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Abstract

We study the gauge dependence of the one-loop effective action for the abelian 6D, A" = (1, 0) super-
symmetric gauge theory formulated in harmonic superspace. We introduce the superfield & -gauge, construct
the corresponding gauge superfield propagator, and calculate the one-loop two- and three-point Green func-
tions with two external hypermultiplet legs. We demonstrate that in the general £-gauge the two-point Green
function of the hypermultiplet is divergent, as opposed to the Feynman gauge £ = 1. The three-point Green
function with two external hypermultiplet legs and one leg of the gauge superfield is also divergent. We
verified that the Green functions considered satisfy the Ward identity formulated in A/ = (1, 0) harmonic
superspace and that their gauge dependence vanishes on shell. Using the result for the two- and three-point
Green functions and arguments based on the gauge invariance, we present the complete divergent part of
the one-loop effective action in the general £-gauge.
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1. Introduction

Gauge theories with extended supersymmetries in higher dimensions attract a considerable
attention for a long time [1-8]. On the one hand, such theories are non-renormalizable due to
the dimensionful coupling constant (see, e.g., [9,10]). On the other hand, one can expect an im-
provement of the ultraviolet behavior due to the extended supersymmetry. It is very interesting
to check this conjecture on the explicit examples of higher-dimensional supersymmetric theo-
ries. To be more realistic, one can expect that the full canceling of divergences is presumably
possible only in the lowest loops even in the maximally extended theories (see, e.g., [11]). The
problem reveals clear analogies with the most interesting case of gravity. However, the analysis
in supersymmetric gauge theories is much simpler.

In order to fully display the underlying properties of theories with some symmetries it is highly
desirable to be aware of the regularization and quantization schemes which do not break these
symmetries. In the case of extended supersymmetries these purposes can be achieved within
the harmonic superspace approach [12—17]. For 6D supersymmetric gauge theories (which will
be the subject of the present paper) this formalism [18-23] ensures manifest A = (1, 0) super-
symmetry. With the use of the background field method in harmonic superspace [16,24], gauge
symmetry can also be made manifest. For these reasons the harmonic superspace formalism
seems to be most suitable for quantum calculations in 6D supersymmetric theories (note that
6D, N = (1, 0) theories are in general anomalous, see, e.g., [25-28]).

Recently, some explicit calculations based on the harmonic superspace method were done
for N = (1,0) and A = (1, 1) gauge theories [29-33], following the general pattern of Ref. [4].
These calculations were basically performed in the Feynman gauge & = 1, which ensures the sim-
plest form of the propagator of the gauge superfield. This considerably simplifies the calculation
of quantum corrections. However, the gauge dependence of the results obtained by the harmonic
superspace technique has not yet been analyzed. Meanwhile, the calculations in non-minimal
gauges are frequently rather useful as compared to those in the Feynman gauge, because they are
capable to make manifest divergences in the lower loops. For example, for "= 1 supersymmet-
ric gauge theories in the one-loop approximation ghosts are not renormalized in the Feynman
gauge, while divergences appear for & # 1 [35]. For calculations in higher orders, the knowl-
edge of gauge dependence in the lower-order approximations is also essential, see, e.g., [36].
These are the reasons why a vast literature is devoted to calculations in non-minimal gauges. As
a characteristic example, let us mention a recent paper [37].

In the present paper we consider the simplest 6D, A/ = (1,0) supersymmetric gauge the-
ory, namely, N'= (1, 0) supersymmetric electrodynamics, and investigate the structure of the
gauge-dependent contributions to the effective action by the harmonic superspace technique. In
particular, we demonstrate that (unlike the case of the Feynman gauge considered, e.g., in [29])
the two-point Green function of hypermultiplets is divergent already at the one-loop level. The
gauge-dependent divergences are also present in the gauge multiplet — hypermultiplet Green
functions. In this paper we explicitly calculate the one-loop three-point Green function and find
its divergent part. Moreover, we derive the Ward identity in the harmonic superspace and ver-
ify that the Green functions obtained by calculating harmonic supergraphs satisfy this identity,
as expected. This result is a non-trivial verification of the correctness of our calculations. One
more test, which has also been done in this paper, is the demonstration of the property that the
gauge dependence of the effective action vanishes on shell (this is a consequence of the general
theorem, see Refs. [38—43]). Using the results for the two- and three-point Green functions, we



640 I.L. Buchbinder et al. / Nuclear Physics B 936 (2018) 638-660

also restore the complete result for the one-loop divergences, based on the gauge invariance of
the theory under consideration.

The paper is organized as follows: In Sect. 2 we recall some basic points of the formula-
tion of 6D, N = (1, 0) supersymmetric electrodynamics in harmonic superspace. We present the
superfield action for this theory, write down the Ward identity, and formulate the harmonic su-
perspace Feynman rules. In particular, we construct the propagator of the gauge superfield in the
non-minimal gauges which are analogs of the £-gauges in the usual electrodynamics. In Sect. 3,
using these Feynman rules, we investigate the gauge dependence of the one-loop two-point Green
functions of the gauge superfield and the hypermultiplet. We also calculate the one-loop three-
point gauge superfield — hypermultiplet Green function. Checking the Ward identities for these
Green functions is the subject of Sect. 4. The vanishing of the gauge dependence on shell in the
approximation we are considering is demonstrated in Sect. 5. The total divergent part of the one-
loop effective action (which is an infinite series in V1) is constructed in Sect. 6, by invoking
the arguments based on the gauge invariance. Also we verify that the gauge dependence of the
expression obtained vanishes on shell. Some technical details are collected in two Appendices.

