equivalent representation. In what
follows, we will deal with the symplectic Majorana-Weyl spinors A{ and 1,4 carrying extra
SU(2) ~ Sp(1) indices i = 1,2; A = 1,2 and satisfying the pseudoreality conditions, e.g.,

X =0 =", (2.1)
C being the charge conjugation matrix (C = —C7,C? = —1). The generators of the spinor
representations are SMN = —%O’MN, with
1, B 1 _ N
()% = 5 GMAN = NG = SN = MAY) . MN=0,..5, (22)

where gamma matrices (M), and (V) are antisymmetric 4 x 4 matrices satisfying the
6D Clifford algebra relation

(’YM)CLC(:)/N)Cb + (’YN)(IC(:YM)Cb - _26277MN 9 77MN = dla’g(]-u _1) _17 _17 _]-a _1)7 (23)



and
)ab 1 abcd

=5 (Ya)ed» cro3a = =1. (2.4)

Some other useful properties of gamma matrices (employed in section 7) are

(Y

(Yar)ab (YM)ed = 2€abed s ()™ ()4 = 22904

(oM™)5 (o) = 2(05 05 — 453 67),

TI'(O'MN O‘ST) — 4(nNS 77MT _ ,'7MS nNT)‘ (25)

)

In the spinor notation, 6D vectors are uniquely represented as

1 1.
VM < Vab = 5(7M)abVMa VM = 5’}/%‘/;1[] . (2.6)
Respectively, 6D Minkowski space can be parameterized by the coordinates 2% related to
the standard 6D coordinates XM M =0,...,5 as
1

® =GN 2, b = 5 abOr - (2.7)

In what follows, we shall make use of the superspace approach in which 6D Minkowski
space is extended by anticommuting Grassmann odd spinor coordinates ¢ and 6,4, with
i = 1,2;A = 1,2 being doublet indices of some external automorphism (R-symmetry)
SU(2) groups.

The standard superspace approach is not too useful for gauge theories with extended
supersymmetry. First, it does not allow to reveal the basic unconstrained objects of the
theory and to construct the relevant off-shell superfield actions. Secondly, the standard
superspace constraints on the basic gauge superfields frequently put the theory on mass
shell and give no simple hints as to which portion of the total supersymmetry still admits
an off-shell realization. Much more suggestive is the harmonic superspace (HSS) approach
firstly discovered for 4D, .4 = 4 supersymmetry in [19, 20]. Off-shell superfield formu-
lations of both 6D,.4 = (1,0) SYM theory and hypermultiplets become possible within
6D, 4 = (1,0) HSS [21, 22|, a direct generalization of 4D, 4" = 2 HSS. On the other hand,
in an analogous formulation of the maximally extended 4" = (1,1) SYM theory in 6D HSS
with the double set of harmonic and Grassmann variables [15, 26] the total .4 = (1,1)
Poincaré supersymmetry admits a closure on the corresponding harmonic superfields only
on shell. Hence, the maximally supersymmetric .4 = (1, 1) invariants can also be defined
on shell (though they can still respect off-shell 4" = (1,0) supersymmetry).

Now we sketch the basic notions of .4 = (1,0) HSS. The .4/ = (1,0) super Poincaré
group in its bosonic sector involves the SU(2) automorphisms (R-symmetry) group, besides
6D Poincaré group. When defining the standard .#° = (1,0) superspace, this SU(2) is
factored out, so this superspace is parameterized by the coordinate set

2= (z, 65). (2.8)

A = (1,0) HSS is obtained by factoring out only the U(1) part of the automorphism
SU(2). Thus each superspace point is equipped with the additional harmonic variables



u*® which are the coordinates of the sphere S? ~ SU(2)/U(1), uu; = 1. This extended
coordinate set yields the central basis of .4 = (1,0) HSS

Z = (z,u) = (2,05, u™"). (2.9)

y Vg

It is convenient to define an analytic basis in this HSS, by passing to the coordinates
Z(an) — (m(an)(ab), eic’ uii) ’ (210)

where )
x(an)ab _ xab + %(eJraefb _ 0+b07(z)7 0:l:a = ufﬂak‘ (2.11)

Now 4 = (1,0) supersymmetry transformations prove to be closed also on the reduced
set of coordinates
¢ = (al*m® ote, u*) (2.12)

that parametrize a Grassmann-analytic subspace.? Since G-analytic superfields depend
only on the half of odd variables, their component structure is simpler than that of general
harmonic superfields. In order to define the G-analyticity condition, we introduce the
spinor differential operators

Df =0_,, D; =—044—2i0""3y, {Df Dy}=2i0u, (2.13)

a

which are related to the spinor derivatives in the central basis (2.9) by the standard rela-
tions, DF = D}lu;t Then an arbitrary G-analytic superfield ®(¢) can be defined as the
one satisfying the Grassmann analyticity condition

Dfd=0. (2.14)

Like in 4D case [20], the existence of the analytic harmonic superspace with the half set of
Grassmann coordinates and the opportunity to define “short” harmonic analytic superfields
are the pivotal merits of the 6D, .4~ = (1,0) HSS approach.

The presence of additional bosonic coordinates brings about new algebraic relations,
those involving the harmonic derivatives,

[DT*, D] =D", (2.15)
where (in the analytic basis)

D¥E = EE 4 ighagho, + 0700, 0% =i
ouT

+i 9 T 0 .

outt ou=!
The commutation relations between harmonic and spinor derivatives can be easily estab-
lished

DY = + 019, , — 070, . (2.16)

(DY, D} =D, D;]=0, [D*.D;]=D;, [D",D]=D,;. (217

a

3Both coordinate sets (2.10) and (2.12) are real under the generalized conjugation defined in [20], so the
latter is indeed a subspace of the former.



As was said earlier, an on-shell superfield description of 6D, .4 = (1,1) SYM theory is
achieved in the framework of bi-harmonic .4~ = (1, 1) superspace. It is an extension of the
superspace (2.9) by new right-handed Spin(5, 1) spinors 6,4, where on the doublet indices
A =1,2 an additional R-symmetry SU(2) group acts, and by the corresponding extra set

+A

3
of harmonics uy, uy =1,

7 = Z::( (an)ab G:I:a 0:!: + ui)

a,)z?

oF = gAut,  glamab — gab L (9+a9 b 0+b9—a)+%sabcd9§9;. (2.18)

In this basis, both spinor derivatives D} and Dt are short,
0 pFa_ 0

Df = =
¢ gf—a’ 007

(2.19)

which reflects the existence of the closed analytic subspace with the double set of Grass-
mann and harmonic coordinates:

= (zlomab  gte, Hj,uii, uﬁ) (2.20)

Note that one can impose the Grassmann analyticity conditions either separately with
respect to 7% and 9 , or simultaneously with respect to both these coordinates, with-
out contradiction with the coordinate action of .#° = 4 Poincaré supersymmetry in the
basis (2.18). The second option corresponds to the minimal-dimension “1/2” analytic sub-
space (2.20), while the first one to the existence of the additional “3/4” analytic subspaces
Qﬁ 7 and f 11 parametrized by the following sets of coordinates

é] = (éa e—a) s CAI] = (6?9;) . (221)

They are also closed under total .4 = (1,1) supersymmetry. While ¢ involves eight
Grassmann coordinates compared to sixteen such coordinates of the full 4" = (1,1) HSS,
both 3/4 analytic subspaces contain twelve Grassmann coordinates.

