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1 Introduction

Classical and quantum supersymmetric Yang-Mills (SYM) theories with 16 supercharges
in diverse dimensions play an important role in the modern field theory(see, e.g., [1]). The
main source of interest in them is the property that they describe low-energy limit of some
brane-like compactifications of type II string theory and thereby provide a bridge between
superstring theory and supersymmetric field theory. Most interesting and elaborated are
AD,N = 4,5D, N =2 and 6D, N = (1,1) SYM theories. Some of these models admit
superfield formulations with half of the underlying supersymmetry being manifest and off-
shell, namely, with 4D, N' =2, 5D, N =1 and 6D, N = (1,0) off-shell supersymmetries.
These formulations were constructed within the relevant harmonic superspaces [2, 3].

In such formulations, the second half of the total supersymmetry is realized on the basic
superfields of the theory as a hidden (or implicit) supersymmetry which forms a closed Lie
bracket structure with the manifest supersymmetry only on shell. While inspecting the
superfield quantum effective actions, the role of this hidden half of supersymmetry turns
out to be very restrictive: requiring the effective action to enjoy such a supersymmetry
fixes, in most known cases, its structure up to an overall coefficient which should further be
explicitly calculated from the relevant superfield quantum perturbation theory. A review
of this approach is given in refs. [4—6].



The basic example of applying such a strategy for constructing the quantum effective
action is provided by 4D, N' = 4 SYM effective action which was constructed in [7] as
a hypermultiplet completion of the non-holomorphic N' = 2 gauge superfield potential
found in [8]. Later on, the same effective action was reproduced in various harmonic
superspaces [5]. These works revealed a correspondence between the N' = 4 SYM low-
energy effective action and the leading terms in the effective action of D3 brane on the
AdS® x S° background. One more example is 5D, NV = 2 SYM theory. Its low-energy
effective action was constructed as a hypermultiplet completion of the 5D, N' = 1 SYM
effective action [9].

In this parer we propose another way to determine the low-energy effective actions of
4D, N = 4 and 5D, N' = 2 SYM theories in harmonic superspace. It is based upon ex-
ploiting a hidden bosonic R-symmetry of these theories instead of hidden supersymmetry.
To be more precise, we suggest a new possibility to construct the superspace functionals
depending on all fields of the corresponding supermultiplet, beginning with a functional
which involves only part of such fields. The point is that the supersymmetry algebra pos-
sesses the automorphism group which is called the R-symmetry group. We will show that
such R-symmetry can be realized directly on harmonic superfields. While some subgroups
of R-symmetry are realized linearly and manifestly, the rest of its transformations proves
to possess a highly non-trivial realization mixing all fields of the extended supermultiplet.
As a result, we gain a possibility to impose the condition of invariance under the total
R-symmetry on a superspace functional in order to specify its dependence on all fields of
such a supermultiplet.

In the harmonic superspace formulation, the full multiplets of 4D, N' = 4 or 5D,
N = 2 SYM theories consist of the gauge vector multiplet and the hypermultiplet. Not
only half of 4D, N’ =4 and 5D, N’ = 2 supersymmetries is realized in an implicit way, but
also that part of the total R-symmetries of these theories, viz., of SU(4) and SO(5), which
mixes the hidden and manifest supersymmetry transformations. It is also realized by some
implicit transformations. In this paper we find the precise form of the hidden R-symmetry
transformations which extend the manifest R-symmetry groups, namely U(2) x SU(2) and
SU(2) x SU(2), to SO(6) or SO(5), respectively.

Although the low-energy effective action might be found by direct quantum compu-
tations in harmonic superspace or by using the hidden supersymmetry transformations,
we determine it here in a different way. Namely, we construct the hypermultiplet com-
pletions of 4D, N' = 2 and 5D, N' = 1 leading terms by imposing the requirement of full
R-symmetry invariance. The effective action corresponds to the Coulomb branch, with
the gauge group being broken to some abelian subgroup. For simplicity we concentrate on
SU(2) gauge group broken to U(1) and consider, as usual in the Coulomb phase, only that
part of the effective action which depends on the fields of massless U(1) N/ = 2 gauge mul-
tiplet and its neutral hypermultiplet partner forming together 4D, N' = 4 or 5D, N = 2
abelian U(1) gauge multiplets.

In addition, we explicitly show that the 4D, N' = 4 SYM effective action respects
superconformal invariance.



2 4D,N =4 SYM theory

In this section we present the superfield realization of the hidden part of the R-symmetry
transformations for 4D, N' = 4 SYM theory with the gauge group SU(2) and construct
the low-energy effective action. As an additional exercise, we show its superconformal
invariance.

2.1 A sketch of N/ = 2 harmonic superspace

In our presentation we basically follow the notation and conventions of refs. [3, 5]. Some
important notions of the harmonic superspace approach are briefly outlined below.
The standard 4D, N = 2 superspace is parametrized by the coordinates
M= (2™ 6%, 0%, (2.1)

Vg

where 2™, m = 0,1,2,3, are the Minkowski space coordinates and 0, v i = 1,2,
a,& = 1,2, are the anticommuting Grassmann coordinates.

One can add, to this set of coordinates, the harmonics u = (ut) uttu; = 1)
which describe the “harmonic sphere” SU(2)r/U(1), where SU(2)g is the R-symmetry
group acting on the doublet indices 7,k. The 4D, N' = 2 harmonic superspace in the
central basis is defined as the enlarged coordinate set

Z = (z,u) = (z™,602,0% u*). (2.2)

s Vg

In the analytic basis it is parametrized by the coordinates

Z(an) ( (an)’ ea ’ ‘9(:1‘:7 il)a (2'3)
2™ = 2™ — 2i00 M)y, Fu uj 0% = uto, é§ = uE e, (2.4)

The most important feature of the analytic basis consists in that the set of coordinates

= (@), 04,05, 0™, (2.5)

involving only half of the original Grassmann coordinates, forms a subspace closed under
the 4D, N' = 2, supersymmetry transformations. The set (2.5) represents what is called
the “harmonic analytic superspace”.