2. Harmonic superspace formulation of 6D, N = (1, 0) electrodynamics
2.1. The harmonic superspace action

The harmonic superspace is very convenient for formulating 6D, A = (1, 0) supersymmetric
theories, because it ensures manifest supersymmetry at all steps of quantum calculations. It is
parametrized by the coordinate set (xM , 09, uli) which will be referred to as the central basis.
Here x™ with M =0, ...5 are the usual coordinates of the six-dimensional Minkowski space.
The Grassmann anticommuting coordinates 6 witha =1, ...4 and i = 1, 2 form a left-handed
6D spinor. The harmonic variables u" satisfy the condition u*u; = 1, with u;” = (u*?)*. The
analytic basis of the harmonic superspace is parametrized by the coordinates

M M, L, u + +pai +
x4 =x +§0 yMet; 6+ =u; 0" u;, 1
where y™ are 6D y-matrices. The coordinate subset (x% 0%, ul.i) parametrizes the analytic
harmonic subspace which is closed on its own under 6D, N = (1, 0) supersymmetry transfor-
mations.
It is convenient to define the spinor covariant derivatives
+_ . - _ . —pi
D u; Dy; D, =u; D, 2)

a — a

such that {D;‘, Dyy=i (yM )ab Iy, and to introduce the notation

1 .
(D+)4 = —ﬁsabth;D;_D:—Dj. (3)
Also we will need the harmonics derivatives in the central basis
.9 .0 ;0 ;0
B . — _ i . 0__ +i i
D™ =u s D " =u FWETE D" =u P u Pt 4)

They satisfy the commutation relations of the SU (2) algebra. The analytic basis form of these
derivatives can be easily found and is given, e.g., in [34].
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For constructing the A' = (1, 0) invariants we need the invariant superspace integration mea-
sures:

/ d'z = f d®x d®; / dc=9 = / dxd*ot; (5)
/ dOxdBo = / dOx d*oT (DT, (6)

In this paper we consider N = (1, 0) supersymmetric electrodynamics, which is a particular
abelian case of N'= (1, 0) supersymmetric Yang-Mills theory with hypermultiplets. The har-
monic superspace form of the action of 6D, N'= (1, 0) supersymmetric Yang-Mills theory was
pioneered in Ref. [20]. As opposed to the analogous 4D, N = 2 construction, the gauge theory
coupling constant fy in 6D has the dimension 7 ~!. In the harmonic superspace approach the
gauge superfield VT (z, u) satisfies the analyticity condition

DFVt =0 )

and is real with respect to the special conjugation denoted by ~, i.e. V*++ = VT, The hyper-
multiplets are described by the analytic superfield g and its ~-conjugate § .

Like in the non-supersymmetric case, the action of A" = (1, 0) electrodynamics is quadratic
in the gauge superfield. It can be written as

1 duidus _ ~
S=— [d"“%; ———= vt u)vttiz,u —/d EaugtvttgT, 8
i / VTV G [ O ®)
where
vVt =Dt 4ijv*t )

and DT is taken in the analytic basis. The gauge transformations have the form
vt oyt — pras gt — eirgT: G = emirgt, (10)

where A is an analytic superfield parameter which is real with respect to the ~-conjugation.
It is useful to introduce the non-analytic superfield

V*tt(z,up)
V__(z,u)z/‘duli (11D
(u"‘u?)2
It satisfies the conditions DTTV~= = D=~ V7 and transforms as
VT >V T —D A (12)

under the gauge transformations. Starting from this superfield, it is possible to construct the
analytic superfield F*+ = (D*)*V~, which is gauge invariant in the abelian case.
For further use, we also define the non-analytic superfield ¢~ as a solution of the equation

gt =Vvttg =D +ivthe . (13)
From this definition one can derive that the gauge transformations act on ¢~ as

q — e”‘q_. (14)
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In the explicit form the solution of Eq. (13) can be expressed as the series

/ du ; duiduy Vit gt
(utu *) whuDiu) t

duyduzdus St 4
_/++ e el CHML CYME 2 P
(uFuy)(uy uy )(uyuz)
Vit v

=Y ()" | duy...du, A 15
’;( i) / ui...du (u+uf)...( +)q 15)

where subscripts numerate the harmonic “points”.
For quantizing the theory (8) it is necessary to fix the gauge. This can be done by adding the
gauge-fixing term to the action,

(uyu,)
Sgf = — / d14zdu1du2w+1—f01++v++(z,u1>Dz++v++<z, u2), (16)

4550 ruz)?

where & is the bare gauge-fixing parameter. This term corresponds to the £-gauge in the usual
electrodynamics. In particular, the Feynman gauge amounts to the choice £y = 1. In the abelian
case we are considering it is not necessary to introduce the ghosts superfields. Therefore, the
generating functional for our theory can be written as

Z:/DV++ D’é""r Dq+ eXp{t(S-f- ng+ Ssources)}, (17)
where Ssources 1S @ sum of the source terms,

/d;“( Y 4u [V++J(+2)+](+3) 4 e +] (18)

Here J(+? is the analytic source for the gauge superfield, while j+ and ]~'(+3) denote sources
for the hypermultiplet superfields. The effective action is constructed from the generating func-
tional for the connected Green functions W = —i In Z by making the Legendre transformation,

['=W — Ssources> (19)
where it is necessary to express the sources in terms of the fields with the help of the equations

SW SW sW
++ : + = : ot =
viT= sJH2” =5 j(+3)° 7 = §jHd’ 20)

2.2. Ward identity

In the abelian gauge theory at the quantum level the gauge invariance is encoded in the Ward
identity [44], which is a particular case of the Slavnov—Taylor identities [45,46]. The harmonic
superspace analog of this identity can be formulated, using the standard technique. For this pur-
pose we make the transformation (10) in the generating functional (17) which evidently remains
invariant. Taking into account that the classical action is gauge invariant, in the lowest order in A
we obtain