The harmonic derivatives with respect to uf‘ in the analytic basis have the same
structure as the 4" = (1,0) ones defined earlier, modulo the proper altering of the position
of the spinor indices. The same concerns their mutual commutators, their commutation
relations with the hat-spinor derivatives, and the mutual anticommutators of the hat-spinor
derivatives, taking into account the relation

1
ot = -
26

To complete this section, we define the integration measures for the full and analytic
A =(1,0) and A = (1,1) HSS

abed 9 d
(@

dZ = d5z ) du (D7) (D)4, d¢Y = @%@ qu (D7), (2.22)

dZ = dZdau(D™ )4 (D)4, A5 = qetda(D)t, (2.23)
%Y = azda(D™)*, a0 = acYaa(D) (DT, (2.24)
(D*)* = —isadeD;thtDciDdi . (DH)= —igabcdpiapibDﬂDid (2.25)



3 A4 =(1,0) supersymmetric Yang-Mills theory

3.1 Kinematics

Now we turn to supersymmetric Yang-Mills (SYM) theory in 6D,.4 = (1,0) HSS [21, 22,
26, 32].* First, we introduce the gauge superfield V** that covariantizes the harmonic

derivative
Vit =Dt 4yt (3.1)

The connection V7 is a G-analytic superfield that transforms as 6V = VA under
gauge transformations with a G-analytic gauge parameter A(¢). The second harmonic
derivative D™~ is covariantized by a non-analytic connection V™7,

V=D 4V . (3.2)

This connection is uniquely determined from the zero-curvature (“harmonic flatness”) con-
dition,

VT, v ]=D" = D"V~ —D VIt L[Vt V] =0, (3.3)

as a series over the connections V7 given at different harmonic “points™:

> Vit (z,uy) ... VT (z,uy)
V™7 (z,u) = (—1)”/du1 oduy, ’ —— (3.4)
Z T e R
where 1/(utu]),... are harmonic distributions defined in [20]. It is straightforward to
show that 6V~~~ =V~ "A°
Defining
@a_ =D+ Ma_ y D = Oap + Dt (3.5)
and imposing the commutation relations
[viichJLr] = @;’ [v++7@;]:D¢J{7 [v++7D:]:[v777@af]:07
{DF, %y} = 2D, (3.6)
we can express the spinor and vector connections in terms of V'~
A (V) ==DiV™", (V)= 3DIDFV . (3.7)
The covariant spinor superfield strength W14 is defined as
j 1
IDF, Do) = %eabcdwﬂl, Wt = —Df DEDFV (3.8)
For later use, we also define
W™=V Wt W= _[A, WF, (3.9)

1See also [33-35].
5This and many other properties can be proved using the lemma: VI*F™ =0 = F " =0forn > 1,
where F~" is a harmonic ./ = (1, 0) superfield.



so that

[@a_a @bc] = %Sabch_d . (310)

The spinor superfield strengths obey the following off-shell relations
VHwte=v——Ww =0, VI we=wt
1
Dfwte = spptt, Ftt.=(DMH)'v— = ZD;Wﬂ, (3.11)
VHTFtt =DfFtt =0 (3.12)

(as well as some other ones derived through acting by V™~ on egs. (3.11), (3.12)). An
important Bianchi identity stemming from (3.8) and (3.10) is

1
[.@ab, 2. ] = Z(aSacdf@l:WJ’_f + Sbcde;_W_f), (3.13)

which, in particular, implies

Gy Wt = Dfw?, (3.14)
1

(2%, D] = Z(DQLW_“ — oWt (3.15)

Dy Wt = é@;DjW+C, Dy Wb = —éD;@;W—C. (3.16)

3.2 Dynamics

The superfield action of 6D, .4 = (1,0) SYM theory can be written in the form [22]

VtH(z,ur) ... V(2 up)
(ufug). . (wivg)

gsvm L i EV / d% d®0 duy . .. du (3.17)

72 2, duy .
where f is a coupling constant with the dimension of inverse mass, so that the relevant
component Lagrangian density has the canonical (“engineering”) dimension d = 4. The
action (3.17) is invariant under the supergauge transformations of V1 and yields the
equation of motion

Ftt=(DHv—=0. (3.18)

Both these properties can be derived by employing the variation formula

1 __ 1 _
IS = Ty / AZOVEHY T = Ty / Sl and e (3.19)
Using the representation
Ft = iDJW*“, (3.20)

eq. (3.18) can be rewritten in terms of the spinor superfield strength as

Dfwte=0 or Dfwtt=0. (3.21)



Due to the gauge freedom with the analytic super-parameter A, one can choose the
Wess-Zumino gauge for V1

1 1
VvVt = it A, + gw;%—“ + gqﬁ‘*@—?,
A= N2y, 272 = 29 (@) g, (3.22)
where
U3 = capead OO0 T = oy a0 TP 9T (3.23)

The fields entering (3.22) form the component off-shell 6D,.4" = (1,0) SYM multiplet.
Along with V1 an important ingredient of the harmonic superspace formulation

of 6D, # = (1,1) SYM theory is the analytic hypermultiplet superfield ¢t4(¢) which

also takes values in the adjoint representation of the gauge group and satisfies the reality

condition
g4 =eapq™. (3.24)
Its action reads
g _ 1 (=), +Ag++ +
S :2—f2Tr d¢\ Vg™ VT gy . (3.25)
The sum of two actions,
Say =S"M+ 5, (3.26)

reveals a hidden .4/ = (0, 1) supersymmetry [26],
oV T =gl St = (DN (V) = lor, (3.27)

where €4 is the corresponding Grassmann parameter.® So the total action describes A4~ =
(1,1) SYM theory. The equation of motion for the hypermultiplet is

Vitgt4 =0. (3.28)

The equation of motion for V** following from the action S(; 1) undergoes the evident
modification as compared to (3.18):

1
P4 lat g =0, (3.29)
On the mass shell, the previously listed Bianchi identities are simplified and some new
relations of this kind can be derived. In the limit of vanishing hypermultiplet superfield
(this limit will be employed in section 7), the equations of motion (3.21), combined with
the relation (3.14), imply

DIw=b=—_g-wt Diw =g Wti=9 ;W *=0. (3.30)

5The transformations (3.27) provide an off-shell invariance of (3.26). However, their closure with the
manifest /" = (1,0) supersymmetry amounts to the standard relations of 6D, .# = (1,1) Poincaré super-
algebra only on shell.



