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INTRODUCTION



GRADIENT EXPANSION IN HYDRODYNAMICS

« Hydrodynamics is constructed as a gradient expansion. E.qg. for an ideal fluid:
(signature (-1,1,1,1))
T = (e + p)u'u” + pnt”

 For a viscous fluid, linear gradients arise: [Landau, Lifshitz, Fluid Mechanics, Vol. 6]

Shear viscosity Bulk viscosity From string theory:

\‘ / 5 n/s > h/(4rkp)

— —nP/f‘Pf(ﬁaug + aﬁ“a) — (C — gU)P/waaua

New phenomena related to vorticity and magnetic fields (see talks of
A. Roenko, Yu. Ivanov, V. Nesternko, D. Sychev). Two well-known effects:

Chiral magnetic effect | CME: j* = CusB* iEnXBfggpeesr;t:ailnsﬁ?écgnlg
condensed matter

wh = %s“mﬁuyﬁaug

Chiral vortical effect CVE: j) = C 1% wh=




CVE AND CME - NEW ANOMALOUS TRANSPORT

 CME and CVE are related to the gauge chiral anomaly:

[V. I. Zakharov, Lect. Notes Phys.871,295(2013), 1210.2186]
[D.T. Son, P. Surowka, PRL, 103 (2009) 191601]

CME: j* = CusB*

Quantum chiral anomaly
@ C

<aﬁb§i> — _gguyaﬁFMvFaﬂ

CVE: jh = Cpiw

* Interplay of infrared (hydrodynamics) and ultraviolet (anomalies) physics.

What about the gravitational chiral anomaly?

 The gravitational chiral anomaly
grows rapidly with spin:

772 —

[M. J. Duff, in First School on Supergravity (1982) arXiv:1201.0386]




CVE AND CME - NEW ANOMALOUS TRANSPORT

 CME and CVE are related to the gauge chiral anomaly:

[V. I. Zakharov, Lect. Notes Phys.871,295(2013), 1210.2186]
[D.T. Son, P. Surowka, PRL, 103 (2009) 191601]

CME: j* = CusB*

Quantum chiral anomaly
@ C

<aﬁb§i> — _gguyaﬁFMvFaﬂ

CVE: jh = Cpiw

* Interplay of infrared (hydrodynamics) and ultraviolet (anomalies) physics.

What about the gravitational chiral anomaly?

 The gravitational chiral anomaly
grows rapidly with spin:

New phenomenon: kinematical vortical effect (KVE)




GRAVITY IN FLAT SPACETIME: CHESHIRE CAT
GRIN

“Well! I've often seen a cat without a grin,' thought Alice 'but a grin without a
cat! It's the most curious thing i ever saw in my life!”

— Lewis Carroll, Alice in Wonderland
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GRAVITATIONAL
CHIRAL ANOMALY AND
CUBIC GRADIENTS



HYDRODYNAMICS IN CURVED SPACE-TIME

Consider an uncharged fluid of particles with an arbitrary spin in a gravitational

field:

fluid space-time
4-velocity of the fluid U, () Curved space-time metric
Proper temperature T(z) 9w ()
Inverse temperature vector ﬁﬂ — uu/T Riemann tensor
Therlmal vorticithy tensor . Roix
gitilggr]gtlijgrﬁetnseor) D = _ﬁ(v“ﬁ’/ — VuBu) "

We consider a medium in a state of Killing equation
(global) thermodinamic equilibrium
VB +V,08,=0

[F. Becattini, L. Bucciantini, E. Grossi, L. Tinti,
Eur. Phys. ). C 75, 191 (2015)]

l.e. stationary spacetime is considered
[F. Becattini, Acta Phys. Polon. B 47, 1819 (2016)]

For example, we can find the second derivative: V,Lvuﬁa = R’O,waﬁp




DECOMPOSITION OF THE TENSORS

Components of the thermal vorticity tensor 6 components

[M. Buzzegoli, E. Grossi, F. Becattini, JHEP 10 (2017) 091]

Similar to the expansion for the electromagnetic field

We also decompose the Riemann tensor into components

Rivas = uyuaAusg +u,ugAye —uyuaAupg — uyuglyg

A Y
Y A
+eaprpu’ (u, B, —u,B"),)
Y
‘l‘e/J,I/ApeoanO'upuaC "
Generalization of 3d tensors from [L. D. Landau and E. M. Lifschits,

C . , . The Classical Theory of Fields, Vol. 2, 1975]
Coincide with 3d tensors in the fluid rest frame.




GRADIENT EXPANSION IN THE CURVED SPACETIME

The gravitational chiral anomaly has the 4th order in gradients - it is to be related to
the 3rd order terms in gradient expansion of the axial current.