The important ingredients of the harmonic superspace approach are the spinor and
harmonic derivatives. In the analytic basis, they are expressed as
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The harmonic derivatives D¥*, together with the harmonic U(1) charge operator

. 0 o 4 0 o ., 0
D=t — T —— T 0t —— -0 -0 —
R A e e T 96— 96—
form an SU(2) algebra,
[DTT, D] =D", [D° D**] =42D**, (2.7)

The harmonic superfields (as well as the harmonic projections of the spinor covari-
ant derivatives) carry a definite integer harmonic U(1) charge, D'®9(Z) = q®4(Z),
[DO,Did] = :I:Did. This harmonic charge is assumed to be strictly preserved in any
superfield action defined on the superspaces (2.3) or (2.5).

The “shortness” of the spinor derivatives DJ, DI in (2.6) reflects the existence of
the analytic harmonic subspace (2.5) in the general harmonic superspace (2.3): one can
define an analytic NV = 2 superfield by imposing the proper covariant “Grassmann ana-
lyticity” constraints on a general harmonic superfield, viz., DI ®4(Z) = DI ®9(Z) = 0 =
®9(Z) = $9(¢). The harmonic derivative DT+ commutes with these spinor derivatives and

so preserves the Grassmann harmonic analyticity: DTT®4(Z) is an analytic superfield if
D7) is.

2.2 Classical action of N =4 SYM

When formulated in A/ = 2 harmonic superspace, N' = 4 vector gauge multiplet can be
viewed as a “direct sum” of the gauge N’ = 2 multiplet and the hypermultiplet described,
respectively, by the analytic superfields V' (¢) and ¢ (¢) = (¢ (¢), =G (¢)), where “tilde”
means some generalized complex conjugation [3]. Both these multiplets belong to the same
adjoint representation of the gauge group. The N = 2 gauge multiplet V™1 is described
dy the classical action [10]

_ I (=)™ Vit (z,ur) ... VT (z,up)

N=2 12 ) , Un

= — tr—— [ d*°zduy ...du, , 2.
Sy 2n§:2 r " / zauy U (ufu;)...(ui{uf) (2.8)

where integration goes over the total harmonic superspace and the harmonic distributions
1/(ufuj), - are defined in [3].

This action yields the following equations of motion
(DY?W =0, (D)W =0, (2.9)

where (D7)? = DD, (D*)? = Df D" and D}, DY are the harmonic plus-projection of
the gauge-covariant spinor derivatives in the so called “\” frame, in which these derivatives
require no gauge connection terms and coincide with their flat counterparts defined in (2.6),
W and W are chiral and antichiral gauge superfield strengths. The latter can de expressed
in terms of the non-analytic harmonic gauge connection V=7,

1, _ 1
W=—(D"NVv—, W=—-

1 4(D+)2V", (2.10)



where V=~ is related to V' by the harmonic flatness condition

D=Vt DTV [Vt VT =0. (2.11)
The classical action for the analytic hypermultiplet in the adjoint representation
reads [2]
1 1
Sy = 5tr / G AAVAR Str / d¢ gl (DY gt 4Vt gt), (2.12)

where d¢ ™% is the measure of integration over the analytic harmonic superspace. This action
is invariant under an extra SU(2)pg symmetry transforming ¢+ as a doublet. Both ac-
tions (2.8) and (2.12) are invariant under the standard linear automorphism group SU(2) g
which rotates the doublet indices of the harmonic variables. In addition, both actions are
invariant under the separate R-symmetry U(1)g which transforms * and 6% by the con-
jugated phase factors. Correspondingly, W and W defined in (2.10) are also transformed
by the appropriate mutually conjugated phase factors, g7 is the U(1)g singlet.
The action of N' = 4 SYM theory in N' = 2 harmonic superspace is the sum of the
actions (2.8) and (2.12),
Sdnt = 5852 + 5, (2.13)

The total action is invariant under the following hidden N = 2 supersymmetry trans-
formations which complement the manifest N' = 2 supersymmetry to the full N' = 4
supersymmetry

. 1 _ .

SV = [0l e gl daf = oo (DYDY P[0V e 0 V], (214)
with €,, and € as new anticommuting parameters. Though checking the invariance of the
action does not require the use of the classical equations of motion, the algebra of these
transformations is closed modulo terms proportional to the equations of motion. Therefore,
in this formulation only the manifest A' = 2 supersymmetry is off-shell closed.

2.3 R-symmetry transformations

We define the additional R-symmetry transformations of the gauge and hypermultiplet
harmonic superfields as follows

SV =[N0+ 101 qf
DH2(DT)2 o o
(D7) (D7) )651 ) AS(07)2 V=22 010, VAT (67)° VT 20,0507V,

0q, = a
(2.15)

where A7% = )\mu;, A0 = S\i“u;, Xia = N X% are the commuting dimensionless complex
parameters. These transformations extend the R-symmetry group from SU(2)r x SU(2)pg
to SU(4). The direct check shows that the action (2.13) is off-shell invariant under the
transformations (2.15). The form of (2.15) is almost uniquely specified by the dimen-

sionality and analyticity reasonings, together with requiring both sides to have the same



harmonic U(1) charges. To avoid a possible confusion, we point out that the superfields
in (2.15) are not subject to any on-shell conditions which should be taken into account
only when inspecting the closure properties of these transformations (see below).