The Bianchi identity (3.16) yields
DaW* =0, (3.31)
or, in an equivalent form,
GabyyEe 4 geayytb | gbeyyEa _ (3.32)
The last two identities, together with (3.15), give rise to the equation
Dy PPWEe = —[Df W=, WE) = [, W, W], (3.33)

Egs. (3.31) and (3.33) are none other than the covariantized 6D Dirac and Klein-Fock-
Gordon equations for the .#° = (1,0) vector multiplet. In the abelian limit they are
reduced to

OupWEl =0, 9,0"W* =0. (3.34)

4 A =(1,1) SYM in bi-HSS formulation

When 6D, .4 = (1,1) SYM theory is formulated in terms of .4#” = (1, 1) superfields ([17, 23]
and [15]), the constraints of the theory imply equations of motions, i.e. this formulation
supplies an example of the on-shell description.

The original .4~ = (1,1) SYM constraints, before introducing the harmonic coordi-
nates, are written in terms of the gauge-covariantized spinor derivatives,

. 0 . . ~ 0 ~ N
Vi = —i0%0,, + o, VA = —— —iflo" + 4.1
693 ’ a914(1 ’ ( )

where d; and 7% are the spinor connections and the convention V*® = %aabadvcd is
assumed. The constraints read [17, 23]

(Vi V)1 = {vel vy =0, (4.2)
[V, V) = b

Through the Bianchi identities, eqs. (4.2) and (4.3) imply
Vight = vellgiB) = o, (4.4)

The constraints (4.2) and (4.3) define 6D, .4 = (1,1) SYM supersymmetric theory in the
standard .4 = (1,1) superspace parametrized by the coordinates (x“b,ef,é Aa)- As was
already mentioned, they imply the equations of motion for the superfields involved and so
put the theory on shell.

The standard steps of the harmonic interpretation of the above constraints can be
summarized as: (i) contracting the SU(2) indices of the spinor derivatives and superfield
strengths with the harmonics u;t, ufj, thereby passing to the harmonic projections of these
derivatives; (77) replacing the property of linearity in harmonics by the property of van-
ishing of some commutation relations with the harmonic derivatives; (#) passing to the

~10 -



analytic basis and frame, so as to make “short” (i.e. having no connection in this frame)
as much spinor derivatives as possible. After these steps the constraints are rewritten as
the integrability conditions for some sort of Grassmann analyticity, while the underlying
gauge multiplet proves to be carried by the harmonic gauge connections covariantizing flat
harmonic derivatives.

This general scheme, being applied to the case at hand, yields the following equivalent
set of the constraints [26]

{vct’vlj_}:{D$aﬂDjrb}:07 {VI’D$b}:62¢+J}7
[V++’V;-] — [v-H-’ v(—li-] — [V++,D+a] — [V—H_,D—Hl} — 0,
[V, v =0, (4.5)

where we have chosen the “hat-analytic” basis, with a short hat-spinor derivative, vte =
DT =9/06, . All other derivatives have non-trivial gauge connections

Vi=Dl+at, vit=Dtt4ytt vit=ptt iyt (4.6)
The constraints (4.5) are covariant under the gauge transformations with the 3/4 hat-
analytic parameter A:

SVt = VA, sVt = VPR, st = VA, 5ot = [oTT, Al

DA =0 = A=A, 0% =A()). (4.7)

Egs. (4.5) impose non-trivial on-shell conditions on the gauge connections. The notable

property of the constraints in the form (4.5) is that the derivative V" cannot be chosen
“flat” simultaneously with V¢ because of their non-vanishing anticommutator.

The full set of the relations solving (4.5) in terms of .4#” = (1,0) superfields was found
in [26]. Below we shall briefly summarize them.

e An important result is that, after imposing the appropriate gauge fixing and due to
the vanishing of the commutator between the hatted and unhatted covariant harmonic
derivatives, the connections V*+ and V~~ prove to coincide with their .4~ = (1,0)
prototypes,

Vit =v*tt¢), DYV D VTt 4 VT VT =0. (4.8)
o For the 4" = (1,1) SYM superfield strength gb*jt the following solution was obtained
- . - A N - -
OF =gt —0TWr —i00; 7+ LD g, g "]

1 - -

+ oV e e (4.9)
where W34 = 6ab0d0j039i, VARIES E“deﬁjGjHjHj, Wt was defined in (3.8),
¢t = ¢ttt | #F = ¢* AT and

q_A = V__q+A.

Recall that 2% = %aade@cd, Deq = Ocq + Heq and the vector A = (1,0) connection
o,q was defined in (3.7).
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e The final expression for the harmonic connection v+ is as follows

~ A PO 1 ~ ~ 1 ~ ~ ~
VI =0 0 o/ — §m+3aD;q—— + §\I/+4[q+_, ], (4.10)

As a consequence of the second flatness condition,
vt v =D & DV D v vt v =0, (4.11)

the non-analytic harmonic potential V- entering V-~ =D " +V " can be ex-
pressed through V*++.

o The constraints (4.5) accompanied by the suitable gauge choice fix the form of the
spinor connection &7, entering V" in (4.6) as

At =0T gt + 0, T (4.12)

a

o The constraints also imply the equations of motion (3.29), (3.28) for the superfields
V++ and ¢t4. Using these equations of motion together with the explicit formulas
quoted above (as well as some remote consequences of them collected in appendix A
of [26]), one can check the important properties

v++¢+4— — v%-@¢+-¥- =0, (4'13)

which, in fact, directly follow from the constraints (4.5) as the Bianchi identities. For
further use, we also define

ot =Vttt ¢t =Vt ¢ = VTV et (4.14)
It is easy to check that
Vg E=Vitet- =v ¢t =viigt =0, (4.15)

and

V++¢—§: _ ¢+:T:’ V—T-—T-qbﬂ:; _ ¢i-¥-. (4.16)

e The superfield strength q§+j“ also satisfies the on-shell analyticity conditions
Viptt =DTgtt =0, (4.17)

which follow as the Bianchi identities from (4.5) and can be explicitly checked using
the relations given above, the .# = (1,0) analyticity of ¢*4, D}¢™4 = 0, and the
A = (1,0) superfield equations of motion.

o After all gauge-fixings and solving the constraints, the only residual gauge freedom
is the 4" = (1,0) gauge freedom with the analytic .4/ = (1,0) gauge parameter,

