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1. Introduction

The study of maximally extended supersymmetric gauge theories in dimensions larger than four is basically motivated by the relation-
ships of such theories to the low-energy string/brane dynamics (see e.g. [1,2]). In the present paper we consider the quantum field aspects
of N'=2 SYM theory in five dimensions. This theory bears an obvious interest because of its various connections with 6D, A" = (2, 0)
superconformal field theory compactified on a circle [3-5] and also as a nice example of applications of the localization technique [6-10].
Quantum effective action can be thought of as a universal tool of analyzing connections between the low-energy effects in string theory
and in quantum field theory.

The leading term of the low-energy effective action of 5D, N' =2 SYM theory depending on all fields of 5D, A/ =2 vector gauge
multiplet was constructed in ref. [11]. This was accomplished by the method similar to that employed in [12] for a similar calculation in
4D, N =4 SYM theory. The latter was formulated in N = 2 harmonic superspace as a theory of A/ =2 vector gauge multiplet coupled
to the hypermultiplet in adjoint representation. Such a theory, being manifestly A/ = 2 supersymmetric, possesses an additional hidden
on-shell N =2 supersymmetry. As a result, it proves to enjoy the total A" =4 supersymmetry. It was shown that the effective action
depending on both the gauge multiplet and the hypermultiplet can be found in a closed form, starting from the known effective action
in the A/ =2 gauge multiplet sector and invoking the invariance under the hidden N =2 supersymmetry. Such a purely symmetry-based
analysis allowed to determine the effective action up to a numerical coefficient. To specify the coefficient, one should carry out the
explicit quantum calculation. The latter was performed in [13], where the result of [12] was entirely confirmed and the unknown overall
coefficient was fixed.

In ref. [11], 5D, N' =2 SYM theory was formulated in 5D, A/ =1 harmonic superspace as a theory of interacting N = 1 gauge multiplet
and hypermultiplet in the adjoint representation. The theory is manifestly A= 1 supersymmetric and, in addition, possesses an implicit
on-shell A" =1 supersymmetry. Its effective action in the A" =1 gauge multiplet sector was calculated some time ago in [14]. Like in the
4D, N =4 case, the total A" =2 supersymmetric effective action of this theory was restored in [11] through the completion of the A/ =1
gauge multiplet action by the proper hypermultiplet-dependent terms, such that the full expression for the effective action respect the
additional implicit A" =1 supersymmetry. The resulting effective action can be written as an integral over the full 5D, A" =1 superspace
[11],
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SN= —CO/dBZW[an—i-EH(Z)] (11)
where
1+/142Z 2 1 4 QtiQ -
H(Z)=1+21 = — V1422, z=-_—-% 12
@=t+2h— 3 Az 3V T w2 (12)

Here cg is an arbitrary real numerical coefficient, W is the N'=1 gauge superfield strength and Q ™%, Q; are the hypermultiplet super-
fields in the harmonic superspace formulation.! Let us point out once more that the result (1.1), (1.2) was obtained, based on the purely
symmetry consideration.

The aim of the present paper is to evaluate the leading low-energy effective action of 5D, A'=2 SYM by the explicit calculation of
the one-loop effective action in the quantum superfield perturbation theory. We perform the quantum superfield derivation of the action
(1.1), (1.2) and specify the one-loop value of the coefficient cy. To preserve the classical symmetries in the quantum case, we make use
of the background superfield method in 5D, N' =1 harmonic superspace. It is a 5D version of the method developed earlier in [14,15]
(see also [16]). Following the approach of [11], we formulate 5D, A" = 2 gauge multiplet as a collection of A" =1 gauge multiplet and
the hypermultiplet, both being in the adjoint representation of gauge group. In the process of calculation we assume that the background
superfields align in the Cartan subalgebra of su(2) algebra and obey the classical equations of motion. Also we restrict our consideration
to the background superfields slowly varying in space-time, as this approximation is sufficient for finding the low-energy effective action.
The expression for the effective action is obtained as an integral over the analytic harmonic subspace. After passing to the full superspace,
this expression reproduces the effective action of ref. [11], with ¢g = #

The paper is organized as follows. Section 2 sketches the formulation of 5D, N'=2 SYM theory in N =1 harmonic superspace.
In section 3 we describe the manifestly gauge covariant and A" =1 supersymmetry-preserving procedure for calculating the one-loop
effective action. Section 4 is devoted to the evaluation of the leading low-energy contribution to the one-loop effective action. In the last
section we give a brief summary of the results obtained and indicate possible future directions of the study.