58
=(/dg< Yau |- Svizﬁb\ JDT i gt —iTHg]) en
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where we used the notation
~ 1 ~ ~
(4v*.q".70) =5 [ DV DT DT AV gH T exp [i(5-+ S+ S
(22)

Integrating in Eq. (21) by parts with respect to the derivatives D', using an arbitrariness of A,
and expressing the result in terms of superfields, we obtain

0Set _ we ST . 8L . oT

— pt++ _ — —
0=D SV ++ SV ++ 9 sq+ 9 sg+’

(23)

where I is the effective action defined by Eq. (19), and we also took into account that the gauge-
fixing term is quadratic in the gauge superfield. Introducing

AT =T — S, (24)
the Ward identity can be written in a more compact form,

L SAT L SAT . 8AT

(25)

v =T g T
It is important that this equation is valid for arbitrary non-zero values of the involved superfields.
Differentiating Eq. (25) with respect to various superfields we derive an infinite set of identities
relating the longitudinal part of the (n + 1)-point Green functions to the n-point Green functions.
For example, differentiating with respect to V2++ and setting all fields equal to zero at the end,
we obtain that quantum corrections to the two-point Green function of the gauge superfield are
transversal,

2
L 8%AT

— 0. 26
bosviev, T (20)

Differentiating Eq. (25) with respect to q2+ and 5;’ and setting the fields equal to zero at the end
give an analog of the usual Ward identity relating three- and two-point Green functions:
§$3AT 82AT
DY e =~ (D)8 (21 — 228 TV un)
AR VAR v ! 8q, 87
§2AT

+i(DNH*8(z1 — 2308 3V wy, uz) ———.
8q;8ql+

27)

When deriving this equation, we have taken into account the property implied by the Grassmann
analyticity

S +
2~ (DHY 8 — 28D i), (28)
3q,
where
8" (z1 — 22) = 8%(x1 — x2)8% (61 — 62). (29)

It is convenient to multiply the identity (27) with the analytic superfields Aj, q; ,and §3+ ,and
integrate the expression obtained over both analytic arguments,
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S3AT 82AT
++ ; (=4 4)
/d//Lq?) D )\qu W l/dgl dbt]d; dugq3 )\,lql 8 +8~+
L 82AT
—4
where
/ dp = / Azt duydel™ duy del™ dus. 31)

This form of the Ward identity is most convenient, when checking it for one or another particular
class of diagrams.

2.3. The Feynman rules
For the explicit calculation of quantum correction it is necessary to formulate the relevant
Feynman rules. This can be accomplished quite similarly to the 4D, N = 2 case considered in

detail in Refs. [13,14]. To find the propagator of the gauge superfield in the £-gauge, we consider
the sum of the gauge superfield action and the gauge-fixing term

1 1 1
Spuee + S = 3 (1- 2 ) [ A zdindi eV )V @)
Uy iy

418 )
1
b [ v e e, (32)
4f0 50
where we made use of the identity
4+ 1 L 2:G.-3)
5Dy )78y, u2) (33)

Uowiu)? 2
and took into account that, when acting on the analytic superfields,
1
E(D+)4(D**)2 = 9% (34)

Following Ref. [31], we consider the free theory and solve the equation of motion for the super-
field V™ in the presence of the source term,

1 1
82V++ 1— —
) @)+ 5 ( 50)
1
x / d”2W<Dr>4v++<z,m> I (2 1) =0. (35)

The solution can be presented as

V(g up) = — =220 SOfO JF(z,ur)

N 22— 1)

” e o (DT (2, 1), (36)
172

whence one extracts the £-gauge form of the propagator of the gauge superfield
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[ AVAVAVAVAVAV ] ——o
(gauge multiplet) (hypermultiplet)

Fig. 1. The propagators of the gauge superfield V*+ and of the hypermultiplets.

Fig. 2. The only vertex comes from the interaction of the hypermultiplet with the gauge superfield.

0

GO (21, ur; 22, u2) = —2f02<%

& — 1
-

The second term vanishes in the Feynman gauge &) = 1. Such a choice considerably simplifies
calculation of quantum corrections. However, the purpose of the present paper is to investigate
the &p-dependence of various Green functions for the generic choice of &j.

In the left part of Fig. 1, the propagator (37) is depicted by the wavy line with the ends
corresponding to the points 1 and 2.

For completeness, we also present the expression for the hypermultiplet propagator,

1

wfud)?

(D82 (uz, ur)

1
(f )%Dj)“m)a”(m ~22). (37)

1
GyV (@, un; 22, u) = (DH(D) 581 (21 = 22) (38)
which is denoted by the solid line in the right part of Fig. 1.

The only vertex of the theory (8) is presented in Fig. 2 and stands for the interaction of the
hypermultiplet with the gauge superfield

Sy =—i / At dugtvttgt. (39)

The superficial degree of divergence in the theory under consideration has been calculated in
Ref. [29]:

1
©=2L~ Ny = 7 Np. (40)

Here L is a number of loops, Ny is a number of external hypermultiplet legs, and Np is a number
of spinor supersymmetric covariant derivatives acting on external legs. This formula implies that
in the one-loop approximation only diagrams without external hypermultiplet legs or with two
such legs can be divergent.

3. Gauge dependence of the one-loop divergences
3.1. Two-point function of the gauge superfield

In the one-loop approximation the two-point function of the gauge superfield V1 is di-
vergent. In the abelian case this divergence comes only from the diagram pictured in Fig. 3.
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Fig. 3. The diagram representing the one-loop two-point Green function in the abelian case.

Fig. 4. The two-point Green function of the hypermultiplet in the one-loop approximation.

However, this diagram does not contain propagators of the gauge superfield and is therefore
gauge-independent.