A(C.07) = A©Q)-
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As the last steps in constructing the formalism of the differential superspace geometry
of & = (1,1) SYM theory, one defines, in the standard way, the negatively charged
covariant spinor derivatives

V, =V ,VH, Vo=V D (4.18)

and the covariant vector derivatives

1

(DT, vt} = 2V = 24(9% 4 pb)y, pab = ip*ap*bv‘1 , (4.19)
1
{(VE, V=2V = 2i(0mp + Yap),  Yap = isabcdﬂf/cd. (4.20)

Note that the identification of the vector connections obtained in two different ways plays
an important role in finding the explicit solution of the constraints (4.5) presented above.
Also note that, taking into account the expression (4.12), the spinor derivative V defined
in (4.18) has the very simple form

YV, =9 —0lq +0,¢ 7. (4.21)

In what follows, we will also use the relations

(DY, vy} =606, (V= Vi) = 050t (4.22)
Dy = -V, Viet=-vV,o't, Voo F=v %t =0, (4.23)
Dreptby—— — _9;yaby—t (4.24)

which can be easily deduced from the previous relations and definitions. Some other useful
relations following as Bianchi identities from the basic ones read

fa Y cae— ay— i Za i avr— avr— -
[D+ vvbc] = 5(5b vc - 53 vb )¢++ ) [v 7vb0] = 5(517 Vc - 50 vb )¢+ )
Vi, V') = =5 (D7 = 5507 ¢t (4.25)
1 - . .
[Vap, V4] = Z[(sgv,;v-d — 6V, VT — (a + b)]oTT. (4.26)

Now we are armed with all the necessary ingredients for constructing on-shell invariants
of 6D, 4 = (1,1) SYM theory in .4 = (1, 1) harmonic superspace, in the manifestly gauge
invariant and 6D, .4 = (1, 1) supersymmetric fashion.

5 On-shell & = (1,1) SYM invariants

5.1 Generalities

The building-blocks of all higher-dimension invariants of .4~ = (1,1) SYM theory in the
bi-harmonic approach are the superfield strength ¢, its various harmonic projections
V:i::l: V:E:E

obtained by acting on it by the gauge-covariant harmonic derivatives , as well as

the superfields obtained through acting of the spinor and vector gauge-covariant derivatives
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Vﬁf,DQ“, VvV~ and Vab on the harmonic projections just mentioned. These objects live
either on the entire .#° = (1,1) bi-HSS or on its analytic subspaces. To ensure gauge
invariance, one is led to take traces of the products of such elementary matrix blocks, each
block being valued in the adjoint representation of the gauge group algebra (like q5+jr).
As shown in [26], given some covariant 4 = (1,1) superfield ®(Z), the transformations
of hidden ./ = (0,1) supersymmetry on the .#° = (1,0) superfield constituents of such
products, before taking traces, are induced by the following generic transformation of <I>(Z )

501)2(2) = dstana®(Z) + [5ff)mp + 555)1111)]‘1’(2) : (5.1)

Here, dgtang is the standard .4~ = (0,1) superfield transformation in the analytic basis
induced by the proper shifts of the superspace coordinates,
0

, . ) . X
Sstand®(2) = — <63A v -2t 2iea0+8ab> o(2), (5.2)
’ 005 " o0 b

while 5?10)111 P and 5?%“1 P are compensating gauge transformations with analytic parameters

A(l), A(2) needed to preserve various superfield gauges imposed in the process of solving
the constraints (4.5)

/~\(1) = 22’6503&%“1’ + higher orders in 0; , ]X(Q) = Pqf, (5.3)

where the higher-order Hj terms in ]\(1) are of no interest for us here. Actually, the same
formula for variation is applicable not only to gauge-covariant expressions but equally for
the various gauge connections. Applying it to the basic entity ¢+% defined in (4.9), we find
the following .4 = (0, 1) transformation of the basic .4/ = (1,0) superfield objects

5(0,1)q+A = eg‘Wer - [e_BqE,qJFA] , 5(071)W+a = —2iebA _@abqj — [E_qu, W, (5.4)

These transformations could be as well directly derived from (3.27) by imposing the equa-
tions of motion (3.28), (3.29). For ¢4 = V™" "¢™ and W~ = V=W one obtains the
same transformation rules.

An important point is that one can omit all the gauge transformation parts in (5.1),
when constructing the higher-order invariants, since the superfields like @(2 ) always appear
under the trace. So one can construct actual .4 = (1,1) SYM invariants by integrating
<I>(Z ) over the appropriate invariant subspaces of .4~ = (1,1) bi-HSS.

We start by recalling some invariants obtained in [26]. In what follows, the dimension
d of diverse invariants is understood as the canonical dimension (in the mass units) of
their component Lagrangian. So the dimension of the “microscopic” action Sy 1) is d = 4.
Note that it makes no sense to ask whether this simplest invariant can be represented as
an integral over .4 = (1,1) superspace since an essential feature of our formalism is that
it is on-shell. The relevant .4 = (1,0) superfields are assumed to satisfy the equations of
motion (3.28), (3.29) following just from S(; 1), so the latter vanishes on the shell of these
equations. It will be useful to list the dimensions of the basic building blocks:

Vi =V =D =1/2, V¥ =1, [V =[V =0, [¢*T]=1. (55)
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Also, we list the dimensions of various .4/ = (1,0) and .4 = (1, 1) superspace integration
measures defined in (2.22)—(2.24):

[dz) =2, [d¢"Y] = —4, (5.6)
dZ]=2, [dCY )= —2, (@) = @l = 0. (5.7)

It is worth to have in mind that, due to the presence of trace in the possible invariants,
it is legal to integrate by parts with respect to the harmonic, spinor and z-derivatives, e.g.,
TrVT+TQ = DTTTrQ, etc. The same is true for the invariants the Lagrangian densities of
which are representable as products of few traces. For what follows, it will be useful to give

the general definition of various invariants as integrals over the full bi-harmonic superspace
and its various subspaces

S = /dZL, = /d5(74,:4)g(+4,ﬁr4)’
Sy = / AoV L = / A0 g H40). (5.8)

5.2 Examples

As promised, we start with recalling the results of [26].

d = 4. For completeness, we will start from the case with the canonical dimension of the
microscopic .4 = (1,1) SYM action. In this case the dimension of possible extra invariant
is d = —2, so we obtain

) =—4, [ =0, (2] = () = -2, (59)

It is impossible to construct such Lagrangian densities from the basic building blocks
mentioned in the beginning of this section, because all of them have the strictly positive
dimensions.

d = 6. In this case the possible invariants should be dimensionless, so we have
L) =-2, [t =2, ()= 12 =0. (5.10)