Further in this section we consider the case of abelian gauge group, since the effective
action we will deal with depends only on the superfields of the abelian U(1) gauge multiplet.
The equations of motion implied by the action (2.13) read

Dt tgF =o, (DT)*W =0, (DT)*W = 0. (2.16)
In addition, the hypermultiplet ¢ obeys the off-shell analyticity constraints
Dig¢f =0,  Digf=0. (2.17)
The superfield strengths W, W are chiral and antichiral
DIw =0, Diw=o0, (2.18)
and they satisfy the off-shell constraints
D¥wW =0, D¥*Ww=o0, (2.19)

which follow from the harmonic flatness condition (2.11) and the analyticity of V7.
When superfields W, W and ¢} obey the on-shell constraints (2.16), the transforma-
tions of hidden A = 2 supersymmetry (2.14) are simplified to

SW = S Dygf, S = LeDagf, 20)
Sai = (DLW T EDIW),  dq, = (DLW EDW), |
where ¢~ = D~ ~"¢™. In this case the R-symmetry transformations (2.15) are also
simplified:
Sat = (W = AL07DEW AN 07 DEW + AW A 8- DEW 43,07 “DLTY),
SW = % (A %qf —A"q, —AT0T Dl g, +AT0 7 Diq, ), (2.21)
SW = % (A9gF —A*oqr — NG D g+ XTG D).

One may verify that the commutators of the R-symmetry transformations (2.21) with
the manifest and hidden supersymmetry transformations give the consistent results. The
variation of general superfield under the manifest supersymmetry reads

o 0D

L T S
a6+

€ —— +2i(e 0T L 0T V) Dpa®.  (2.22)

50 = — —a F e
‘ 96—~ a0l ~ “on,

€



Let us first consider the commutators of the hidden supersymmetry transformations
(2.20) with the R-symmetry transformations (2.21). One can show, by a direct computa-
tion, that

1 _ 8q+a . anra
_ +a:7 _yt Xt +—a677
(Brdc = 0:0x)g ™" = 5 | = Mo s — Moo
_ 4 ; 1.
+2i()\c—6ac0+f3+9+0¢)\c_gﬁc)8 i ] 85)\+€va
1 - ow - oW .. OW
670 — 8ONW = = | — ATe® — A€ — A€
() WV =31 = A" ggma A g ~ A g5ma
(2.23)
1.
+21()\_6a00+ﬂ+0+a>\__ﬁc)3 W] 85A+€QCVV,
1 < ow .. OW . OW
O30 — 0O\W = = | — Aj e — A B = N e ——
(9, WW =31 — A g — A ggma — A g
_ . . _ 14 _
+2i()\c_€ace+ﬂ+0+QA;€66)8QBW] — §5;\2_€QCW_

Hence, the on-shell commutator of the hidden supersymmetry transformations (2.20) with
the R-symmetry ones (2.21) gives the manifest supersymmetry (2.22), with the bracket
parameter A1 e®¢, in agreement with V' = 4 supersymmetry algebra.

Let us now evaluate the commutators of the R-symmetry transformations (2.21) with
the manifest supersymmetry transformations (2.22). We obtain

1. . o
((5)\55 - 55(5,\)q+ = —— (Em)\iaDJ_W + Eaz)\wD;—W) = —(5)\ia€aiq2_,

IS
—

(Ox0c — 00\)W = —=¥NID5 gf = 6, i W, (2.24)

— N

(6x0c — 6O0)W = —§eaiAngqa = 3y, i W.

So the on-shell commutator of the R-symmetry transformations (2.21) with the manifest
supersymmetry transformations (2. 22) yields those of hidden supersymmetry (2.20), with
the bracket parameter (€%))p, = Ajg€*

Finally, we consider the commutator of the R-symmetry transformations with itself.
We have

1 1. .- . 1 0
+_ b + +a o +
(6)\15>\2 _5/\25)\1>qa - g |:)‘(PG)aqb +§)\0 894_(1 dq +§)\9 o0t qa:|
L+ 0~ 90 \ 4
_g)\] <ul uti +Uz 8@6_]) dq » (2 25)
Ox, 0 S, 0x, )W = 1)\Z 0 -0 W |
( A19A2 702 )\1) Q aquj tu; Ou—J
1 & 9 o+ 9 +a 9 = T
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where
AT =AY = AN A= A A — Al hsia, AfBgy = ACAY — AN (2.26)

Here, the parameters A\ correspond to SU(2)r transformations, the parameter A (A = —)\)
corresponds to the additional U(1)z symmetry and )\‘(IFb,G) are associated with the SU(2)pg
symmetry commuting with both N = 2 supersymmetry and U(2)p symmetry.

Thus the on-shell closure of the implicit R-symmetry transformations yields the linear
U(2)r and SU(2)pg transformations, once again in agreement with the action of the coset
SUM4)r/[U(2)r x SU(2)pg| part of the full automorphism symmetry SU(4)gr on N = 4
supersymmetry algebra.

Note that the calculation of the brackets (2.25) is not as straightforward as that of the

previous Lie brackets. Some details of it are collected in appendices A and B.

2.4 Effective action

The leading low-energy term in the effective action of N' = 2 SYM theory in N' = 2
superspace has the form (see, e.g., the reviews [4, 5])

Ty = /dwzdu’H(W, W), H(W, W) =cln (T) In (Ii/) , (2.27)

where A is an arbitrary scale.!
The complete N' = 4 SYM effective action is an extension of the effective action (2.27)
by hypermultiplet-dependent terms. It was first found in [7]:

I = /d12zdu [c In <Ij\/> In <Ij\/> +L <—2q;vq;_>} , (2.28)

where
A In(1-2) .
LZ)=¢) ————=c|(Z-1)—— +Liy(Z) -1 2.29
(%) ;nQ(TH—l) [ Z 2(2) ] (2.29)

and Liy(Z) is the Euler dilogarithm function. The part containing ¢*¢ is fixed by the
requirement that the effective action I' be invariant under both manifest off-shell N = 2
supersymmetry and hidden on-shell N' = 2 supersymmetry. As a result, the effective
action (2.28) is an invariant of ' = 4 supersymmetry and depends on all fields of N' = 4
gauge multiplet.