Thus, in the one-loop approximation this Green function in the &£-gauge is the same as in the
Feynman gauge. It is given by the expression [29]

d6p
(2m)8
1 1 i [ d 1

" wiud)? [W ~3) Greraroe)

/dgedulduz VIH(p, 0, un)Vt(=p,0,us)

(41)

The corresponding divergent part of the effective action is gauge-independent and in the di-
mensional reduction scheme' can be written as
1
 6e(4m)3

where e =6 — D.

/ de TV du (Ft)?, (42)

3.2. Two-point hypermultiplet Green function

In the one-loop approximation the two-point Green function of the hypermultiplet is con-
tributed to by the single logarithmically divergent diagram presented in Fig. 4.

In the Feynman gauge this superdiagram vanishes. However, it includes the propagator of the
gauge superfield, for which reason we can expect that the result for it is in fact gauge-dependent.
Using the Feynman rules defined above, the expression for this diagram in the generic £-gauge
can be written as

1 (DH*DH*
(ufud)? 92

2if? / et duy de™ dur g (21w (2, 12)

)

—1
—({DOH*DdH*

0 _
x 8%z —zz)(%wr)“a@ D (ug,uy) — 5

W i1 —22)-

(43)

! Here we use the regularization by dimensional reduction [47]. However, for calculating power divergences one should
use another regularization, e.g., some modifications of the higher covariant derivative regularization [48,49]. At least for
4D, N =2 supersymmetric theories such a regularization can be formulated in the harmonic superspace [50].
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Fig. 5. The diagram representing the three-point gauge — hypermultiplet function in the one-loop approximation.

The derivatives (Df‘)“(D; )* in the hypermultiplet propagator can be used to convert the inte-
grations over d;(*“) into those over d'4z,

~ 1 1
~2if; / d"z1duyd" 2 dus 7 (21, u1)q ™ (@2, u2) ———= 558" (21 — 22)
(u]uy) ad

& _ & —1 1
% (53 (D)8 D g, ) — 2 (D )%Di)‘*m)a”(m — 22). (44)
172
Taking into account the identities
8861 — 62) (D88 (61 — 02) =0, (45)
8301 — 62) (DH*(D*83(01 — 62) = (i u3)* 8861 — 62), (46)

we find that the first term in this expression vanishes, reducing (44) to the form

2if02 / d®xy d®x, d%0 duy dus Gt (x1,0,u)gt (x2,60,u0)

-1 1 1
((iOTu;)) ﬁaﬁ(xl —x2) 8—486<x1 — x2). (47)

This expression can be rewritten in the momentum representation as

d°p d% 1
2m)8 27)° k*(k + p)?

. & — 1)~
—2if¢ / %0 duy dus %qﬂp,e,m)qﬂ—p,euz).
(Ml le)

(48)
‘We observe that this expression is logarithmically divergent and does not vanish, unless the Feyn-

man gauge is chosen. If the theory is regularized by dimensional reduction, the corresponding
contribution to the divergent part takes the form

215 & — 1)
_8(42)3 /dl4zduldu2 Wq+(z7ul)q+(z, uz). (49)

3.3. Three-point gauge-hypermultiplet Green function

According to Eq. (40), all diagrams containing two external hypermultiplet legs are loga-
rithmically divergent, irrespective of the number of the external gauge legs. That is why in
calculating the one-loop divergences it is necessary to take into account such Green functions.
The simplest of them is the three-point gauge superfield — hypermultiplet Green function. In the
one-loop approximation, it is contributed to by the single supergraph depicted in Fig. 5.
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Calculating this diagram by Feynman rules in the general &-gauge, we obtain
_2f§/d§f_4) duydgy™ du2d§§_4) duz gt (zi,u1)g " (z3,u3) Vi H(zo, u2)

(EO(D+)4 @) (43, uy) — (an: 1)(Df)4(D§L)4

- 814(11 —73) —]/—————
(ufu;*ﬂ) wfud)?

+y4 4 H4ph4
PO L (D)D)

a2 (uiui) a2

8%z — 23). (50)

To work out this expression, we, first, convert the integrals over ¢~ in it into integrals over
d'*z using Eq. (6):

—2f7 f d"z1d"zd 23 duy duy dus G (21, u1)g T (23, u3) VT (22, uz)(%(l)fr)zL
(éo 1 1

x 8Dy LU 7)814 1—3) —/—————————
(w3, u1) — i) (z1 —z23) @R Gul)

(D*) (DH?

( N
32
Next, we integrate by parts with respect to (DiIr )* (assuming that D;‘ acts on z1), taking into
account that

1
27 5%z —22) ﬁal“(@ —z3). 51

88 61 —67) l_[ DJr 8 61 —6)=0 for arbitrary odd N. (52)

n=1

In the term containing the harmonic §-function we further integrate over dus. Integrating also
over 6, we finally obtain for (50):

2f02/d6x1d6X2d6X3d891d89358(91 —93){/dulduszr(m,91,u1)q+(X3,93,u1)

D+ 4 D+ 4
(u?:‘i(l);_)6 ( 1 )ag 2) 514( Z3) 8 (x1 —x2) 5 (x2 — x3)
Go—1
(Mfu;')z(u?'u;ﬁ(u;‘u;'p
(DH*(DH*
T

x VI (xa, 01, u2)

+/du1 duy duj V++(x2,91, uz)q+(X3,93, u3)

1 1
x ﬁa%q —X2)§56(X2—X3) {(D*) gt (x1,61,u1) 8%(z1 — 23)

(DHHDH*D]H* 5!