All invariants except the second one are ruled out by the dimensionality reasoning, like
in the d =4 case. It is easy to be convinced that no analytic bi-harmonic densities of
the dimension 2 and the charges (+4,+4) can be constructed from the basic “bricks”. So
there exist no on-shell .4 = (1, 1) invariants with the component Lagrangian density of the
canonical dimension 6. This amounts to the one-loop finiteness of 6D, 4" = (1,1) SYM
theory.

d = 8. The relevant invariants should have the dimension d = 2, that implies
L)=0, [gH)=a (2= (2" =2, (5.11)

Like in the previous case, one can rule out the last two options since no hat-analytic or
analytic densities of the dimension 2 and the charges +4 or 44 can be constructed out of
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the basic blocks. The first option is dismissed on the dimensionality grounds, so we are left
with the second option. The corresponding superfield single-trace Lagrangian is specified
up to an overall constant, so that

S ~ T / Al (gt (5.12)

Note that the Lagrangian in (5.12) is analytic only on shell since the first condition in (4.17)
is satisfied with taking into account the .#° = (1,0) superfield equations of motion. This
means that both manifest and hidden supersymmetries of (5.12) are fulfilled on shell. The
same property is shared by the double-trace invariant

Z(;)) -~ /df(—4,i4) Tr(¢+ﬁr>2Tr(¢+fr)2_ (5.13)

Since the 6D, 4" = (1,0) HSS supergraph techniques [29-31] should yield expressions with
off-shell A/ = (1,0) supersymmetry, the absence of such invariants indicates the two-loop
finiteness of 6D, A" = (1,1) SYM theory.”

d = 10. The dimension of the relevant invariant is d = 4, so the dimensions of the
superfield Lagrangian densities are

L =2, [ZH =6, (£ =g =4. (5.14)

A simple analysis shows that no proper double-analytic expression of the dimension 6 with
the charges (+4,+4) exists, even if the equations of motion are assumed. At the same
time, the first and last invariants can be easily constructed:

Sao) = TT/dZAqﬁ*j“qb‘; (5.15)

(another admissible invariant ~ ¢t~ ¢~ is reduced to (5.15) after integration by parts).
A single-trace hat-analytic invariant is given by the expression

y](lo) = Tr/dé\go,_zl) (¢++)2(¢—+)2 ) (516)
It is interesting that both these invariants can be reduced to each other. Representing
dZ = dé\> D+ (5.17)

and taking into account that the factor (D™)* in (5.15) acts only on ¢~ in view of
the hat-analyticity of ¢, it is rather straightforward to find, using, in particular, the
relations (4.24), that

(DY~ = —[[¢*F, 67 H], 7], (5.18)
Hence,

Sy = Tr / Gl (s (s | (5.19)

"The explicit quantum harmonic superfield calculations confirming this statement were performed
in [36, 37].
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On the other hand, using the integration by parts with respect to VPAF, one can show that
2(0,24 N o
Saoy = —6Tr [ dl* (@02, (5.20)

So,
5(10) - —6y[(10) . (521)

Quite analogously, representing dZ = dé};M) (DT)* and taking advantage of the prop-
erty that D} — VI under trace, one can show that

Sag) = Tr / Al Mt ¢t ¢t = —6Tx / A (T2 (5.22)

Note an essential difference between the representations (5.20) and (5.22). When
passing from (5.15) to (5.20), no use of the .4 = (1,0) superfield equations was made, so
A = (1,0) supersymmetry can be still treated as an off-shell supersymmetry, the equations
of motion are needed only for demonstrating the hidden .4~ = (0, 1) supersymmetry. The
Lagrangian in (5.20) is manifestly hat-analytic since the superfield strengths (ﬁiﬁr do not
depend on 95 . On the other hand, when passing to the representation (5.22), it is impera-
tive to use the equations of motion, because, e.g., the property qub“i = 0 is valid only on
shell. So the Lagrangian in (5.22) is .4#” = (1,0) analytic only on shell, and .4 = (1,0) su-
persymmetry is valid also on shell, like in the case of d = 8 invariant (5.12). In other words,
the equivalency between the initial full bi-harmonic superspace single-trace invariant (5.15)
and the invariant (5.20) is valid only on shell. Thus (5.20) provides another example of
A = (1,1) invariants in which both .#" = (1,0) and .4/ = (0,1) supersymmetries are on
shell. This peculiarity was not noticed in [26].

As for the double-trace invariants of the dimension d = 10, they can be defined only
in the 3/4 analytic superspaces,

S~ [ Ao T (oo, (5.23)

y(120)]1 ~ /dé[;u) Tr (¢++¢+;)Tr (¢++¢+;)- (5.24)

Like in the single-trace case, the Lagrangian density in (5.24) is analytic only on shell, and
the same is true for the realization of .4 = (1,0) supersymmetry in it. So (5.24) cannot
appear as a three-loop divergence in the explicitly .#* = (1,0) off-shell supersymmetric
perturbation calculations. However, this noticeable property does not fully explain the
absence of the double-trace counterterms in the amplitude calculations for .4 = (1,1)
SYM [8-13], since the alternative double-trace invariant (5.23) is off-shell 4" = (1,0)
supersymmetric and some extra reasoning is yet needed to rule out it [16].

6 Invariants of dimension d = 12

In this case the relevant component actions should have the canonical dimension d = 6.
Respectively, for dimensions of various superfield Lagrangians defined in (5.8) we obtain

L) =4, [£0)=8, (L) =12 =6. (6.1)
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First of all, it is important to realize that it is impossible to construct, out of the ele-
mentary “bricks” d)ii, qﬁ:Fi and those obtained from them through action of the covariant
differential operators Vi, Dﬁ““, V= and Vap, the gauge invariant and manifestly analytic
objects possessing the charges (+4,+4), (+4,0) or (0,+4) and canonical dimensions indi-
cated in (6.1).8 So we are left with the chargeless general bi-HSS superfield densities L of
the dimension 4 as the only candidates for the invariants we are interested in.