Now we will show that the effective action (2.28) can be alternatively derived
from (2.27) by imposing the requirement of R-symmetry instead of invariance under the
hidden N = 2 supersymmetry. To this end, let us consider the variation of (2.27) under
the transformations (2.21). Based on the reality reasonings, it is enough to concentrate
only on that part of the transformations which involves the parameter A, neglecting the

n fact, the action does not depend on A in virtue of the (anti)chirality of (W)W .



part containing A\,

6/d122du cln <‘j(> In (?()

2 A W
_c / g ~A 0T D W + A0 D W
2 WW '

Due to the property that [ d*?zdul—>> AN ’\“ = 0, the variation (2.30) can be canceled by adding
the new term to H:

q “qq
L= — a 2.31
! wWwW (2:31)

Evaluating the variation of the sum H + L1, we obtain

5/d12,zdu HOW, W) + L1] = /d“’ du(éwgg [\gh — Ateq,

ae—i—a )\-i-ae ) D(—X&-q;]

_¢ /dwzduq _qb [2A7 %) + (A7 = XT*9"*) D ¢f] .

2 WWw?2
(2.32)
Consider the last term in some detail
c d12 d q+bqb_ )\—ae-l-oc )\-‘rag—oc D~ +
5 z UWWQ( - ) ala
_c 19 —2XTW 4 (A9 — A*“G’“)D;W T
+oD—g gt
_ ()\fanga o )\Jraga)qw;}‘/_ggqa] (2.33)
c —2XTOW + (ATepte — \teg—a DIW _
=° / deZdu[ ( ik ) da (a"q;)
~ D=
— (ATepte — ytage )7q % o
2WW?2

Here we have used various properties of the involved superfields (chirality, analyticity), as
well as the integration by parts with respect to the spinor derivative in the second line and
cyclic identities for the SU(2) doublet indices in the third line. Observe that the last term
in the third line equals, modulo the minus sign, the variation we started with. Hence,

c q+bq—
- / dP2zdu—=,(\"99T* — XT9") D g
2 W2

_9\—a —apta _ Ytapg—«a -
:C/d12zdu AW + (A0 — A0 ) D W
3 (WW)2

(2.34)

bf
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Plugging (2.34) into (2.32), we obtain

5 / dzdu [H(W, W) + L1]

. . ¢ +bqb_ (2.35)
— —a,+ —apta +apg—a - +
_3/d zdu(WW)Q[)\ GaW+ (A0 = AT ) DWWt ] .
This variation is canceled by adding the new proper term to (2.27),
c(gtqy)?
Lo= -2 2.36
2= 3 G2 (2.36)
Continuing the iterative process, one can find that
-2 “+a_,—\n

b= s ) (W)

Summing up all £,,, one recovers the effective action (2.28).
One can directly verify that (2.28) is invariant under the R-symmetry transforma-
tions (2.21). Once again, we limit our attention to terms with the parameter \:

oI = C/deZdu[()\+a0a — )\7(197+a) D;Wq;

2WW
+a[y— —gtoe _ Nt~ \D—
—E,(Z)q [AaW_‘_ ()‘ae _ Aae ) aW] (238)
ww
—a ,+ —apgta _ \tap—« -+
2W
This expression can be simplified, using the identity
ZL(Z
/ 02y 252 [2A7 % + (A0 = AT D, ¢ ]
W (2.39)
)\—aq—&- B B q+D—W :
= [ d2zdu [2£'(Z) -1 Lt (\Tegte — \tegmeyle—a |
[ @ @) - 2 ) Do

which is deduced by integrating by parts with respect to the spinor derivative and applying
to the definition of the function £(Z) (2.28).
Thus we obtain
12 [(AFe9=2 — \-agte) D Wqi
5F:c/d zdu{ ST
T PAGW A+ (A0 — AT ) DG W]
WWw
A"t

- L'(Z) (2.40)

1

+ —_
. /d12zdu 2£/(Z) — 1] [ 9o Do W

WWwW

(et - AT ~0.

To summarize, the requirement of invariance under the R-symmetry transformations

allowed us to completely restore the hypermultiplet dependence of A/ = 4 supersymmetric
effective action.

~10 -



2.5 Superconformal invariance of the effective action

The effective action (2.28) is evidently scale-invariant. In this section we prove that it is
actually invariant under the total 4D, N' = 4 superconformal group SU(2, 2|4).

Due to the structure of 4D, NV = 4 superconformal algebra and the R-symmetry in-
variance of the effective action it suffices to show only its 4D, N = 2 superconformal
invariance. Moreover, it is enough to check just invariance under conformal boosts.

Indeed, the commutator of conformal boosts with the manifest A = 2 Poincaré su-
persymmetry yields the special conformal A/ = 2 supersymmetry. The AN/ = 4 completion
of the latter is contained in the commutator of conformal boosts with the hidden N = 2
supersymmetry which, as we saw, is obtained by commuting the hidden R-symmetry with
N = 2 Poincaré supersymmetry.

To prove the superconformal invariance we should use the transformation rules of the
harmonic superspace coordinate, as well as those of the harmonic and spinor derivatives.
The harmonic superspace coordinate transformations under conformal boosts in the ana-
lytic basis read [3]

Sz = xﬁdkﬁgxaﬁ,
001 = 0P kg ga?, 06~ = 0 P kyga® — 2z’(9*)2é;k:aﬁ, (2.41)
50T — 9—+Bk%xﬂa7 50~ = é—BkBBxﬁd —2i(07)%05 k",
where k®® is the corresponding 4-vector parameter. The transformation law of the har-
monics is [3]

Suth = AT, Sup =0,  ATT =400,
iy . (2.42)
D™7AYT = 4i0" koo 0 + 410 ko007

Next, let us write the superconformal transformations of the harmonic and spinor
derivatives

0D = —ATTDY, DT = —(D"TATT)D™T, 6Df =-DI(607")Df.  (2.43)

Using these transformation rules it is easy to establish the transformation of the superspace
integration measure dZ = d'?zdu = d*xzd*6+d*0~ du,

0dZ = (Daca® + 07 ATT — 01007 —0_007* — D140 — 0,40*) dZ = NdZ,

o : 2.44
A = 4i(0, 07 — 0,00 k™. (2.44)

Let us now consider the transformations of the gauge potentials V**. Taking into
account the relations (2.41), (2.42), (2.43) one deduces
SVt =o, SV =—(D ATHYV . (2.45)

Using the transformation rules (2.43) and (2.45), it is easy to obtain the transformation
law of the superfield strengths W, W

SW = —koa (%Y + 4i070TW, W = —koa (2% + 4i0T0~ )W, (2.46)



The transformation of the hypermultiplet ¢*¢ under the conformal boosts reads (3]

8¢ = —kaar g, 6 =86(D" "¢t = —kpqr®q T — 4i(9;§§ — égegf)ko“j‘q_“.
(2.47)
Now we are prepared to show the conformal invariance of the effective action (2.28).