2. The model

Throughout the paper we use the notations and conventions of [11] and [14]. We formulate A" =2 SYM theory in 5D, A/ = 1 harmonic
superspace in terms of the gauge superfield V** and the hypermultiplet one qf = (¢, —g™), a =1, 2, both being analytic. The classical
action of the theory is written as

vyt vt oyt
D tr/d”zdul ...duy . u1)+ (z,u2). 4 +(Z,un)
Wiuy)uyuy) ... (uguy)

1 _
—@tl‘/dg'( 4)q+aD++q;1'_, (21)

where g is a coupling constant of mass-dimension —1/2. We denote the full superspace integration measure as d'3z = d>x(D~)*(D+)*
and the analytic subspace measure as dz~% = d°x(D~)*du, where du stands for the integration over harmonics. The powers of the

covariant derivatives are defined as (D%)* = —35(D%)2(D*)?, where (D*)? = Dié‘DglE &, B =1,2. The covariant harmonic derivative
D+ acts on the hypermultiplet according to the rule [17], D*+qf = D**qf +i[V ™+, g} ]. The action (2.1) is invariant under the gauge
transformation

VTt =—DF A,  8qf =—[qf, Al (22)

with an analytic superfield gauge parameter A = A(¢, u).
The classical equation of motion associated with the action (2.1) read

(DY?W +i[g*%, g1 =0, D™ g =0, (2.3)

where W = %(D*)ZV__ is the superfield strength of the gauge multiplet. Here we introduced the non-analytic superfield V™~ as a
solution of the harmonic zero-curvature condition [17]

DYtV —D TVt 4Vt v o] =0. (2.4)
The action (2.1) is formulated in 5D, N =1 harmonic superspace and hence respects the manifest off-shell N' =1 supersymmetry.

Since the hypermultiplet is in the adjoint representation of gauge group, like V**, the action (2.1) also exhibits invariance under an
additional implicit "= 1 supersymmetry. One can check that the transformations

1 A ~
Sq,f:—iwﬂ“[ea&e vl sVt =€lotqf, (2.5)

where eg is the relevant anticommuting parameter, leave the action (2.1) invariant.

T Actually, the superfield Lagrangian in (1.1) does not depend on the harmonic variables on shell.
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3. One-loop effective action

We construct the one-loop effective action for /' =2 SYM theory with the “microscopic” action (2.1) within the background superfield
field formulation. The background superfield method in 5D, A" =1 harmonic superspace [14] is a direct generalization of the 4D, N =
2 one [18-21] and it is based on the background-quantum splitting of the initial superfields into the ‘background’ V*+,QF and the
‘quantum’ v*, g parts:

VIt vt 4 gvtt . gf - QF +gqf . (3.1)

While quantizing the gauge theory with the action (2.1) by the background superfield technique, we as usual impose the gauge-fixing
conditions on the quantum gauge superfield v+ only. Then we introduce the gauge-fixing action and the corresponding ghost action.
One of the main features of the background superfield method is that the original infinitesimal gauge symmetry (2.2) is separated into
the ‘background’ and ‘quantum’ transformations:

SVt = —DHTA — iVt A, svtt =i, vy,
QS =—[Q), Al 8qF =0. (3.2)

By construction, the effective action calculated loop by loop depends only on the background superfields and hence is invariant under the
background gauge transformations.

As was said, in the framework of the background (super)field method, we should fix the gauge with respect to the quantum gauge
transformations. We choose the gauge-fixing function as in 4D case [18,20]

F(+H — ptty+t (3.3)
Under the quantum gauge group it transforms as follows
8F(+4) — (D++(,D++)\ + i[V++, ). (34)

Then the action of the corresponding Faddeev-Popov ghosts b, ¢ is written as [19]
Spp=tr / de =Y p(pH)2e. (3.5)

The harmonic superfield effective action for 5D gauge theories is constructed in the same way as in 4D, A" =2 [20] and 6D, N =(1,0)
[22] cases. For 5D supersymmetric gauge theories the background superfield method was developed in refs. [15] and [14]. The one-loop
quantum correction to the effective action I"[V+*, Q*] is defined by the functional integral over quantum fields v*+,q} and ghosts
fields as