6.1 Invariants without derivatives

We start with the invariants containing only superfield strengths gbii,cﬁi. One can
construct ten chargeless superfield invariants of the dimension 4 from these quantities

J=Trog ¢ T "6, J=Tré o ¢,

Js=Trg" ¢ "¢ o™, Ji=Trgt ¢ e, (6.2)
L=Tr¢ et 9T, L=Tr¢ T o T ¢,
I3=Tr¢tTo "¢t ¢, ILi=Trette ¢ Tt
Is = Tr ¢+$¢+;¢_;¢_4} , Ie=Trét e Tot o, (6.3)

Some of them are related via the integration by parts with respect to harmonic deriva-
tives. To extract the irreducible set, one needs to take off some derivatives with “hat”
and/or without “hats” from some superfield factors in (6.2) and (6.3) and place them on
the other factors in the same expression, using the relations (4.14), (4.16) and the on-shell
harmonic constraints (4.13), (4.15). This can be done in a few equivalent ways. It will be
convenient for us to consecutively take off the derivatives V™7, V=~ from all negatively
charged factors in the densities Ji, ..., Jy. For instance, representing the third factor qﬁ_:
in Ji under trace as (j)‘L = V“qﬁ; = V;Ldfjr and integrating by parts with respect to
V~~ and VLL, we obtain, respectively,

S~ —Teg Tt et —Trgtte Tt TeTT = — 15 — I,
S~ —Tret ¢ttt e Tttt e e = —L - 1, (6.4)

etc., where >~ means “up to a total harmonic derivative”. In this way we obtain the following
set of linear equations (we replace ~ by = for brevity)

Ji+I+16=0, Ji+L+LH=0, J+I3+L=0, Ji+L+I;=0, (6.5)
Jo+ I+ =0, Jo+I3+Is=0, (6.6)
J3+Il+1Ig=0, J3s+I3+I5=0, Js+L+I;=0, Js+L+I,=0, (6.7)
I+ L +1,=0, J+I3+1=0. (6.8)

It is direct to check that applying the same procedure to the densities I1, ..., I produces
no new relations. Moreover, the system (6.5)—(6.8) is underdetermined and in fact amounts

8In principle, some Chern-Simons type not manifestly gauge-invariant densities with these charge and
dimension assignments could be imagined (see, e.g. [38—40]); however, here we do not consider such possi-
bilities.
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to eight independent equations for ten unknowns. As a result, we are left with the two
independent densities. As such it is convenient to choose J; and Js:

1 1
11213214216:_§J27 12215:§J2—J1, J3=Ji, Jus=Ja, (6.9)

where it is assumed as before that the equalities are valid up to total V™~ or V" deriva-
tives.

So in dimension d = 12 we have two independent single-trace superfield invariants
without derivatives,

Sy~ Tr / 2§ e e Sy~ Tr / A2t "¢t e (6.10)
Analogously, one can define two independent double-trace invariants of the same type:
2 5 0 0 s,z
Sty ~ [d2me (6ot T o),
St ~ [ 4276 6T T (6T, (6.11)

6.2 Invariants with derivatives

Next we consider possible superfield densities containing spinor and/or vector covariant
derivatives. The only possibilities to ensure the total dimension four are the densities
with three covariant strengths and two spinor derivatives, or densities with two strengths
and either two vector, or four spinor, or two spinor and one vector derivatives properly
distributed among these strengths. It is clear that the double-trace invariants of this kind
do not exist in view of the tracelessness of the gauge algebra generators.

We start with the three-strength case. Taking into account the on-shell analyticities
of various harmonic projections of the superfield strength and the possibility to integrate
by parts under the trace, we can construct two options

St =T [dZ DTG VE6T 6T S{gy =T [aZVieT DT (6.12)

Integrating by parts with respect to D in the first expression and using {V, Djr“} =
46T, we obtain

Tr D g Vig ¢t ~ —Tro~ D VIg— ¢t

=Tr¢ ™ VD ¢ "¢t —4Tr g™ (o7, o7 ot

~ —TrVig "DV ¢t 1 ATy (ot t e — T T et Te ), (6.13)
whence we conclude that S(19)(3) = —5’212) (3) up to the difference of the previous invariants

~ [S((ll%)l — S((llg)n]. So we are left with only one independent invariant of the type (6.12).

For constructing densities with two superfield strengths there are much more opportu-
nities, but, once again, they are reduced, modulo the invariants already presented, to the
following single invariant

5(12)(2) ~ TI' /dZAVabgb_;Vangﬁ'; . (614)
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As an example of such a reduction, consider, e.g., the density
TrVi ¢V, VPt (6.15)
An evident chain of transformations involving integrations by parts, yields

TrV ¢V, VP ~ —Tr ¢~ VIV, VP = Tr¢~ Vv, VIVPe+T
—2iTr ¢V VPt ~ 2 Tr Vi V@0, (6.16)

where we made use of the relation V- qﬁ_L = 0. In a similar way one can handle the
density

Tr D¢~V V6T . (6.17)
The density
Tt Vg VPV, ¢t (6.18)
can be reduced to (6.15) by using the commutation relations (4.25),

31
2
~ Trv;-d)—ivb—vabqb—l—-i- _ 6i(¢+4—¢+4—¢—1¢—1 _ ¢+-T—¢—;¢+-T-¢—L) , (6.19)

TrVig VOV, 6t = TeVig Vv, VPt — STrvig — (D¢, 677

where we made use of the relation (6.13).
Two more examples are the following ‘trial’ densities

Up = ey Vivie tVoV 6T, U =ViVi¢ DD e (6.20)
Using the relations (4.23), it is easy to reduce them to the expressions
Ur = —8Tr V¢ TV~ Uy = -4Vt VP, (6.21)
which are related to each other via integration by parts with respect to the harmonic
derivative V1. All other possible expressions, e.g., ~ €gpeqTr DTD T~V eV 4t
can be transformed in a similar manner.
For reader’s convenience, we finish this section by listing the complete set of indepen-

dent .4 = (1, 1) superfield invariants corresponding to the component Lagrangian densities
of the canonical dimension d = 12.

Single-trace invariants:
S((llg)l ~ Tl“/dZ ¢+-¥-¢+-¥-¢—;¢—; , Séllg)ll ~ Tr/dZ ¢+4—¢—1¢+—T—¢—; ,
g~ T / 42 DYeg—Vig ot

y ~ Tr / A2V o™~ VHHT . (6.22)
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Double-trace invariants:
St~ (a2 T e e 6,
S((f%)u ~ /dZ Tr<¢+jr¢_l)T1"(¢+Jr¢_;)- (6.23)

It is worth to point out that, as distinct from the d = 10 single-trace invariant, the
d = 12 ones cannot be equivalently rewritten as integrals of the manifestly analytic La-
grangian densities over the appropriate analytic subspaces. It would be interesting to
understand possible implications of this property for the structure of quantum corrections
in A4 = (1,1) SYM theory. Anyway, in all these invariants .4~ = (1,0) supersymmetry can
be treated as an off-shell one and all of them could in principle appear as divergences in
the four-loop order of 6D, 4" = (1,0) HSS superfield perturbation calculations. Note that
in the abelian case all invariants without derivatives become identical to each other.