Let us first show invariance of the logarithmic term

V
12 7” 7”
6/d zducln(A)ln<A)
= c/d12zdu [4i(9aag — 05 65)k"In (lA[ > In <[A[ >

— Koo (2% + 4i00T%)In (‘X) — ko (2% + 4i0T0~Y)In <VAV> }

=c /dlzzdu [ — 4i(05 05 + 0, 05)k*Yn (T) In (VX) ] =0,

where we made use of some properties of W and W, egs. (2.18), (2.19). Then we check

(2.48)

invariance of the generic term in the power expansion of the function £(z)

+a,—\ "M +a,—\" i _ _ .
5/d122du <QW%; > = n/d12zdu <qWI/qT; > [le(eae;r - aa_ei)kaa
n

— kaax® — kaaa®® — 4i(0,0F — 0, 05k (2.49)

+ koa (2% + 490790TY) + kg (x°Y + 4i07207%) | = 0.

Here we used, once again, the conditions (2.18) and (2.19), as well as the equations of
motion (2.16).

So we have proved that the effective action (2.28) is superconformally invariant on
shell. Note that the original “microscopic” action is invariant under the conformal boosts
and hence under the whole N' = 4 superconformal group off shell, without any use of the
equations of motion. The latter, like in the case of hidden N = 4 supersymmetry and R-
symmetry, are of need only when checking the correct closure of all these transformations.
On the other hand, the effective action reveals the invariance under the hidden N = 4
supersymmetry and R-symmetry only on shell, so it is quite natural that the same is also
valid for N’ = 4 superconformal symmetry.

3 5D, N =2 SYM theory

In this section, we introduce the R-symmetry transformations for 50, A" = 2 SYM theory
with the gauge group SU(2) and construct the complete low-energy effective action by
requiring invariance under these R-symmetry transformations. We use the notations and
conventions of refs. [3, 11]. The relevant harmonic superspace formalism to large extent is
similar to its 4D, N' = 2 prototype.
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3.1 Classical action

The N = 2 gauge multiplet in 5D, N' = 1 harmonic superspace consists of N' = 1 gauge
multiplet represented by the analytic superfield V*+ and the hypermultiplet ¢™¢. The
N =1 gauge multiplet classical action reads [10]

_ R VI (z,ug) ... VT (2, uy)
SQ@—N} = tr——— /d13zdu1 ..oduy, ! ’ 7 (3.1)
2 2" ) ()

where g is a coupling constant of mass-dimension —1/2. The superfield strength is defined
in the analytic A-frame as

W= é(D+)2V“, (3.2)

where (D1)? = D™D} = QdBDngJ“, 045 is the USp(4) invariant skew-symmetric con-
stant “metric” and V~ is a non-analytic gauge potential related to V' by the harmonic
flatness condition
DYV —D VTt VT VT = 0. (3.3)
The classical action of the hypermultiplet g7 = (¢*, —¢") in the adjoint representation
of the gauge group is written as [2]

Sy = 2g2tr/d§ qjv++q+a = 2g2tr/dC q: (D++q+a +1[V++,q+a]) , (3.4)
where d¢™* is the analytic superspace integration measure. In addition, this action is
invariant under SU(2)pg symmetry which transforms ¢™® as a doublet.

The action of N' = 2 gauge multiplet in 5D, N = 1 harmonic superspace is just the

sum of (3.1) and (3.4),
SN=2 = slS + S, (3.5)

The action is invariant under the implicit N’ = 1 supersymmetry completing the manifest
N =1 supersymmetry to the total N = 2 supersymmetry

St = 3D etV ], oV = g0ty 35)

where €7, is the relevant anticommuting parameter and

(D¥)! =~ (DA(DTP (37)

3.2 R-symmetry transformations
We define the R-symmetry transformations in 50D, A/ = 1 harmonic superspace as

1

50 =
q 1

(D™ [W(e—)?v—— - 2A—ae+degv——} OV = S0, (3.8)
where A\ is the relevant commuting parameter (Ai@ = X\;,, AT¢ = Ay ). These trans-

formations extend the R-symmetry group from SU(2)r x SU(2)pg to SO(5). The direct
check shows that the action (3.5) is invariant off shell under the transformations (3.8).
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Further in this section we consider the case of abelian gauge group. The action (3.5)
yields the equations of motion

(D™?W =0, D¢ =o0. (3.9)
In addition, the superfield strength W satisfies the off-shell constraints
DYTW =0, DWW =0, (3.10)

which follow from the harmonic flatness condition (3.3) and the analyticity of V.
On the shell of the equations of motion (3.9) the transformations of the hidden super-
symmetry (3.6) are reduced to

8qF =

=3 a(DiW) SW = —Lteapa amaqa, (3.11)

8 80‘

—a

where ¢~ = D™~ ¢™. The R-symmetry transformations (3.8) take the form
1 - .
Sqf = —= (A;W — Ao DIW + A;QMD;FW> ,
. A A (3.12)
oW = 7 (24T, — 277 + A0 Dy — X0 Dl )

Now we can consider the commutator of supersymmetry transformations with those of
R-symmetry. The variation of general superfield under the manifest supersymmetry reads

. o1 ~a 0P
— _ 1 _ G _
o= o6+a ~° 9ga

2ie*0170,;9, (3.13)

+ +

where €, = eug are the relevant anticommuting parameters.