+q " (x1,61,u1) v Y21 —23)

1
~ P4 pF DI G (x1, 01, u1)

D+ D+ D"r 4 D+ 4
(D) (D3) 8%z —z@“ (53)

34
As the further step, we use the identities (45), (46) together with
8801 — 62) D, DS, (DH* (D) 8% (61 — 62)
= —i(yMap @ ul) @dud) wiud)? 646 — 6)du; (54)
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8%(61 — 02) (D' (D (D) *5% (61 — 62)
= (ufu)? Wl ud)? wfuf)? 686, — 6)0° (55)
in order to do the integrals over the Grassmann coordinate 6,. After renaming 61 — 6, the ex-
pression for the diagram in question in the momentum representation is written as

d®p dSq d°
2 2 dSe —fd d ~+ ’9’ V++ .0,
1o / (2m)® 2m)° (2m)° urduyq (g + p,0,u) (—p,0,u2)

&o 1
k(g +0*(q +k+ p)? (ufu3)?

X CI+(_CI» 9’ ul)

+/du1du2du3 [(D;)‘*Zi*(q +p,0,u)) VIt(=p,0,us)

1 + 2
xq"(=q,0,u3) 17 (5(2) ) 2 +(Zl3u3i 3
k*(g +k)(q+k+p) (uluz) (u2“3)
~ Go—1
+ ++ +
- + ,9’ V - ’97 - ’01
q(q+p,0,u1) (=p,0,u2)q™ (—¢q u3)k2(q+k)2(q+k+p)2

1
Wi wiug)
o — DEM)ky wu?)
24 g +K)2(q +k+ p)? (wfud)?@iud)? ||

— D} D}, G g+ p, 0, u)VH(=p,0,u2) gF (—q, 6, u3)

(56)

where (pM)ab = gabed ()M /2 The divergent part of this expression can now be found after

the Wick rotation. There remains only one divergent integral

d%k 1

) 57
Q2m)¢ k2 (k + q)*(k + g + p)? oD
which, after regularizing it by dimensional reduction, is reduced to
[ dPk 1 i ,
—i =— + finite terms, (58)
@m)8 K2(K + Q)*(K + Q + P)? e(4m)3

where the capital letters denote Euclidean momenta. Thus, the divergent part of the diagram in
Fig. 5 can be presented as

2if¢
ifg /d14z{/du1du2c7frv2++q+ §o

e(4m)3 ! (uiuy)?

-1
+/du1du2du3 a vty Go—1 (59)

3 k]
i uy) (uy uy)
where the subscripts on the superfields refer to the relevant harmonic arguments.

4. Verification of the Ward identities

To be convinced of the correctness of the results obtained in the previous sections, let us check
that the two- and three-point Green functions derived above satisfy the Ward identities.
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First, for completeness, we verify the Ward identity (26). The two-point Green function of the
gauge superfield is obtained by differentiating Eq. (41) with respect to V7, using Eq. (28). This
gives

% - Gv(iaM)@wr)“(D;)“a”(z] . (60)
where
Gy(pm) = : i d—ﬁk;-i- (61)
272 ) @bk + p)?
Therefore,
e _SAT Gy (idp) D7 8% 72 (uy, u) - (DH* (D6 (21 — 22)

1 W
=Gy (iow)| Dy~ (6@ 72 w1, u2) (DD (D))

—8(2‘72)(141,142)( Dy (bH* ) D;)4]514(Zl —22)=0. (62)

Thus, we have verified that the Ward identity (26) is indeed satisfied.
The two-point Green function of the hypermultiplet is obtained by differentiating Eq. (48)
with respect to ¢ and . These derivatives are calculated with the help of Eq. (28). We obtain

8’1 1 T4, ndold
W (3M)( u2)(D ) (Dy)* 6 (21 — 22)s (63)
iy
where
. d% (& -1
_ P e S
Gy(pm) = 2ify A Bk T ) (64)

The three-point gauge superfield — hypermultiplet Green function can be constructed quite
similarly, starting from Eq. (56), but we prefer not to present the expression for it explicitly.
Instead, we will check for it the Ward identity in the form (30). From Eq. (56) we obtain

8$3AT
(=4 (=4 (=4 =+ ++

d duyd duyd du DA —_——
/ & 1d¢y 2d8y 343 1q2 8V++8q 57
dSp d% d%
(2m)8 (2m)8 (2m)8

o 1
k2(q +k)2(q + k4 p)? (ufug)?

=2f3 ddo {—fduldu267+(q + p.0,u2) D T A(—p, 0, uy)

X CI+(_CI, 97 M2)

+/du1 dus dus [(Df)4 d @+ p.0,u3) DI " A(=p.0,up)
(Go—1) wiuy)?

k(g +0)2(q +k+p)? wFu))dwiud)?

—§ (g +p.0,u3) DI TA(=p, 6, ur)

X CI+(_C]9 97 MZ)
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—1 1 _
xq" (4.9, o - DD}, G (g + p. b,
T O a0 g k4 pR laD iy | laPid @20 0)
(o — DEFM) Py (uiuy)
x DT A(=p,0,u1) gt (—q.0,u2) - .
! 2k* (g + K2 (q +k+ p)? @iuDH2@ful)?