Hydrodynamic expansion of the axial current up to the 3rd order in gradients:

vK—q:vive in flat spacetime

(3) = & (T )w w,, + & (T )042"% + &3(T') (qw)wy,

‘|‘§4( ) py W ‘|‘§5( )Buvay
~ N

arbitrary coefficients f "gravitational” currents

We use only: Vi = Q/VGMVQBRM,I/ApROé,B)\p




ANOMALY MATCHING: SYSTEM OF EQUATIONS

The divergence of the axial current transforms into the sum of independent terms:

V,ujffl(?)) = (aw)w” (=3T¢ + T7¢] + 2T¢3)
+aw)a® (=3T& + T, — Tés + T2
FA ot w” (T?E) + 3T¢ 4+ 2T 6 + T7163)
+ B wtw” (=277 1¢ — 3T¢ — TEs)
+B ot (T?EL — Té — T7'Es)
+ AL B (=T + T ')
= 324 A,,B" .

Principle:

In this case, the divergence is equal to the anomaly:
additional terms - macroscopic - cannot violate the
equation from the fundemental microscopic theory.

The coefficient in front of each pseudocalar must be equal to zero -
a system of equations for the unknown coefficients fn(T) .




ANOMALY MATCHING: SYSTEM OF EQUATIONS

This system of linear differential equations has the form:

—3T¢ +T%, +2T€5 = 0

—3T& +T%6, —Té + 1763 = 0
T8, + 3T + 2T "6+ T7 ¢ = 0
—2T 71 —3T¢, —Tés = 0

T2 —T& —T 63 = 0

—T7 Y, + T — 32 = 0

g

The factor from the gravitational chiral anomaly




ANOMALY MATCHING: SOLUTION

Since the theory does not include dimensional parameters other than
temperature:

51 — TSAl 52 — TB)\Q 53 = TB)\Q, ‘54 — T)\él 65 — T)\5

L A(

The current: n 3) — )xlewu -+ )\2a2w” + A3(aw)w,, + A4, w” + A5 B0

The solution looks like:

/\1_)\2 N )\4_—&/’/—£

was also shown in
[G. Y. Prokhorov, O. V. Teryaev, V. |l. Zakharov, JHEP 02 (2019)]




FLAT SPACE LIMIT:
KINEMATICAL VORTicAL ErFFeEcT (KVE)

Let's move on to the limit of flat space-time. Despite the absence of a
gravitational field, there remains a contribution to the axial current
iInduced by the gravitational chiral anomaly:

’

];? — )\]_ (wwa)wM —+ )\Q(G/VCLV)’UJM <:| R,UfVOéﬁ = (
! A1 — Ao
32

— N <:| v,u]ﬁ _ C/VEMVQ/BR/LI/ApRa/BAp

A new type of anomalous transport - the Kinematical Vortical Effect
(KVE).

* Does not explicitly depend on temperature and density —» determined only
by the kinematics of the flow.




VERIFICATION:
SPIN 1/2




TRANSPORT COEFFICIENTS AND ANOMALY:
SPIN 1/2

O In [GP, O.V. Teryaev, and V.l. Zakharov, JHEP, 02:146, 2019],
[V. E. Ambrus, JHEP, 08:016, 2020], — A

-
[A. Palermo, et al. JHEP 10 (2021) 077] 2 2 2 2
and for w? in jA _ T K W a

[A. Vilenkin, Phys. Rev., D20:1807-1812, 1979] M

the following expression was obtained:

 Comparing it with the well-known 1
anomaly [L. Alvarez-Gaume, E. Witten, Nucl. I ro A
y varez-Gau i u \V4 _ cH IBR,LLV)\pRa,B P

Phys., B234:269, 1984]; pnJ A 38472 /__g

We see that the formula is fulfilled:

32
24772 87r2 ) / 3847r2

Correspondence between gravity and hydrodynamics is shown!




VERIFICATION:
SPIN 3/2



RARITA-SCHWINGER-ADLER MODEL OF SPIN 3/2

The Rarita-Schwinger theory - well-known theory of spin 3/2.
But this theory has a number of pathologies.

Generalized Hamiltonian dynamics: Dirac bracket instead of Poisson bracket

There is singularity in a Dirac bracket in weak gauge field limit for RS-theory!
Doesn't allow to construct perturbation theory!