) ~ )
e = Det(}3 0 / Dy DgtDDEDy el Sl 40 .o VIR (3.6)
where the bilinear in quantum superfields part of the quantum action is
2 2
Séu)am=5(())+5gf+ Sep + Snk, (3.7)

and we introduced the background-dependent operator 0= %(D+)4(D“)2. The definition of the functional determinant Det<4,o)a is
given in ref. [20]. On a space of analytical superfields the operator O is reduced to [15]

~ P 5 _ 1 5 1 fo

0="D"D; + (DT*W)D; — Z(D*“DgW)D + Z(D*“D&W) —W2. (3.8)
Here, all ‘bold’ symbols involve only the background gauge multiplet. For instance, the covariant space-time derivative is written through
the background gauge connection as D; = 9; — iA;, 4=0, .., 4.

The quadratic action (3.7) includes the Faddeev-Popov ghost action (3.5), in which the harmonic covariant derivative depends on the
background superfield V*, and the action for Nielsen-Kallosh ghost ¢

1
Snk = St /di(_4)¢('17++)2§0- (3.9)

The action (3.7) also contains the sum of the quadratic part of the classical action So and the gauge-fixing action Sgf
1 ~ 1
S 4 Sgp = —5tr / deVvtrovtt — St / d¢P gteptrgf

—%tf/d{(_4){Q+“[v++,qgf]+q+a[v++,Qf{]}. (3.10)

The action (3.10) involves terms which mix the quantum gauge multiplet v+ and the quantum hypermultiplet ;. These terms can be
eliminated in R; gauge (see, e.g., [23] for an example of application of the R¢ gauge in 6D, A= (1, 1) SYM theory). In this case the action
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for the Faddeev-Popov ghosts would depend on both the background gauge multiplet and hypermultiplet and involve inverse powers of
the operator O. Instead of imposing R gauge, we use a special change of quantum hypermultiplet [22] in the functional integral (3.6)

af () =hi(1)—i f dgy 61V A12)P vt (2), QF @)1, (3.11)

with h} being a set of new independent quantum superfields. The change (3.11) leads to the cancellation of mixed terms in the action
(3.10). The Jacobian of the change (3.11) equals one and so it does not affect the integration measure in (3.6). After changing the variables
as in (3.11), the action (3.10) acquires the form

1 b ~
sgz)+sgf:§tr/d;]‘ Yoy vit{osd N a12) - 2076 a1Q @) vt
1
—tr [ deCHhTeptpt (312)

The Green function appearing in (3.11) and (3.12), GOV (zq, u1]02, up)e® = i(0|qu(§1,ul)q+b({2,u2)|0), is the background-dependent
superfield hypermultiplet Green function in the t-frame. It is analytic with respect to its both arguments and satisfies the equation

3,1
D6 (112)," = 8,255 (112). (3.13)
In the t-frame the Green function can be written as GV (1]2),? = 8,61V (1]2), where
(DD 8'(z1 — 22)

—~

¢V =
m ]l (wiuz)?

(3.14)

and 85‘3‘1)(1|2) is a covariantly-analytic delta-function [17].

In the effective action (3.6) the background superfields V*+ and Q; are analytic but unconstrained otherwise. The gauge group of the
theory (2.1) is assumed to be SU(2). For further consideration, we will also assume that the background fields V*+ and Q7 align in the
Cartan subalgebra of su(2)

Vit =v*tt (¢, wH, Q =qQ (¢, wH, (3.15)

where H = %03 and o3 is Pauli matrix. The components of the background superfields associated with the EL generators ([E4+, E_]=2H
and [H, EL] = +Ey) are assumed to vanish. Our choice of the background corresponds to the spontaneous symmetry breaking SU(2) —
U(1). We denote the non-zero components of background superfield VT in (3.15) by the same letter V™ as in the classical action (2.1),

with the hope that this will not result in a confusion. The same remark refers to the abelian superfield strength W constructed out of
v,

We assume that the background superfields VT and Q] satisfy the classical equations of motion (2.3). The conditions (3.15) then
imply free equations of motion for the superfields V** and Q,

pY¥piw=0 D*of=o0. (3.16)
We also consider the case of the slowly varying background gauge superfield strength and hypermultiplet
W =0  9;Q, ~0. (317)