(65)

Next, we integrate by parts with respect to the harmonic derivatives DIH, taking into account
the identity

1 1 e _
o wruby (- l)v(Dl )T o)
142 :
D seenn2)
= W(Dz )'T8 ’ (uy,u2). (66)

After some algebra (described in Appendix A), this gives

§3AT
d ~+D++)\l +
f Has 2 SvFTseteqy

d®p db d% 1
=-2 2/ /d89d d
0 21)6 2m)6 2m) kK k+q + p)? s
Go—1)~
SOJF —q g+ p,0,u)M(=p,0,u1)g" (—q,0ur)
(”1 “3)
22 d°p dbg d% 1
0] @m)6 @2m)s @m) k*(k + ¢)2
—1
x/dgédulduz (§0+ +)5+(q+p,9,ul)K(—P,Q,Ml)qu(—C],Quz)- (67)
(] uy)

The right-hand side of this equation can be rewritten as

82T
- (—4) (—4) 5~y 4

ifd duyd du A _
/ e 1d¢3 343 M4, qu“8673+

, - - ~ 8°r
_z/dgl( 4>du1d§2( 4)du2ql+,\lq;rw, (68)
299

thus demonstrating that the Green functions (48) and (56) satisfy the Ward identity (30), as it
should be. Obviously, they also satisfy the Ward identity in the original form (27). This completes
checking the correctness of our calculation.

5. The vanishing of the gauge dependence on shell

According to the general theorem of Refs. [38—43], the gauge-dependent terms should disap-
pear on shell. Let us verify that our results are in agreement with this statement.
It is convenient to represent the effective action in the form

[=Tgo 4T, (69)

where
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Ciig =S+ Sof — — A0 duy dus VI (p, 0, u)Vrt(=p,0,uy) ———
Eo=1 + Sgf 2[(271)6/ uiduy (p.0,u1) (=p MZ)(ufu;ﬂ

d%k 1 d®p d%

- d%0 duyduy G+ 0,
Qe k1 2 ) @up @y ¢ O e @t 0o

d%k 212
(27m) k*(q +k)?>(q + k + p)?

1
x VI (=p,0,u2)g" (—q.0, ul)( +)2/ +... (70)

is the effective action in the Feynman gauge and

dSp  d%% 1

==2if; (271)6 (271)6 k*(k 4+ p)?
/ 80 du, duz ))~+(p,9 u1) gt (—=p,0us)
Lag dp dﬁq d% ¢

2n)6 27)° (27)°
x {—/dulduza“*(q+p,o,ul)v++(—p,9,uz)q+(—q,e,u1>

y (Go— 1) 1
k(g + k)% (g +k+ p)? ufui)?

+/du1du2du3 [(D;)“?ﬁ(q+p,9,u1>v++<—p,9,uz)

(60— 1) whuh)?
K+ k7 +h+p) @i P adud)?
—G g+ p. 0,u) VI (=p,0,u2) g (—q,0,u3)
& —1 1 -
- 0,
) k2(q +k)%(q +k + p)? (ufru;)(u;u;f) Dy, q" (g + p,0,u1)

(&0 — DFM)bky ulud) “

x qt(—q,0,u3)

x VIt (=p,0,u2) gt (—q,0,u3)

2k g +02(g +k+ )2 @l ul)?@ful)?
(71)
stands for the gauge-dependent remainder of the effective action.

The purpose of this section is to demonstrate, by an explicit calculation, that in the approxi-
mation considered, I" indeed vanishes on shell. To this end, we use the equations of motion for
the hypermultiplets following from the action (8),

0= V++ + _ D++ + + iv++ +. 0= V++ ~+ __ D++ ~+ iv++a’+. (72)

In Appendix B (after some lengthy calculations) we demonstrate that, with these equations taken
into account, the gauge-dependent part of the one-loop effective action can be cast in the form

F=2f02f Tr L d*0T dugt(q+p,0,w)VTH(=p,6,u)gt(—q,6,u)
(27)0 (2m)°

d®k Go—1
2442 ++2
x (@ +p*+4?) oy kz(q+k)2(q+k+p)2+0((v 7). (73)
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On shell, where g2 = 0 and (¢ + p)?> = 0,” this expression vanishes. Thereby we have proved
that the gauge dependence is vanishing on shell.

Note that, while deriving this result, we ignored all terms proportional to (V++)k for k> 2,
because in this paper we limit our attention only to the diagrams without external gauge superfield
legs at all, and to those having a single gauge superfield leg. In this approximation, terms of
higher orders in V7 are irrelevant.

6. The total divergent part of the one-loop effective action

So far we investigated gauge dependence of the two- and three-point Green functions only. In
particular, we demonstrated that the corresponding one-loop divergences are gauge-dependent.
However, according to Eq. (40), the Green functions with an arbitrary number of external gauge
legs (and two external hypermultiplet legs) are also divergent. Nevertheless, the total divergent
part of the one-loop effective action can be found using the reasoning based on the gauge in-
variance. Actually, the one-loop divergences corresponding to the two- and three-point Green
functions (see Eqs. (42), (49), and (59)) have the form

1

M _ _ /d;(*“)du (FHH)? — 215 /d14zdu1du2 (o — 1)21’+q+
o0 6¢(4m)3 e(4m)3 @lup) ' T2
2if} " §o
d duyd A
+s(4n>3/ ‘ f udna Ve wiu))?
+ / duy dur duz G, vV, g *—@f 1+) + O<q~+(V++)2q+). (74)
(u Upiy )(uz )

The first term in this equation is gauge invariant. The expression corresponding to the first term
in the curly brackets can also be rewritten in the explicitly gauge invariant form,

2if? 2if?
ifo /d14zdu1du2q1 /ARNN 0 —£ ifo /dl4zdu21“+v——q+

(dm)3 Va7 e@n)?
. 2f§ (=8 g~ et +

According to Eq. (15), the remaining two terms in Eq. (74) are the lowest terms in the series
expansion of the gauge invariant expression

2f5E0 =1 [ o
—— d“zdug™ 76
s (4m)? / canda (76)
in powers of V. Thus, the divergent part of the one-loop effective action can be written as
1 2if €0 ~
rd)=— /d D gy (F+H)? 0 fd ) quatFr+o+
~ = gemy | 98 A ET T S [ 48 T duaT T
2f§Eo—1D [ 1
—————— | d"zd . 77
e(dm)3 / cdug’q” a7

2 These equations can be derived directly from the hypermultiplet free equation of motion, see Ref. [34] for details.
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Note that this expression does not include O(§+(V++)2q+), because for obtaining the gauge

invariant expression such terms should contain F*+ in which the number Np = 4 of spinor
derivatives acts on V~~. However, according to Eq. (40) these terms are finite and do not con-
tribute to the divergent part of the one-loop effective action. Therefore, Eq. (77) provides the
exact result for the divergent part of the effective action of the theory in question.