Let us first consider the commutators of the hidden supersymmetry transformations
(3.11) with the R-symmetry transformations (3.12). One can show that

0)0c — 0.0 ta
(0x A 0=a

ow facaW fac+,3 T
o — A€ = 2iA Y, W> 85Aé€acw.

0| =.

dg+ i .
< D Ak ) - éaAéE&CqM,

(5x0c — 5B\ )W = % <—Ajefw
(3.14)

Hence, the on-shell commutator of the hidden supersymmetry transformations with the R-
symmetry transformations gives the manifest supersymmetry with the bracket parameter
)\iedc, as expected.

Let us now consider the commutators of the R-symmetry transformations (3.12) with
the manifest supersymmetry transformations (3.17). They are given by

A A 1 . . A
(6x0c — 6c0x)gH = —iegwapgw = i0yiaeaq ",
(3.15)

A~ A

1 . . A
(30 = 0eB\)W = =2 ef XDl gy = i0yiaca V.
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Thus the on-shell commutator of R-symmetry with the manifest supersymmetry yields the
hidden supersymmetry with the bracket parameter /\iaef‘.
At last, one can consider the commutator of R-symmetry transformations (3.12) with

themselves:
1 i 7 1 ia ia a — a
(5A15/\2_5A25>\1)q;:*( 2a)‘lii_ 1a>\gi)q;_*()\2 Alaj — AT )‘2aj) U;r7+ tu; —— q;rv
8 8 auj auj
1 ia ia a — 6
(5>\1(5A2—5)\25>\1)W: —g()\2 )\1]',1—)\1 )\Qja) <uj_8 T +u; 78 > w. (316)
u; u;

The details of the derivation are given in appendices A and B. We observe that the on-shell
commutator of two hidden R-symmetry transformations yields manifest linear SU(2) r and
SU(2)pg transformations, as should be.

3.3 Effective action

The part of the superfield N' = 1 SYM effective action containing the component four-
derivative term of the gauge field reads [11]

So = co/d13zdqun %, (3.17)

where W is the abelian gauge superfield strength, A is a scale parameter and cg is a
dimensionless constant.
The variation of action (3.17) under the transformation (3.12) is as follows

05y = co/d13zduln Wow

_ %0 / 4B 2duIn W (2A+aqg — 2T + AT DT g — A+a0—&D§qa—) (3.18)

co / 15, duA—aeﬂiDgwq; — )\+“9‘5‘D2Wq;‘

T4 W

It can be partially canceled by variation of the extra term

0"
S1=a /d13zduVVa. (3.19)
The variation of (3.19) reads
+a.,—
5512015/d13zdquVq“
ATOW = AT~ DI W 4 A—90T ¢ DIW ) g
=—c /d13zdu ( O‘W * )4 (3.20)

+b,,— . .
—% / d13zdqu7%b (2A+aqa——2A—“q;+xa9+ang;—A+a9—aD&+qa—) .

Due to the property [d3zdu A\Teq, = 0, the first term in (3.20) exactly cancels (3.18),
provided that ¢; = —cp/4.
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Hence,

+b ) )
5(50+51):_%1 / d13zdquq2b [2A+a o\ (A—aéﬁa—ﬁae—a) nga—}
(3.21)
— 4 /d13 dquQb [4)\+aq;+()\—a6+a_)\+a0—a)D§qa—} ]
Consider the last term here in more detail:
- = d13zdu&()\_“9+é‘ — AT D
1 W2 & fa
c —ANTO 4 2(\Tepte — \Teg—a DgW _ B
= —Zl dl‘o’sz[ ( T ) a; (q*q;)
+b P+
—apn+a an—ar 4 Daq qa
— (ATAgTY — \teg )W,f] (3.22)
c —ANTIW 4 2(A799T — AT~ DIW B
z—i/dlszdu[ ( W3 ) q, (q-‘rbqb)
+b, — )t ,—
_(y—ap+a _ yFap—an9 D Dida
(A7 ATOTY) 7772 ]

We used the integration by parts with respect to the spinor derivative in the second line
and cyclic identities for SU(2) indices in the third line. We observe that the last term in
the third line equals the expression we started with, but with he minus sign. Hence,

413 TG\ apra \tag-day et
zdu——"-(A""0"* = A\T0")D1q,

4 2
4 W h A ) (3.23)
_a /d13 J [—2ATeW + (A7901Y — AT~ DI Wlq, (¢T0q;)
=3 zdu 773 :
Substituting (3.23) into (3.21), we obtain
AW = AFOODIW + A;0T9DIW) ¢ (¢0q,
5(50 +51) = -3 /d13zdu( a A tV; W) 6 (@0 ) (394

Once again, the variation of (3.24) can be partially canceled by the variation of the
additional term

Sy = cz/dlgzdu (qw/qg)v Ccy = —%1. (3.25)
Finally, we consider the general expression
S = / d'3zdu [W In —- Z q q“ . (3.26)
One can show that this expression is invariant under the transformation (3.12), if
—(n+1)ept1 = n(zi;l)cn. (3.27)

~16 —



Therefore, the action (3.26) is equal to

w 1

S = co/d13zduW [m ~+ 2H(Z)] , (3.28)

where

g q,
7 ="t (3.29)
and
1+vV1+22 2 1 4

H(Z)=1+2In— Y2 “V1+2Z. (3.30)

_i_f —
2 31+V1+422Z 3

This expression coincides with the one obtained in [9] by resorting to hidden supersymmetry
instead of R-symmetry.?