With our choice of the background superfields as described above, it is convenient to rewrite the implicit supersymmetry transformations
(2.5) in terms of the gauge superfield strength [11]. They are

5Q;=%e§(DgW), 8W=—%egD_‘3‘Q;’. (3.18)

The further strategy is as follows. We substitute (3.15) in the action (3.12) and in the actions for the ghosts superfields Spp and Syg.
As the next step, we integrate over quantum superfields v+ and h7 in the functional integral (3.6). As in 4D [20] and 6D [22] cases the
contributions of the ghost superfields exactly cancel the contribution of the quantum hypermultiplet. Thus we are left with the difference
between the contribution from the quantum gauge multiplet v+ and the contribution from the additional determinant Detzﬁ))a in (3.6).
The presence of this determinant is necessary for eliminating the contributions from the longitudinal component of the superfield v*+,
in full analogy with 4D and 6D cases (see [13], [21] and [24]). Finally, for the one-loop contribution I') to the effective action we obtain
the expression

D = iTrrIn (Dﬁpa +(D*W)D, —w? -2 Q+“G“’”Q;), (3.19)

where we executed the trace over matrix indices. The functional trace in (3.19) is defined as a trace over the transversal component of
the superfield v+

r® :ifdg(*“) In (’DaDa +(D*W)D, —w? -2 Q*”G(]'])Qj)l'[f’z)(l|2)’2 . (3.20)
—

where the projector l'[%z’z)(l |2) is analytic in both arguments and is defined as [21]
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(DH*(DH* (ujuy)
ne?12) =652 112) - Dy P Df 258 (7 — 25) 2

—, 3.21
3 hus -

with 8%2)(1 |2) being an analytic delta-function [17]. For our calculation, we do not need to know the explicit form of the projector 1'[;2’2).
which for the 5D case was found in [14]. All what we need is the expression in the limit of coincident harmonic arguments, uy; — uq, in
the case of slowly varying on-shell background superfields. The latter condition implies the simplest form for the projector H%Z’z),

n&?112)| =N @ - 2. (3:22)

Uz—>uq
Thus we finally arrive at the following expression for the one-loop contribution I'™ (3.19):
M — i/d;<—4> In (DaDa +(DMW)D; — w2 —2Q 60D Qj)(D}L)“(SB(zl —2)| (3.23)

It is the starting point for the evaluation of the leading low-energy contribution to the effective action in the model under consideration.
4. Leading low-energy contribution

Here we demonstrate how the exact expression for the leading low-energy contribution to effective action derived in [11] can be
recovered from the one-loop effective action (3.23).

First of all we have to note that the effective action (3.23) contains the non-local contribution Q **(1)G"D(1|2)Q7}(2) and so one
should extract the local part from it. One can use the following identity [14]

— 2
(D)D) SR (41)

_ 1 __
5 =0 oD et - LA, )

(uiuz)
where A=~ = iD‘iﬁD;DI; + W (D)2 +4(D~¥W)D; . An analog of this identity for 4D,V =2 supersymmetric gauge theory was orig-
inally derived in [21]. Then we use the decomposition Q; (2) = (ufu;r)Qa‘(l) — (ul’u;r)Q,;"(l) and eq. (4.1) to properly transform the
Green function G0 (1]2) (3.14).2 We have

QMG A12)QF @) = QTQq (wyui)* Pz —z) + .., (4.2)

where dots stand for terms proportional to (u]+u2+) and so vanishing in the uy — uq limit.
Thus we obtain for the one-loop contribution (3.23)

rd—j / d¢¥1n (DaDa +(D*wW)D; —w? - 2Q+“Q;)<D1+)4613(zl —2)|, - (4.3)
N

In order to evaluate the leading low-energy contribution to the effective action we need to calculate the functional trace in (4.3) in
the coincident-point limit. First we calculate the Ozi — Gli limit using the presence of Grassmann delta-functions in (4.3). In the full
superspace delta-function

813(z1 — 22) = 82 (1 — x2)84 (0] — 6,)8% (6 — 6) (4.4)
the operator (D1)# annihilate one of the Grassmann delta-functions according to the rule

(DHs4 6, —67)=-2. (4.5)

In order to remove the remaining delta-function 84(91’ — 0, ), we need to collect the fourth power of the derivative D . To this end, we
expand the logarithm in (4.3) in the power series, up to the fourth power of (D*é‘W)Dg:

. +a + 2
r® — l/dg(“‘) i (DY*WDZW)

2 (999 — W2 —2Q+9Qq)*

where dots mean all contribution with the derivatives of hypermultiplet, D Q ™, which can in principle be evaluated explicitly. In what

follows we omit all such contributions, assuming that they can be reconstructed by using the analyticity condition for the integrand in

(4.6) and the implicit /"= 1 supersymmetry (3.18).
Then we pass to the momentum representation for the space-time delta-function and calculate the momentum integral

/ s G = (4.7)
Qm)5 (p2+M2)4 ~ 6(8m)2 M3’ ’

(X1 —x2) 4 ..., (4.6)

After that we obtain for the I'D (4.6) the following expression

2 See the detailed analysis of the similar contribution in 6D, A" = (1, 1) SYM theory in ref. [24].
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+a +147)2
am_ 1 / e (DHWDIW) L
12(87)2 (W2 +2Q+aQ )32 ’

where dots as in (4.6) mean terms with derivatives of the hypermultiplet. The expression (4.8) is the leading low-energy contribution to
the effective action of 5D, N'=5 SYM theory. It is written as an integral over the analytic subspace. In the paper [11] the effective action
of N'=2 SYM theory was obtained as a hypermultiplet completion of the leading W In W -term in the N"=1 SYM low-energy effective
action and it was written as an integral over the whole superspace. This effective action was evaluated in the form (1.1), up to an overall
constant cg.

Let us demonstrate that, passing to the full superspace in (4.8), one can reproduce the expression (1.1). To this end, we first expand
the function H(Z) in the expression (1.1) in the power series

X q\n _ +an —\n
sg¥f=2:c0/d13z |:Wan+Z( D7@n - 2)!(Q™Q, ) } (4.9)
n=1

(4.8)

nl(n+1)12" w2n—1

Then we decompose the factor (W2 +2Q74Q;)~>/2 in (4.8) as

1 - 3 1 X (=D"2"T[n+3](Q*eQ,)"
P _ (=4) (p+a + 2(_~ 2 a
r®— Q@nyjﬁc (D WD&W)(W3+Z; YRR ) (410)

After this we pass to the full superspace by restoring (D*)* in all terms of the series by the rules

1 (DYeWDIw)?

DYVWIhW=——— & 7
(D™) n 16 e ,
1 1 (DTEW DT W)2
(DH* T :—gn(n+1)(2n+1)(2n—1)wz—ng, (411)

keeping in mind the on-shell condition for the background gauge field strength W and omitting all terms with derivatives of the hyper-
multiplet. One can show that, after using (4.11) in (4.10) and employing the property,

2nl/m
4'n!

the second term in (4.10) immediately takes the same form as in (4.9). Indeed, it is straightforward to check that

)

Tln+ 31=

1 (D*WDIw)?
16 (W2 4+2Q+aQ,)3/2 T

(412)

OO (Winw + JwH(4de)) =

where dots denote terms with spinor derivatives of the hypermultiplet. Thus for the leading term in the low-energy effective action we
obtain the expression

1 1 tap -
1 _ 13 Q™Qq
r —m/d zZW |:an+51'1< e )] , (413)

where the function H(Z) was defined in (1.2).
We observe the complete agreement of the method based on the symmetry considerations with the direct quantum computations. The
latter also yield the precise value for the coefficient cp.

5. Summary

We have studied the problem of computing the leading contribution to the one-loop low-energy effective action of 5D, N'=2 SYM
theory in the 5D, A/ =1 harmonic superspace formulation. The effective action was constructed in the framework of the background field
method which allow to preserve the manifest gauge invariance and 5D, N' =1 supersymmetry at all stages of calculations. The effective
action derived in this way depends on all fields of 5D, A/ =2 gauge multiplet and is completely 5D, N = 2 supersymmetric. We have
shown that the superfield quantum considerations yield the same leading contribution to one-loop low-energy effective action as the
analysis carried out in ref. [11] on the purely symmetric grounds.

The results obtained here can be further generalized at least in two directions. First, it would be interesting to find out the explicit
forms of the next-to-leading corrections to the effective action (1.1). Second, it is tempting to study the quantum aspects of the twisted
5D, N =2 SYM theory [25-27], using similar techniques.
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