Note that on shell the gauge dependence of Eq. (77) vanishes. Actually, on shell, as the con-
sequence of the equation of motion V**¢™ =0, we have the chain of relations

(VI =0= (VIHV g =0= VTV g =0= V¢ =0. (78)
Acting on the latter equation by V7 it is easy to find
g =V _q". (79)

In deriving these relations, we made use of the well known properties D™ 0™ =0 — ™" =0,

D w™=0—>w™=0forn>1,m>1.
As a consequence of (79), we obtain that on shell

fdl“z dugtq = fd;<—4> du (D+)4<c7+ v——q+)
=/d§(_4) dugt (D+)4((D“ n iV__)q+) - i/d;<—4> dugt Frgt. (80)
Thus, on shell, the one-loop divergence (77) takes the form

1
rd_— _
o 65 (4m)3

2if?
/ 46 du (FH2 4 200 / dc Y dugtFrgt @1)
e(4m)3

We see that this expression does not depend on the parameter £ and, hence, on the gauge choice.
7. Summary

In this paper, using the 6D, A" = (1, 0) harmonic superspace formalism, we studied the gauge
dependence of the one-loop effective action for the A" = (1, 0) supersymmetric quantum elec-
trodynamics. As compared to the case of the Feynman gauge, in the general £-gauge some new
divergences appear. In particular, we demonstrated that in the general case the hypermultiplet
Green function is divergent already in the one-loop approximation, as opposed to the case of
the Feynman gauge, in which this divergence vanishes. Moreover, we calculated the three-point
gauge — hypermultiplet Green function in the general £-gauge. To check the correctness of the
calculation, we have verified the relevant Ward identity. Also it was checked that the gauge
dependence vanishes on shell. Taking into account the gauge invariance, we also restored the
divergent part of the one-loop effective action with terms of higher orders in the gauge superfield
V*+ . Ttis given by Eq. (77) and contains a new term which is absent in the Feynman gauge. We
demonstrated that the gauge dependence of this general expression also vanishes on shell.

It would be interesting to investigate the gauge dependence in the non-abelian case. In partic-
ular, from the results of this paper we can expect that in the general &-gauge the 6D, ' = (1, 1)
sypersymmetric Yang—Mills theory is not finite even in the one-loop approximation, while the
divergent terms are vanishing on shell.
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Appendix A. Ward identity in harmonic superspace

Let us show how to pass from Eq. (65) to its equivalent form (67). After integrating by parts
with respect to the derivatives D1++ and using the identity (66), we obtain

83AT
dpgy DY gy — =t
f 3 2 5V1++8q;_8q;_
d°p d% d°%
(2m)6 2m)® (27)8

&o
k2(q +k)*(q + k + p)?

=213 do {—/duldM267+(q + P, 0, u)A(=p,0,uy)

x gt (—q,0,us) D; 7899y, uy)

+/du1 dus dus [(Df)4 G @+ p.0,uz3)r(—p,0,u1)gt (—q.0,u2)

D D(iui)?
k*(q +k)2(q +k+ p)? \ 2(ufui)?

(D3 )8 D Uy, uz)

b s s _ +_
+ 73D, )8 (ur,u2) | =q " (q+p,0,u3) \(=p,0,u1)qg " (—q,0,u2)
2(u1u3)

G —1 1 (1,1 a,-1) 1
o Ui, up)+86 Uy, U3)—————
k2(q ~|—k)2(q +k+ p)z ((L‘T”;) (uy,u2) (u1,u3) (u_l,_u;_)

— D} D}, G (g + p.6,u)A(=p,0,u1) gt (—q.6,u)

o — DFTM)ky (u
2k*(q + k)2(qg + k + p)?

1 o 1 L
x<mD3 8(0’0)(u1,u3)+mD2 8(0‘0)(u1,u2)>:|}. (82)
172 173

+ +
3y )

Then we integrate by parts with respect to the derivatives D™~ and take off one harmonic in-
tegral with the help of the delta functions. Taking into account that the first term vanishes as
a consequence of the analyticity of the superfields A, g, and g, the expression (82) can be
further rewritten as

, [ d°p d%  d% (Eo—1)
O ) @m)6 @m)6 2m)6 k*(q +k)2(q +k + p)?

/dgedulx(—p,e,un

1 1
x 1 [ duy g7 (=q,0,u) | =(DH* (DTG (g + p, 6, u1)
{/ (uiuy) 21 !
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—K*GT (g +p.O,u) + = ()/M)abkM D! D}, D "G (g +p.0. ul):|

+/du3 o : o2 [1 (DH* G+ (g + p.6.13) (D7 ) 2q T (=q.6,u1)

— KT (q + p.6.u3) g (—q.01.u1)

- %(7”4)“”1@4 DY, DY, 3" (g + p.6.u3) Dy gt (=q.6, ul)} } (83)
Once again, integrating by parts and taking into account that

%(D+)4(D__)2 =02 " pt Df, Dy~ = —4idM (84)
on the analytic superfields, this expression can be cast in the form

dSp dSq d% (Eo—1)
2m)0 2m)0 27m)0 k*(k 4 ¢)?