One can also directly verify that (3.28) in invariant under the R-symmetry transfor-
mations

B 15 [N~ — X720t DI Wq,
5S—co/d zdu{ YT

H'(Z) [\TaW — (AT29=% — \=ag+&) DI ] ¢

_ (3.31)
2w
1 . .
+ S[H(2) —22H'(2)] [4x*q; + (A"0"% — X0~ Dq; | ] .
This expression can be simplified with the help of the identity
/ dz"3du[H(Z) - 2ZH'(Z))] [4)\+“qa_ + (AT — A+a9—&)ng;}
(3.32)

qo DIW

= / dz"3du 2[1 +2H'(Z)] [(A“H*d — Ateg9) v

+ A*aqa] ,

which is derived by employing the integration by parts with respect to the spinor derivative
and using the definition of the function H(Z) (3.30).
Thus we obtain

68 = d3zd
S co/ zdu i

H'(Z) [\TOW — (AT~ — X\t ) DIW ] ¢

|:()\+a9—ol _ )\—a9+d)D;qu(1—

_ 3.33
TV (3.33)
2 . . g DIW
+ o / dz"3du s+ 2H'(Z)] [(A—“(#a - A+a9—a)ana +ateg| =0.

We conclude that the condition of invariance under R-symmetry can be employed in-
stead of the demand of hidden supersymmetry in order to construct the complete 5D, N' =
2 invariant superspace functional, starting from the functional which is invariant under the
manifest N' = 1 supersymmetry only.

2Recently, the expression (3.30) has been derived by the direct quantum calculation [12].
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4 Summary

In this paper we have found the realization of R-symmetry for 4D, N =4 and 5D, N' = 2
supersymimetric gauge theories as the superfield transformations in the relevant harmonic
superspaces. The R-symmetry transformations were defined in the explicit form, and they
mix the gauge multiplet and hypermultiplet harmonic superfields with each other. It was
proved that the microscopic actions of 4D, N’ = 4 and 5D, N' = 2 SYM theories are
invariant under these transformations without any on-shell conditions on the superfields
involved. Thus, the above transformations constitute an additional invariance of 4D, N' = 4
and 5D, N/ = 2 supersymmetric gauge theories.

The algebraic structure of the harmonic superfield R-symmetry transformations was
studied. First, these transformations form the closed algebra only on shell. Second, the
R-symmetry transformations are consistent with both manifest and hidden supersymmetry
transformations, which are a necessary element of the harmonic superspace formulations of
the maximally extended SYM theories. To be more precise, the R-symmetry transforma-
tions form a closed algebra with the manifest and hidden supersymmetry transformations.
This means, in particular, that the R-symmetry transformations and the hidden supersym-
metry transformations are in a sense interchangeable. If a manifestly invariant superfield
functional is invariant under the R-symmetry transformations, then it will be automatically
invariant under the hidden supersymmetry transformations and vise versa.

The R-symmetry transformations were applied to the problem of the hypermultiplet
completion of the low-energy effective action of 4D, N' = 4 and 5D, N’ = 2 SYM theo-
ries, proceeding from the low-energy effective actions in the gauge multiplet sector. Using
these transformations, we constructed the leading low-energy complete effective actions
for the theories just mentioned, beginning with the terms containing only the gauge mul-
tiplet contributions. We have shown that the hypermultiplet dependence of the effective
actions under consideration is completely specified by the requirement of invariance under
the R-symmetry transformations. We focused on the case of SU(2) gauge group sponta-
neously broken to U(1). A generalization to other gauge groups is straightforward. An
interesting property is that the effective action is not only invariant under the R-symmetry
transformations but can be fixed by them up to an overall constant.

It would be tempting to reveal other possible implications of hidden R-symmetry in
extended superfield gauge theories in diverse dimensions. The maximally supersymmetric
gauge theory in six-dimension is N' = (1,1) SYM theory. It has only manifest linear
SU(2)r x SU(2)pg R-symmetry and for this reason the methods of the present paper
seem not to be appropriate for analysis of the structure of the quantum effective action of
this theory in the A/ = (1,0) harmonic superspace formulation. Ounly the considerations
based on the hidden N' = (0,1) supersymmetry prove to be adequate [13, 14]. On the
other hand, the hidden R-symmetry method could be useful in the harmonic superspace
formulations of 6D, N' = (2,0) tensor multiplet (see, e.g., [15]). Indeed, only SU(2)r R-
symmetry is manifest there, while the rest of the full USp(4) R-symmetry of 6D, N' = (2,0)
supersymmetry should be realized as a hidden symmetry. We plan to consider this and
some other additional examples of exploiting superfield hidden R-symmetries elsewhere.
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A Commutators of R-symmetry transformations in 4D,N = 4 SYM
theory

In this section we directly calculate the commutator of R-symmetry with itself for 4D,
N =4 SYM theory (2.21).
Let us start with the transformation of W

T 1 —a o an—o -
(5,\15)\2—5,\25,\1)1/1/:55)\1 [)\ Ty ()\2 -2 )nga]—()\lﬁ)\g). (A.1)
The right-hand side of this relation can further be worked out as
1 o o
- )\2+0L [AfaW + ()\;a0+a - )‘Tae_a) D;W + S‘IaW + (Xfae_—’—d - S‘;Fag_d) D;W}

A2
+ (3907 = AP0 DL DEW — ALDRW — (A6~ 21,677) DEDFW (4-2)

(LB - ) DxD;W]} o).

To properly transform this expression, we note first that the full coefficient before DngW
in the next-to-last line in (A.2) is proportional to €%, while DD W = 0, as follows from
the equation of motion (2.16) for W and the constraints (2.19). Analogously, using the
relations (2.18), we can replace DI D> W in the last line with —2i0,4W. In addition, we
introduce the notations

AT =GN AN A = A i — A A, (A.3)
where A\ refer to SU(2)g transformations and A (A = —)) to U(1)g transformations. As

a result we obtain

1/ - 1~ - 1 o 1
(5A15,\2—6,\26A1)W:§ —AW+§)\9_“D;FW—7A9+QD;W—§>\9+C“D;W

—2iA (070 Y —070"Y) Dua W
+ATTOT N DIW (AT O AT DLW
— (AT AT DO W

2 (ATTOTGTE AT TG AT TG ATT 0T ) D W

11 .4 O g O 1o, iq 0
=3 2>\9 57 O(W+ )\9 59+aW 2>\9 89+0‘W
. _ o - . _ o -
——pta_\—+tpg—day_°= +-pgta_yt+p—ay_Z
+(ATTOT—NTh )aedeJr(A gre—\T1o )ade
o -
+—pgta_\t+pg—a
A0 N W