7 Passing to A4 = (1,0) superfields

Here we consider the .4/ = (1,0) superfield form of some invariants listed in the previous
sections. For simplicity, we will confine our attention to the contributions of the .4 = (1,0)
gauge superfield and ignore the hypermultiplet pieces. So our input for the basic A" = (1,1)
superfields defined in (4.9), (4.10) will be the following

ot o gt wte . v o igtet e, (7.1)
We also obtain A A )
p T =V Tt - —ofwe. (7.2)

To compute the remaining .4 = (1,1) SYM quantities, we need the explicit expression
for V= which is defined by the hat-flatness condition (4.11). It is easy to see from the
latter that the 9; expansion of V'~ starts with the second-order terms. So we parametrize
V™ as

Ve o T w2, (73)

where the coefficients are functions of (Hj‘, w4 and of the 4 = (1,0) coordinates Z =
(2, 0% u*7). From (4.11) we obtain the following equations for these coefficients

gir (dab - vab) — 07 v%jr,uab . Sigabcdgirvj- o ie(f@jaab%cd _ 07

Vﬁr%vd% + 40j ot = 0, \VARSIER (7.4)

These equations fully fix the (0[; ,uiA) dependence of the coefficients and we obtain the
rather simple expression for V=~ in the approximation considered:

“n SN 1 - . R
VI =i, 6, o SN[ T+ S 006] (9719, D). (1)
where Dy, = Ogp + Ly = %EabchCd and

[@aby @c ] = @ab%d - 8cdv(Zfab . (76)
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In what follows we will be interested in the on-shell form of the invariants. The
coefficients in (7.5) are simplified on shell and can be expressed through the spinor superfield
strengths W*%. We can use one of the equivalent forms of the equations of motion for W+,

DIfw=t=_—g Wb, (7.7)
and represent, using the relation (3.15), the second coefficient in the expansion (7.5) as
1 1
(2%, D] = §D;W—a = —iggwﬂ. (7.8)
Also, after simple algebra, using the on-shell cyclic identity (3.32), we derive
i _
21,12, Zed] = W, W0 (7.9)
Now one can compute the total vector connection
Y b 3 ! cabedg= 07 DW= 4 4gabcd9 o 9;9+{W+9 w71, (7.10)
and also the rest of the harmonic projections of the covariant superfield strength

~ ~ A A~ 1 ~ A~ A
¢t = 0, W — i, 0,0 2" W — 6\1/*3d0;9;D;{W*a, Wty

1 - } a — c
+ m‘l’ 4‘II+3d5abcd[{W+ W b}’ w ] ) (7'11)
~ ~ 1 ~ A A
¢ = —0, W —ib, 6.6 DWW — 6\11*3619;9; (DW=, W]
1 - 7 a - —cC
+ oY A3 g, Wl W (7.12)

As the first example of passing to .4/ = (1,0) superfield notation, we rewrite the
on-shell invariant (5.22). Using the representation

dé§; M0 = act-Yaa(p) (DH)*, (7.13)

and the relations (D)4 ¥4 = —4 (plus a total x-derivative), we find

Sy — / a2,

o) = cabed TH{(WHWHWHe L WHewrew ) (g we, W]
—owtewttg, Wwtegalwtdy, (7.14)
It is straightforward to check the implicit on-shell analyticity of ‘Zf{g),
+ptd
Dy 210 =

This highlights the property that the d = 10 single-trace invariant in the form (5.22) is both
A =(1,0) and A4 = (0,1) supersymmetric only on shell. Note that the same Lagrangian,
up to a total derivative, can be rewritten as the trace of two (anti)commutators

1
L0y = gabed Te((DF W, WHW e, W}, W]
4 {V[/Jra7 @nger}{WJrc’ @ng+d})’ (7.15)

from which it follows, in particular, that this invariant vanishes in the abelian limit.
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Analogously, one can find the .4~ = (1,0) superfield core of the on-shell double-trace
invariant (5.24):

4
5”(1011 - /dC $J1ronv
Loy = Eaped Tr(WHWH)Te(Z, ;W9 W 4 WH [DFWw =, W)
=~ —2eaped Tr( Dy s WHEW O Tr (29I WHew +4). (7.16)

The on-shell analyticity of this Lagrangian can also be easily checked. In the abelian limit
this expression is reduced to

~ Eabed Dy fW W P9 W e+ (7.17)
that is a total derivative, when taking account of the condition (334) )
Let us proceed to d = 12 invariants. We use dZ = dZda(D~)*(Dt)*. For the single-
trace invariants without derivatives, S((llg) and S(( )) 57 defined in (6.10), we find
S((llg)I,H = /dZ LEPQ)I,H’ (7.18)
Lyt = —Cabed Te{ (WHW W= W=e 4 w=ew—fw+by+e
+Woew bt tew—f 4 W_fW+aW+bw—c)D}i-W—d
+owtew b g, Weglaw )
= “2eapeg Te{ (W WHWHW ]  wIwreww=) pfw 4
+Wrewtt g, wegfow L (7.19)
Lithyrr = 2eabed Tr{ (W W W= Wwe 4 wiew = wbw—e) pfw—
—Wteg,, wbtwteglow—dl, (7.20)

When passing to another representation of Lg;) ; in (7.19), we integrated by parts with
respect to D;{ and used the equations of motion once again.
Quite analogously, one can compute the .4/ = (1,0) SYM cores of the double-trace

invariants S((1;) ; and S((I;) ;- Integrating by parts and using the on-shell condition (3.33),

we find
S((f%)f = /dZLg)z)I,Uv
Lg;) = deapea Te(WHe g, W) Te(W 29 W), (7.21)
Lgé)u = —2Eabcd{Tr(W+“9fgW_b)Tr(W+C@fgW—d)
+Te(WHI W) T({W e, W Diw ) | (7.22)

Recall that in the abelian limit these invariants become identical to each other up to
numerical coefficients. They can be reduced to the expression

S((i';;’” = Cabed / dz 99 weg,  wHw—ew =4, (7.23)
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which is not a total derivative even on shell, with 8gf69f W*d = 0. Hence this sort of
invariants could be relevant to the Coulomb branch of the theory, with the original gauge
symmetry being broken down to some abelian subgroup (e.g., Cartan subgroup).