Solved in [Stephen L. Adler. Phys. Rev. D, 97(4):045014, 2018] by introducing of interaction
with additional spin % field:

S = /d4x ( — eAp“”@,\%%@,,@bp + IMHON — imAy e, + imgzufy“)\)




GRAVITATIONAL CHIRAL ANOMALY IN RSA THEORY

[G. Y. Prokhorov, O. V. Teryaev, V. |. Zakharov,
) , i Phys. Rev. D 106 (2) (2022) 025022]
Summing 9 correlates (contributions

of different fields), we will obtain: Matches the form we want!
(T (@)1 ()5 (2)e = ~19(42%z — )’ T ()T ()55() = (4 - v)

3 3 -1 I““““; -------- v —1
x(x —2)"(y — 2) ) €y (UVP&U W phtPe?he ﬁ x(x — 2)°(y — z)3> ey (77”%“9”“’ 4 pHPeTIVe
+nVU€19MPW + nMUEﬁVPW — 662(61/6[)8019'“00 +n1/a€19,upw + ,’Tuagﬂl/pw L 662 (el/epgaﬁuw
_|_€u€p€m9uw 4+ 60'61/879/«pr 4+ eaeugﬁl/puJ)> _i_e,uepgaﬁuw + eaeygﬁupw 4+ eaeugﬁupw)>

(points on the same axis)

We can determine the factor . _ 19
in the anomaly: Trsa = 19 i—12 = 76
< Au> —19 vpo A -19 times different
V,uJA)RSA = € Ruaps from the anomaly
384772\/ —g for spin %2




ZUBAREV DENSITY OPERATOR

Global Equilibrium Conditions

‘VH6V+VVBH—O vﬂg—ol

Ll

Form of the density operator for a medium with
rotation and acceleration:

Lorentz Transform
Generators

j’uV:/dZ)\ (w’uj»\y—xyf)\ﬂ)
X

A'L[/]/ o B p A B p A
Wy = 20K, — 2w J,

K™ _poost (related to acceleration)

J" - angular momentum (related to vorticity)




ZUBAREV DENSITY OPERATOR

Quantum statistical mean value

statistical sum:
cancellation of
disconnected
correlators

Perturbation theory in the third order

(O(@)) = (O(x)) sia) +

—I1TU

2 | 5 ’ orderin
g
\ 7

8 !
4 & Dpo / drodr (T, J" . J?5 0(0)) 5000
0

1B LA Imaginary time
/ A (T T O(0)) swre —s

8’5|2 —UTzU ™ —1TyU
5]
Dwpo 0B [ dr,dr (T TP TP T O(0)) s + o
3 Y —1Tx U —1Ty U™ —1T U B( )7
18[81*

|

Connected correlators




KVE IN RSA THEORY: CALCULATION

* Finally, we obtain, in particular, for (02102/02{3[111

T dppeP/T P p?
C02102[0213[111 / 126 — 2012 — 4722 4 1126 + 8732 + 51022 |er/T
48072 ) (11 er/T)5 T T2 0T TR |

177713
8072

2
~ 126 D 5192 Je2/T 4| — 126 — 2012 4470l |e3p/T Y =
+[ +873T 59T2] +[ 6 - 2012 + 472 |

Calculating all the diagrams we obtain:

v My 17T o 353 )\ 53
L7 ¢ 8072 24072 | 2472’
N 33+53+1+3+47 17\ _ 5
2= "6\ 20m2 T80m2 T o2 T a2 T g0n2 T 20m2 872

Thus, the KVE in the RSA theory
has the form:




KVE vsS GRAVITATIONAL ANOMALY

[ The obtained formula for cubic A1 — A2 %
gradients (KVE): 39

-A<3>:< 53 2 5

[N ) o il

Direct verification:

Gravitational chiral anomaly:

~19 53 5 / 19
YA uraf Ap _ 32 — —
VIUJA T 38472 /__gE R“V)‘IORO‘B ( 2472 * 871'2) 38472

\

Coincidence of hydrodynamics
and gravitational anomaly!

« For the RSA theory, the relationship between the transport coefficients in a
vortical accelerated fluid and the gravitational chiral anomaly is shown: the

factor -19 from the anomaly is reproduced.

« Verification of the obtained formula in a very nontrivial case with higher spins and
interaction.




CONCLUSION



CONCLUSION

e The relationship between the hydrodynamic current in the third order of
gradient expansion \;(w,w”)w, and Ax(a,a”)w,, the Kinematical
Voortical Effect (KVE), and the gravitational chiral anomaly has been
proven:

> The axial current in a flat space-time in a vortical and accelerated fluid
turns out to be associated with a quantum violation of current
conservation in a curved space-time.

* The obtained formula has been verified directly for spin 1/2.

 The obtained formula has been verified for spin 3/2 using the RSA
theory:

o Cubic transport coefficients were derived using the statistical density
operator expansion .

o Correspondence between the KVE and the gravitational chiral anomaly
s directly shown.




ADDITIONAL
SLIDES



EXPERIMENT: FEW WORDS
* |s it possible to observe KVE in experiment?

* |Is it possible to observe a gravitational chiral anomaly in the
hydrodynamics of the matter, produced in heavy ion collisions?