—9% ()\—70+aé+d_/\7+9+a0*7d+)\+79+a§7d_)\++9*a§*d) 8adVT/ .
(A.4)
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Due to the relations (2.19), this expression can be cast in the form

_ ; o 0\ -
((5)\15)\2—5)\25)\1)W —g/\j < i Outd —FUZ» 8_]> wW
(A.5)

W — AW

+8[ NG~ 57— W—|—2)\0 5+ W—|—2)\9 907a

The transformation law of W can be obtained through the complex conjugation.
Next, we pass to the transformation of ¢

(63,000 =02y 0, ) gt = %fkl |:)‘;raW+()\2a0+a_)‘§ra0_a) DFwW
AL+ (g0t A )D;gW] —(n o)
— g PR At - (Wt ape ) pig
M, (AT Ay — (AT -AT) Dy |
+ (A0 =NL0™) [N Dy + (AT X0 ) DY DY gy |
(0 B0 -X5,07) [-AFDE gy + (A0 0=) D Dy | }
— (A1 N\2). (A.6)

Thanks to the analyticity of g, and the equation of motion (2.16), one can replace D} Dt g,
in the last line of (A.6) with —2id.4q; , and similarly for DI DZq,. The Lie bracket
parameter
i(ayb i(ayb
X(llg(;) = )‘ZZ(G)‘I)Z' - )‘11((1)‘2)1' (A7)

is just associated with the SU(2)pg symmetry transformations. Therefore,

(5)\16/\2 - 6)\25)\1)%—:_

1 _ I SR
=3 Npayads — AT ad + A g, + §A9+

L (gt AT

0 . 1. ... 0 .
ggrads — M Ggrata
a (A.8)

go+a la

) 89+a qa + ()\7+9+a _ /\++97a)

+ 2 (_)\——9+a§+a +ATTheeTE L THetega )\++9—a§—‘i) C%aq;f]-

Using the equation of motions (2.16), this expression can be brought to the form

AT 9 +:|

1 1
(0300, — Ox,00,) 00 = 3 |:>‘l()RG)aQb T gt 5 5gada

(A.9)

where ) is the bracket parameter for U(1)g transformations.
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B Commutators of R-symmetry transformations in 5D,N = 2 SYM
theory

In this section we calculate the commutator of R-symmetry with itself for 5D, N/ =2 SYM
theory (3.12).
We start with the transformation of W

1 - —a —ap+a apn—=a& -
(031032 = 02,00 )W = 20, 20 %, — Ay %)) + ()\2 07 — 230 ) qua}

(B.1)
— (A1 ¢ N\o).
Its right-hand side is evaluated to be
~ § | AL = AL DLW+ (A, - A At D, W
g AL = ATAL)ITEDIW = (A9 "Ap, = Mg, )0 DIW B2)
+ [0 =237 (AL — AL
— (L0 = A0 (077 = Mg, 04 DID W .
To bring this expression to a simpler form, we make use of the relation
(DgDﬂ? + D;DE)W =0 (B.3)

which follows from the equation of motion (3.9) for W, the constraint (3.10) and the
definition (3.2) of W.3 Using this relation, we can replace DgDﬁf with 0,5 in the last line
of (B.2) due to the antisymmetry of the full factor in front of it with respect to the indices
& and B . We also introduced the notation

AT = Nend o \ieyd (B.4)
Rewriting eq. (B.2) and substituting the explicit expressions for D and Dg, we obtain

(5>\1 6>\2 - 5>\2 5>\1 )W

1 <)\—+9—d — )\__9+d> %

n (M**e*@e*/? LiATTOhE i gtagth _ M*W*de*/?) 0. W
o (B.5)
oW

o00+a

ow
06—«

_ _é [ ()\++9—d _ /\+—9+d)

+ (A—+9—d . /\“9+‘5‘>

AT - AT W+ i(ATTe 0 — A+—9+d)0—5%w]

RN e
= §)\j (uZ 8u++ui 8u._>W

J J
When passing to the last line, we exploited the relations (3.10).

30ne also needs to use the identity Qap = %E&BWQW'
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Now we proceed to the transformations of g,
1 . .
Ox; Oxn, — 00, 0 q+ =——0) MW=L O ODIWHN6TDIW | — A1 Ao
1Y A2 2YA1/4a 9 A 2a 2a & a &
1 . .
-1 [A;a (227"g5 ~227 g + AT 8+ D g ~ A6ty )

~ (0670 =25.67) DF (2X{"q; + (A0 AP0 D ;) ] — (M \)
(B.6)

1 ) i — — —

=73 [_ ( baAli— 1a)\3¢) @ — (A;b)\fb—)\fb)\;b) qq + (A;’b)\lb—)\fb)\zb) qr

N (VRO AL D et AT (A0 250 ) Dy af

=20 (AP0 470 (NP A0 a@qu] ,
where the relations D ¢™® = —Dt¢™® and Dngq_“ = —21’0&3q+“ were used.
Substituting the explicit expressions for D, we finally obtain
(6)\15)\2 - 5)\26)\1)(];—

- _é [ = (M8aAh = M) 6 — (AP, = ATIAG ) an + (AT, - AT ) af

dqy
a@-ﬁ-d
— 2iNPA50700700, sqt — 20 P Ap 0000, Bq;]

dq;
96+ (B.7)

AT (078 = ) S (Mg - g0t

«

1 . . o o 1 . .
= =2 (A Aay = Aoy (0 = + a7 == | @ + 5 (A5a2 = M) 6
8 ( 2 Nayj 1 N2 J) (uz 811;_ +uz 8u]_> dq + ] 2aM 4 1a2i ) 9p

When passing to the last line, we used the equation of motion (3.9).
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