Before going to the invariants with the spinor and vector derivatives, it will be conve-
nient to define the set of .4 = (1,0) SYM invariants in terms of which the .4 = (1,0) SYM
cores of the single-trace on-shell .4 = (1,1) invariants considered here admit a succinct
compact expression. Using the on-shell conditions and integrating by parts with respect
to various derivatives (including the harmonic ones), it is possible to show that there exist
only five independent structures of this kind. It is convenient to choose them as

E1 = eqpeqTr / Az WHewHrw-ew -/ Drwe, (7.24)
Ey = €apeqTr / dz W wHwrew -/ prwe, (7.25)
E3 = eapeqTr / dZ W= W I W wreDrw e, (7.26)
Y1 = EapeaTr / dZWrewtt g, weglow =2 (7.27)
Yy = eqpeqTr / dZwWrew =g, w-eglow+d, (7.28)

Using the list of integrals given in appendix, the explicit expressions for the .4 = (1,0)
SYM cores of the invariants S 171[ ; found earlier can be expressed through the independent
integrals as

SW s 2By + B3+ Vi), SW o 2B +3(Ey+ Es) +2(Yi +Y2)].  (7.29)
Note that the only combination of Y7 and Y5 which vanishes on shell in the abelian limit is

Y] +2Ys. (7.30)

It appears just in the difference S}l) — S}p, which can be transformed on shell to the form

~ [TrdZ[¢*+, ¢~ ~)2 that vanishes in the abelian limit (the superfield densities of the
structures Fj o3 are reduced to total D derivatives in this limit).
L . (1) (1) .
Now we can proceed to the remaining invariants 5(12)(3) and 5(12)(2) (Aieﬁned in (6.22).
It will be convenient to rewrite, using various on-shell properties of ¢** and integrating
1)
12)(3) 8

by parts, the Lagrangian density LE
~ —Tr (¢t F¢ " DrOVIeTT), (7.31)
and also to take into account that
Vi =24 + 0,167, ).
Rather boring (albeit straightforward) calculations yield

e

(2 — 2[8E1 +TEx + B3 +2(Y1 + 2Y2)]. (7.32)
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We observe that here just the combination (7.30) appears, so the .4~ = (1,0) core of the
3-superfield invariant is on-shell vanishing in the abelian limit.

One way to calculate the .4 = (1,0) limit of the Lagrangian density of the remaining
invariant S((llg)@) is to use the explicit form of the vector connection (7.10). Another,
simpler way is to note that this Lagrangian can be conveniently rearranged as

1 1 fa b i+ ——— Z
LE1)2)(2) ~ - (DT D™V, Vo eTT). (7.33)
Once again, rather cumbersome time-consuming calculations finally yield the expression
5((3)(2) — 4(2E1 + B> + E3) +2(Y1 +2Y3) (7.34)

from which it follows, in particular, that this invariant also does not contribute to the
abelian limit.

Finally, to give a feeling how these invariants look in terms of components, we will
present the component form of the abelian .4 = (1,0) superfield Lagrangian (7.23), with
all fields, except for the gauge field A,p(x), being omitted. The corresponding form of V*+
in WZ gauge and in the analytic basis is just

VT =igteett A, . (7.35)

The relevant non-analytic harmonic connection V™7 is easily restored from the abelian
version of the flatness condition (3.3):

1
VT =i Ay + 20T TS F = 6aﬂtbﬂl(ad,Afc — OteAap), (7.36)

whence 1
wte = —ge“bcdD;DjD;V" =07 (7.37)

That part of W% = D=~ W% which contributes to the Berezin integral in (7.23) can also
be easily found

W= — —if 290" 90,. 75 . (7.38)
Then it is straightforward to perform the Berezin integration and to find
Sy = —2ee g0, / &Sz (O FEOuF) (0" F 10y L) . (7.39)

The same expression in the vector notation looks rather bulky. Passing to the vector
notation according to egs. (2.6), (2.7), we obtain”

3
ﬂ\l;l = — (O_MN)gﬁMN’ ﬁMN = 8MAN — 8NAM = §§;(UMN)27 (740)

12
and rewrite, up to a numerical coefficient, the action (7.39) with the help of relations (2.5) as
S((ig)e” - /de[(ayMN 0Fun) +200F7MY 075 (0T vy - 0T s1)

—4(0FMN - 0.F5T) (0F s - 0Fwt) — 8(0.F % - 0F i) (0N - 0.757) |,

where 9.7 MN . OF N = 8L§MN8L£ZMN, etc.

9The gauge potentials Ay; are imaginary with our conventions.
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It is interesting that there exist no d = 12 invariants which could yield, in the abelian
gauge theory limit, the expression like ~ F% as distinct from the d = 8 invariants which
contain F* term in such a limit [26]. Tt is likely that the abelian F® terms do not admit
even ./ = (1,0) completion.

8 Summary and outlook

In this paper we continued the applications of the on-shell 6D, .4 = (1,1) HSS for con-
structing higher-derivative invariants of the maximally supersymmetric 6D SYM theory.
We have explicitly constructed new, dimension d = 12, single-trace invariants (6.22) and
the double-trace invariants (6.23), studied their .4~ = (1,0) SYM cores and the compo-
nent gauge-field structure of their abelian limit. All these invariants are given by integrals
over the total bi-harmonic 6D superspace and we did not find any “no-go”-type conjec-
tures which would forbid the appearance of the four-loop logarithmic divergences of such
a form within the off-shell 6D,.4" = (1,0) HSS supergraph calculations in the quantum
A = (1,1) SYM theory. The leading in momenta contributions should come from (6.23)
and the invariants in the first line of (6.22), while the rest of the single-trace invariants, in-
cluding additional derivatives, should be responsible for some sub-leading terms (divergent
and/or finite) in the relevant order of the total effective action.

It would be interesting to look for the invariants of the dimension d = 14 and d = 16
corresponding to the five- and six-loop contributions. The leading terms should be a direct
generalization of those in (6.22) and (6.23). E.g., one of the possible candidates for such
invariants of the dimension d = 14 reads

~ T [z (6T ),
and it seems that finding the full set of independent on-shell invariants of this sort could be a
comparatively easy straightforward task. On the other hand, according to the arguments of
ref. [28], already at the dimension d = 16 there should be taken into account deformations
of the conventional mass shell associated with the superfield equations of motion (3.29)
and (3.28). So the formalism of the on-shell 6D, 4" = (1,1) HSS should undergo a proper
modification. It would be extremely interesting to explicitly learn how this would happen,

how the initial constraints of 6D, .4 = (1,1) SYM theory are to be corrected and which
geometric principle could stand behind such a modification.
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A Some integrals

Here we express, through the basic structures defined in (7.24)—(7.26), various .4 = (1,0)
integrals encountered when calculating the .4 = (1,0) SYM limit of the ./ = (1,1)
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invariants in section 7. While transforming the relevant integrands, we integrate by parts
and use the on-shell conditions D W+4 = - W1 =0, DW= —g-W+d DIWw— =
0, VEEW*e = 0 VEEW T = W+e, In this way we derive the following list of the on-shell
A =(1,0) SYM integrals

Eabea TT / dZWHWIWHW = DIW ™ = —(E\ + Ey + E3)

Eabed Tr / AZWHWIW W DW= = By + B,

Eabed TT / AZWHWWHW I DIW = = —(Ey + Ey),

Eabed Tr / AZ W WHW I WHDIW ™ = —(E\ + Ey + E3),

Eabed Tr / dzZWIWrew tweDIw 4 = By,

Eabed Tr / Az WIwewrHtwreprw = = B (A1)
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