« To observe cubic terms, it is necessary that the gradients (acceleration, vorticity,
magnetic field...) give a contribution at least of the order of temperature:
w,a ~ (0.1 =2)T

[A. Zinchenko, A. Sorin, O. Teryaev, M. Baznat, J.Phys.Conf.Ser. 1435 (2020)]
[F. Becattini, M. Buzzegoli, G. Inghirami, I. Karpenko, A. Palermo, Phys.Rev.Lett. 127 (2021) 27, 272302]

However, the cubic terms are suppressed by the numerical factor

| 1, 1,
KVE:  ji45-1/2 = <_247r2“’ 82" )“M

The good news: for spin 3/2 it is enhanced by cubic growth with spin:
m/T

The bad news: should be suppressed by mass € (omega baryon is heavy).

Idea: consider massless quasiparticles with spin 3/2 in semymetals?

[l. Boettcher, Phys. Rev. Lett. 124, 127602 (2020)]




DISCUSSION

« Arbitrary fields with arbitrary spin were considered:
General exact result

* Only conservation law for the current was used.

« Although the effect is associated with an anomaly - it
exists in flat space-time (the Cheshire cat grin).

* In contrast to CVE and the gauge anomaly case, the factor
from the gravitational anomaly is split into two conductivities:

A1 — Ao = 324




WHAT WILL BE DISCUSSED?

(GRAVITY AND
EQUIVALENCE
DRINCIPLE

QUANTUM
ANOMALIES

FINIT
TEMPERATURE
QUANTUM FIELD
THEORY

HIGHER SPIN
FIELD THEORIES




GRAVITATIONAL ANOMALY IN THERMAL CVE

The answer was obtained in different approaches:

From the h0|ography_ [K. Landsteiner, E. Megias, F. Pena-Benitez, “Gravitational Anomaly
and Transport,” Phys. Rev. Lett. 107, 021601 (2011)]

In [S.P. Robinson, F. Wilczek. Phys. Rev. Lett., 95:011303, 2005] Hawking radiation is
associated with a gravitational anomaly: it is necessary to integrate the
anomaly from the horizon to infinity + the condition for the consellation of the
currents on the horizon.

In [M. Stone, J. Kim. Phys. Rev., D98(2):025012, 2018] the derivation was generalized to
3+1 dimensional gravitational chiral anomaly and (analogue) of rotating black hole.

From the condition of the translational invariance of the Euclidean vacuum.
[K. Jensen, R. Loganayagam, A. Yarom, JHEP 02, 088 (2013)]

eul/ozﬁ — _1 8,u,yoz6
Ve

i = (o7T” + opp®)w”

o = 64T N <:> v,u]i — JVGMV&BR/LV)\,OR@BAP




GRAVITATIONAL ANOMALY IN THERMAL CVE

jﬁZ #2
Verified for the Dirac field jffx — (F e 2_2> Wk
s
[L. Alvarez-Gaume, E. Witten, . 1 A
Nucl. Phys. B234 (1984) 269] V/fo — 3847T2\/_—95WPGRW%>\RPUR
op = 641N

A problem arose for fields with spin 3/2 (within the framework of the
Rarita-Schwinger-Adler theory) [S. L. Adler, Phys. Rev. D 97 (4) (2018) 045014]

[G. Y. Prokhorov, O. V. Teryaev, V. I. Zakharoy, j’/ — §T2 + 5 M2 w’/
Phys. Rev. D 105 (4) (2022) L041701] % G 972

19
KA
5Hypa}%pyﬁA}%pa

NS

[G. Y. Prokhorov, O. V. Teryaev, V. |. Zakharov, Vﬂj

Phys. Rev. D 106 (2) (2022) 025022] - 38472,/—g

op # 641N |

In hydrodynamics, the cubic dependence on the spin from the gravitational anomaly is
not visible?




ANOMALY MATCHING: PRINCIPLE

/Following [D.T. Son, P. Surowka, PRL, 103 (2009) 191601]
- it is necessary to construct the entropy current.