1
/d Oduyduy ———G (g + p,0,u)A(=p,0,u1)q" (—q,0 u2)
(’41 uz)

d°p d° d° -1
—2f2 P 4 Go—1) /dgéduldug

—2f2

+ §+(q + P, 0, I/l3)

2m)® 2m)8 (27)® k*(k 4+ q + p)? ujuz)
X A(—=p,0,u)g" (—q,0uy), (85)
where we have also used the relations
@+p+K+2%ku@q+p" =@+k+p)> ¢+ +2%kug™ =(q+k)> (86)

Appendix B. Gauge-dependent part of the effective action and the hypermultiplet
equations of motion

In this appendix we verify that the gauge-dependent part of the effective action vanishes on
shell. This is an important non-trivial check of the correctness of our calculations.

First, we consider the two-point Green function of the hypermultiplet given by Eq. (48). Using
the identity

1 ++ (M uz)

wrap =P gy PO )

wyuy)
—DHDﬁﬁJrD 8Dy, uy), (87)

we rewrite it as

dp d% (& -1 (uyuy)
@ =_7; / d®0du, d D++D++72
ifs Q2m)® 2m)8 k4 (k + p)? “ ”2< TP fud)?

+Df78( Dy, u2)> gt (p. 0, ungt(—p,0uz). (88)
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The second term in this expression vanishes due to the analyticity of the hypermultiplet super-
field,

/dg@duD"cTr(p,9,u)q+(—p,9,u)

=/d49+ du (D+)4(D”q~+(p,9,u)q+(—p,9,u)) —0. (89)

After integrating by parts with respect to the harmonic derivatives, the considered contribution
to the effective action can be represented as

6 6
_2%2/ dp d% (G- 1)
@m)° @m)S K3k + p)?

@iy o
« / A0d dus L2 DG (0.0 D p. 0w, (90)
172

Using the equations of motion for the hypermultiplets
0:v++q+=(D+++iv++)q+; Ozv++5+=(D++_iv++)ZI’+’ (91)

we see that on shell the expression (90) is proportional to g+ (V*1)%¢ ™. However, in this paper
we do not consider terms quadratic in the gauge superfield V. This implies that, within the
accuracy of our approximation, the part of the one-loop effective action corresponding to the
hypermultiplet two-point function vanishes on shell.

Next, we consider the gauge dependent part of the three-point gauge superfield — hypermul-
tiplet Green function. It corresponds to the terms proportional to g™V g™ in the expression
(71). We will demonstrate that T'® vanishes on shell (in the approximation when all terms with
more than one V*+ are omitted).

Using the identity
1 wyul) 1
_ nt+tt+ 271 2¢(2,-2)
—— = ———+ (D, )¢ (u2,uy) 92)
(wfud)? 2 wiul)? 2 2

and discarding terms quadratic in V1 (coming from D*T¢* and DT g™ after using the equa-
tions of motion), we obtain

/dgedulduz&‘*(q+p,9,u1>v++(—p,e,uz>q+(—q,9,u1>m
1“2

1
— 5 /dSOdu67+(q +p,0,u) (D" )2V (=p,0,u)gT (—q,6,u)
1
=3 / d*0Tdugt(q+p,6,u) DDV (=p,6,u)g T (—q.6,u)
=—p? / d*0* dugtq + p,0,u)VT(=p,0,u)q (—q,0,u), (93)

where the arrow indicates that we omitted some terms vanishing on shell, as well as o((VthH)?)
terms.
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Using Eq. (87) twice, we have

1
A0 duidurdus G g+ p. 0, u)Vit(=p.0,u gt (—q.0,u3) ——— ————
/ R A S S R e
— —/d89 duD "G g+ p,0, W)V (=p,0,u)D”""q"(—q,0,u)
— 24M(q + p) / A0 du G (g + p. 6.0V (=p. 8, u)g (=6, 1), 94)

The remaining terms vanish. Indeed, let us consider the expression

/du1duzdu3 D3 D3, G g+ p.0,un)VIT(=p.0,u2) gt (—q.0,u3)

(” ug)

@ ud)2 s u3 H2 ©3)

and make use of the relation (u us H= D*"”DJ“+ (1, uy). Then, after integrating by parts with
respect to the harmonic derivatives DJr+ and D++, up to the terms quadratic in V™, we observe
that on shell the resulting expression is proportional to (u; u;) =0,

(92)—>/du1du2du3 Dy DY, G (g +p,0,u)Vit(—p,0,ur)
X qT(=q,0,u3) (uyuz)Dy 8472 (uy, u2) D3 7872 (u3, u2) = 0. (96)
Similarly, using the identity (u1 uz H2= D++D++<(ul_u3_)(u?'u;r)>, we obtain
fdul duyduz (DY) G (g + p. 0, un)VH(=p.0.u2) g (—q.0.u3) %
i uy)3(uy uy)3
— 1fdu1duzdu3<0;>“'q“+<q 90,V (= p,0,u2) g " (—q,0,u3)

x (uyuz) i ud)(Dy)28P 72 (uy, u2) (D3 )28 (u3, uz) =0. (97)

Finally, collecting all terms, we conclude that the exploiting of the hypermultiplet equations
of motion allows us to rewrite the part of I' corresponding to the three-point gauge superfield —
hypermultiplet Green function in the form

dSp dbq d% (Eo—1)

(3) 2 2

2f0 2m)° 27m)° (27)° k2(q + k)2(q + k + p)? ((q +p)+gq )

X /d49+duq+(q+p,9 u)V**( .0, M)q+( q.0.1). ©8)

For the on-shell hypermultiplets the relations g2 = 0 and (¢ + p)* = 0 are valid, so this expres-
sion vanishes. The conclusion is that the gauge-dependent contributions to the effective action
are indeed canceled on shell in the approximation we stick to.
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