In  [M. Buzzegoli, Lect. Notes Phys. 987, 53-93 (2021)]
[Shi-Zheng Yang, Jian-Hua Gao, and Zuo-Tang Liang, Symmetry 14, 948 (2022)]

it is shown that it is possible to use the global equilibrium condition
V,uﬁy =+ vuﬁu =0

And it is enough to consider only the equation for the current

\

Simplifies analysis and allows viewing effects in curved space

We use only: Vi = JVEMVQBRILLVA/ORO&BAP

We substitute the gradient expansion:

\Y%a (51 (TYw?w, + &(T)a*w, + &(T) (cw)w, + E4(T) A, w” + §5(T)Blwoz”) = 32NA,, B"




DERIVATIVES

Using the condition of global equilibrium and relations for the gravitational field
(the Bianchi identity, etc.), we obtain for the derivatives:

Luttinger relation
v/‘ [J. M. Luttinger, Phys. Rev. 135, A1505-A1514 (1964)]

V.T = T?a,,

Vou, = T(eumguo‘wﬁ +uy0),

— Uy Ny — uzﬂ?u) + T—lAM,/ :
VH(A,Lw") = =3TB,,w'w” — T_lAWBW :
3TA,,w'a” +T 1A, B"
-T'B,,,w'w” —TB,, a"a"

<
RS
oy
T
S
Q
—
|




DISCUSSION

It also turns out that in the current
AB) = A\ jw? Aoa? A MA WY + \sB,,,a"
Jn = Mw wy + Asatwy, + As(aw)wy, + A Aw” + AsBua

- Difference of flat-space terms is to be equal to difference of
curved-space terms:

Al — A2 = A5 — A\g

« At the finite mass, Abegin to depend on mass and temperature:

[G. Y. Prokhorov, O. V. Teryaeyv, V. |. Zakharov, JHEP 02 (2019)]




ZUBAREV DENSITY OPERATOR

* The density operator p plays a central role in the statistical description of a medium.
 Integration in the imaginary time plane: Quantum field theory in imaginary time.
* General covariant form of the density operator in local equilibrium.

maximal

p= e [— /Z ds, (T (2)B, () —<(w>5“<as>)] ) 5= —tr(plogp)

[D.N. Zubarev, A.V. Prozorkevich and S.A. Smolyanskii, Theor. Math. Phys. 40 (1979) 821.]
[M. Buzzegoli, E. Grossi and F. Becattini, JHEP 1710 (2017).]

ﬂ On condition

Bu(z) =b, + wyx” ¢ = const
VB +V,B,=0 V=0 O g S

1

ﬁ does not depend on the choice of hypersurface dEM

1

global thermodynamic equilibrium

b, = const w,,, = const




RARITA-SCHWINGER-ADLER MODEL OF SPIN 3/2

 The interaction shifts the pole in the Dirac bracket!

(@), ¥ @] = — 1| (G — 20i0)8% — ) — Bri— DB,

Contribution of interaction with an additional field —j

 The stress-energy tensor can be obtained by varying with respect to the metric

Ty _ 2 05
Vg 5gm/
1 s, 1 . e .
T = 55”\”5”@&,\757“851&[) + gﬁn (e’\o‘yp@h%%z [’Y"/Y“Wp) + %(A’Yyau)\ - 5’“)\’71/)\)

1 _ _
v v no_
+§m(W7 A=Ay W) + (V). Traceless unlike the usual 1, =0
Rarita-Schwinger field

* The currents can be obtained from Noether's theorem. The axial current can be

constructed for the U(1) 4 transformation: » pup _
Ja = =1 Py bp + Ayus A




KVE AND UNRUH EFFECT

« |tis possible to distinguish conserved and anomalous parts of the current:
( T

j;‘ — j;?(conserv) + j;‘(ano?/\:‘ Thermal vorticity tensor squared w? — a® = —%ww/w‘“’i
- A / "\M v v . v A
< ju(anom) :-‘43” .B"Lf/ﬁ/{(wQ T CLQ)UJM o AMVw + BMVa’ }:> V'uj;:l(anom) = Ne! QBR/JJVAPRQB g
A1+ A 1 1
A 1 2 2 2 v v .
\ J(conserv) — 9 {(UJ +a >wﬂ o 5"4#’/(") o §BMVCL }:> VM.];?(comserv) =0

« Consider the term with acceleration
from the anomalous part of the current:

* Unruh effect [W.G. Unruh, 1976] - in an accelerated frame there T, = |a|/(27)
IS a thermal bath of particles with the Unruh temperature: =4 T

é 2
Substitute |a|— 27Ty j4 %wu for spin %2 - standard CVE

p(anom) —

‘A 2
Jp(anom) = —16.4 a“w,,

<
‘ J',‘?(anom) = 64m° N T(%wu I thermal CVE current is proportional to the anomaly!
.

 Match with [K. Landsteiner, et al. PRL, 2011] and [M. Stone, J. Kim. PRD, 2018], where
thermal CVE ja ~ T2 is associated with the gravitational chiral anomaly!




CHIRAL ANOMALY IN RSA THEORY: GAUGE PART

* Since the problem with the Dirac bracket is solved - perturbation theory can be
constructed

 The chiral (gauge) quantum anomaly was obtained by the shift method:

[Stephen L. Adler. Phys. Rev. D, 97(4):045014, 2018]
A 5
[ prof
see also (0ug%) = T F.F.s
[S. L. Adler, P. Pais, Phys. Rev. D 99, 095037 (2019)]

Also by the method of conformal three-point functions:
[G. Y. Prokhorov, O. V. Teryaey, V. |. Zakharov, Phys. Rev. D 106 (2) (2022) 025022]

 The factor “5” differs from what is expected according to the prediction “3"

based on supergravit
PErg y [M. J. Duff, in First School on Supergravity (1982) arXiv:1201.0386]

However the correspondence is restored if we take into account
that there are two additional degrees of freedom with spin %:
then 5=3+2




GRAVITATIONAL CHIRAL ANOMALY IN RSA THEORY

__________________________________

For a conformally i
symmetric theory, if i Tu =0, TW = T,,M.

___________________________________

It is proven in []. Erdmenger.Nucl. Phys B, 562:315-329, 1999], that the
three-point function (77, (z)T,,(y)j2(z)). has the universal form:

L e e

X IpHY (@ = 2) I7PT Py = )iy (Z)

where the notations are Iy op(T) = |
introduced: T L
éa;u/,aﬂ — 7

o1 1z - /n/\ r
ﬁ (é,ul/ n éap ke€ Z

IR LAY AVAV VARSI




GRAVITATIONAL CHIRAL ANOMALY IN RSA THEORY

 How to explain the factor -19?
 How does it relate to previous calculations?

-2
384712\ /—¢g

[M. |. Duff, 1201.0386] [J.J.M. Carrasco, et al. JHEP, 07:029, 2013]

g KA
<v,ujfjl>RS ENVPJR,LWK)\R,OJ

ighostless" contribution [J.J.M. Carrasco, et al. JHEP, 07:029, 2013]

3\
—19 = —20 + 1 |Contribution
\ of spin 1/2
[

—19 = —21 + 2




KVE IN RSA THEORY: CALCULATION

Propagator at finite temperature

(T, (X)Tor, (V) = Y €75 Gonr 1y (P
P
contains either 2nd or 4th order poles:

G(P) = G1(P)+Gy(P), Gi ~1/P*, Gy ~1/P*

Formulas for summation over Matsubara frequencies

[M. Buzzegoli, thesis 2020. arXiv: 2004.08186]

Z fc(:;nj_egj 2ET Z f(—isE)e™¥ [9(—87’) —nF(E)}

wnp=02n+1)xT n s==41

f(wn) wnT roE —isE) (1 —s7E)f(—isE) +isEf'(—isE)
) :(;1)7@ (W2 + E2)2 Szj;le { 1E2 np (L) + 1E° [9(_87') — nF(E)} }

Fermi-Dirac distribution j




KVE IN RSA THEORY: CALCULATION

Let us consider (for illustration) the contribution of the first of the term from the
Wick's theorem and only from Gi ~ 1/P? . After summation over the
Matsubara frequencies, we obtain:

3 3 3 3
araz|agas|asag|Aijk 3 393, 33 i, 5.k d°p1d°p2d®p3d°ps _; ) iDoX—i )i
CVVliclfl,(§14 e = -7 /[dT]d xd’yd’z x'y’ z ></ 16E, B, E, e~ P1(y—X)—ip2X—ip3(2—y)+ipaz
> Z 681E1(Ty—Tw)+82E2Tx+83E3(TZ—Ty)—S4E4’TZ {0(-81[Ty _Ta:]) _nF'(El)}
sp,==1

<{0-sam) — nr(Ba) b {0(=salre = ) — (B0 } {0517 - (B0)

X tr {palaz (—iPy,iPy)G1(P2) TGy (Py) D% (—iPy, iP3)G1(P3) D4 (—iPs, iﬁl)c;l(ﬁl)}
where

~

Contains an explicit dependence on coordinates. P = (—ispE1, —p1), En = |pal

 Can be absorbed into derivatives by integration by parts

/ APp1 dPpad®p3d® padPzdPyd® 2 atyd 2 e P1Y X)) ZiPax=iPa(2=Y) TPz £ () by pa py) =

(2 )9/d3 o N o3 £ ) P4=P1
= 1\&aT . ; . ; P1,P2,P3,P P3=pP1 .
P Opkopiopl — Ophophop], SR e

There remains only one integral over the momentum.




KVE vsS GRAVITATIONAL ANOMALY

« Considering also the linear terms, we obtain

5) D 53 D
jinSA — (‘TQ + —LLZ — w2 — —a2> w

6 272 2472 872

A similar formula in the case of Dirac fields led to the expression in “all orders”:

2 2 2 2
J A Dirac 6 272 247?872

(at low temperatures T ~ |a|, |w| instability was found)

[G. Y. Prokhorov, O. V. Teryaev, V. |. Zakharov, Phys. Rev. D100, 125009 (2019)]

Also gives the “all-orders” formula?

» Using the remaining pair for the transport coefficient, we obtain:

where
- 5T | 511 53 2 5 o 3 4, w L o o, A, =u"uR
”Z’RS“‘:( 6 +2w2>°"“+(‘z4wz“ g )t g A = gy Bt T B
B, = §6aunpuauﬁR5,ﬂp

Current (at high temperatures) in gravitational field for approximately empty space?




EXPERIMENT: FEW WORDS

In non-central collisions of heavy ions, huge magnetic fields and
huge angular momentum arise. Differential rotation - different at

different points: vorticity and vortices.

- Rotation 25 orders of magnitude
faster, than the rotation of the earth:

- The vorticity has order 10?2 sec?

[Phys. Rev. Lett. 117, 192301 (2016)]




EXPERIMENT: FEW WORDS

Vorticity transforms into

polarization
N - |
§ Au+Au 20-50%
—'8 % A this study =
T | @ A this study i
1S Y A PRC76 024915 (2007)
6 O A PRC76 024915 (2007) |
4 —

10 10°
sy (GeV)

[Nature 548 (2017) 62-65
arXiv:1701.06657 [nucl-ex]]

» Generation of hyperon polarization.
» Both vorticity and acceleration are essential for

polarization.

* Also described based on Chiral Vortical Effect (CVE)

[Rogachevsky, Sorin, Teryaev, Phys.Rev.C82(2010)
054910],

[Baznat, Gudima, Sorin, Teryaev, Phys.Rev.C93,
no.3,031902 (2016)]

‘ T2 ,u2
v )= (5 + )

- Qualitative and quantitative correspondence!

- Polarization from quantum anomaly ~ spin crisis and

gluon anomaly: [Efremov, Soffer, Teryaev,

Nucl.Phys.B 346 (1990) 97-114]

proton spin = hyperon polarization,
gluon field = chemical potential*4-velocity

Also described on the basis of a thermodynamic
approach (Wigner function):

[l. Karpenko, F. Becattini, Nucl.Phys.A 982 (2019) 519-
522]



DECOMPOSITION OF THE TENSORS: GRAVITY

Inverse formulas
Symmetric tensor

B
Ay = uu" Rappy 6 components

Nonsymmetric traceless pseudotensor dual to the Riemann tensor

1
B, = §€aunpuauﬁRﬁvW 8 components

1

Double dual symmetric Riemann tensor

B Ran

C = —€ € u u
v 4 Camnnp By 6 components




CVE AND CME - NEW ANOMALOUS TRANSPORT

However there are gradient terms that are not related to dissipation.
[V. 1. Zakharov, Lect. Notes Phys.871,295(2013), 1210.2186]

Chiral magnetic effect (CME) Chiral vortical effect (CVE)

CME: j“ — C’,LL5B’u

wh = %5‘”0‘6 Uy, O U

Current flows along the magnetic field Current flows along the vorticity

Consistency with quantum anomaly modifies hydrodynamic equations
[D.T. Son, P. Surowka, PRL, 103 (2009) 191601]:

- Generalization of [L. p. Landau, E. M. Lifshitz, Fluid Mechanics, Vol. 6, 1987]

Conservation equations: Quantum chiral anomaly Second law of
N + C + thermodynamics
1% 1% Ny A
8,uT’LL = F I <8M]fjl> — _gguyaBF,uuFaB 8,u8'u Z 0




MODERN DEVELOPMENT AND THE PROBLEM

A whole set of similar effects has been found at the intersection of quantum field
theory and hydrodynamics [M. N. Chernodub et al. Phys. Rept. 977 (2022)].

Experimental search is in progress:
 CME not yet found in ion collisions at RHIC [D.E. Kharzeev et al. 2205.00120].
» Condensed matter copies of the effects are found in semimetals

[Qiang Li et al. Nature Phys. 12 (2016)].

What about the gravitational chiral anomaly?

« The gravitational chiral anomaly : “u> (S — )
grows rapidly with spin: V,ia)s =
9672\/—g

[M. J. Duff, in First School on Supergravity (1982) arXiv:1201.0386]

vpo KA
ghvp R,LLVK)\RpO'

[S. M. Christensen, M. J. Duff, Nucl. Phys. B 154, 301-342 (1979)]

How does the gravitational chiral anomaly manifest itself in hydrodynamics?

Is it possible to see the factor :S — 253 in hydrodynamics?




TRANSPORT COEFFICIENTS AND ANOMALY:
SPIN 1/2

Using another pair of equations A = =8N — %
)\.
%:Q®V—§£

we obtain a current for the Dirac field that includes “gravitational” terms
(taking into account also linear terms):

z 6  2n2 2472 82 HoT Qg2 e Y
_ _

» Exact result - shown outside of perturbation theory

(But does not work at low temperatures 1" ~ |a|, |w| due to instability.
[G. Y. Prokhorov, O. V. Teryaeyv, V. I. Zakharov, Phys. Rev. D100, 125009 (2019)]

* In most of the cases - polynomiality in  w, a, u,1...

« Describes the current at sufficiently high temperatures, in the Ricci-flat space-time
Rw/ — () e.g.inthe space around the black hole?




DECOMPOSITION OF THE TENSORS: GRAVITY

Properties

A,uu — Auu 3 C;JJV — Cu,u 3 B'u,u =0,

14 1% 1% 1%
Apu =Chu” = B,u” =B,,u =0.

The gravitational field is external. For simplicity, we impose an additional condition:
(for example, the field around a black hole) R;u/ — 0

[L. D. Landau and E. M. Lifschits,

Additional properties appear, similar to The Classical Theory of Fields, Vol. 2, 1975]

Ay = —Cyy, AP =0, B,, =B,

There are 10 independent components left




KVE IN RSA THEORY: CALCULATION

 Apply point splitting to all operators (no additional contributions arise - operators
satisfy free field equations);

T(X) = T Dl (0%, 0%,) War(X1)Wp(Xa)
XY — T EoG (X0 (X where
Ja(X) xr L, x Jancrn )T (X2), Xy = (T2, —x)

Fields are combined into one vector ¥ = {1;,,,, AL (I =0..4)

The matrix element has the form of a product of vertices and propagators.

Vertices J(;; = @' "3, Euclidean Dirac matrices
Y 7~1/ =20 v
Ky ! 00, +d0u g ~ X2 Lo 29.¢1 X2 {,y” T "
Dy = —5(=)%mT0ve VY05 2 — =578 Y9, ul (051 + 052 ) | + (1 <> v)
(27) 2 B 4
0<(i,j) <4
Propagators
. - R apxxe b (o 12
<T’rwau(Xl)¢bu(X2)>T = 28 ( ) m (’YVP’Y;L + 2 {W — ﬁ:| PMPVP) y
P
(Tohap (X1) M (X2))T = Ieipa(xl—xz)aiy Mixed terms are non-zero
m
P

here P, = (pn,—P), pn = (2n+ )nT
(TrXa(X1)Ap(X2))r =0 Field )\ is non-propagating
[




KVE IN RSA THEORY: CALCULATION

Substituting the split form of the operators into the typical correlator C, we obtain:

o oz|asas|asas| N ijk _ —T3/[d7]d3xd3yd3z ziyl 2k X,%;%,Fz)gllgf(hb)(axl,aXQ)D:;C?f(ISm(aYN8Y2)D2‘§§66(I516>(8Z“8Z2)

Xja);ag(hlg) <TT§CL1I1 (Xl)\Ila2I2 (XQ)W%IS (Yl)\lja414 (Y2)$G5[5 (Zl>qla6l6 (Z2)§a717 (Fl)q]asfs (F2)>T,C

We transform the average of 8 fields using the Wick theorem

(T(X)T(X)T(Y)T(Y)U(Z)W(2)T(F)T(F))e = —(U(Y)T (X)WL (X)T(F)(L(Z)T(Y)((F)T(Z)) + (5 terms)

Initially there are 6 x 5% terms, but we should take into account, that:

1) some terms are zero because they include propagator (A\) =0

2) some vertices are zero, e.g. Dy =0if =7 #4

3) some terms are zero in the limit 77 — OO if the total number of propagators
(Mpyand (¥A) is greater than the total number of vertices D) and Dia)

4752 t f hC lator |
Then there are: 94752 terms for each C correlator in Ay

31152 terms for each C correlatorin A




KVE IN RSA THEORY: CALCULATION

 Our goal is to calculate the conductivities A1 and Ao in the KVE current:

jfjl,KVE = A (w,w”)w" + Aa(a,a” )w”

e Using the described perturbation theory, we obtain:

1 7] 73 73 13 ~3
M= = [ @ T, P )
 Representing JAJ KM through the stress-energy tensor, we obtain:;
_ _L 02]02]02|3]111 02]01]|01|3]122 01]02|01|3|212 01]01]02|3|221
Al = e C + C + C + C

_(01/01]01]3|222 __ ~01]02]02[3[211 __ ~02]01]02[3[121 _ 002|02|01|3|112>

Y

Typical correlator to be found: 4-point one-loop function

Cerealoacalasas|Alijk — 3 f dr)d®x &y &Pz a'y? 2 (T T 0 (i, x) T (i, y) T (i, 2) 13 (0)) 7

When expanding the density operator - shift along the imaginary axis - field theory at finite temperatures.
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