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Physical motivation

Classically, a particle in one dimension with its position g and mo-
mentum p is described by a phase space distribution P¢(g, p). The
average of a function of the position and momentum A(q,p) can
then be expressed as

(Aa = /jo dq/jo dp A(q. p) Pci(q,p) -

A quantum mechanical particle is described by a density matrix
0 and the average of a function of the position and momentum
operators A(g, p) is

(Aam = tr (A2) .

A quantum mechanical average can be expressed using a quasiprob-
ability distribution Pgm(g, p) as

(Aom = /jo dq /jo dp A(q, p) Pam(q,p) -
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Objective

Because of Heisenberg's uncertainty principle, the function Pom(q, p)
has negative values for certain quantum states. Hence, it is not a

true probability density and is referred to as a quasiprobability dis-

tribution.

Due to this negativity property, quasiprobability distributions may
serve as a tool for understanding the interrelations between quantum
and classical statistical descriptions.

Aim of the talk:

To consider the Wigner quasiprobability distribution W(q, p) and,
specifying the notion of “classical states” as the states whose Wigner
function is non-negative everywhere in the phase space, to quantify
a state classicality.
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Wigner function

The Wigner quasiprobability distribution

W(Qn) = tr[o A(Qn)]

is constructed from the density matrix (describing a quantum state)
o€ Py ={XeMyC)| X=X,

tr(X) = 1}

X>0,
and the Stratonovich-Weyl self-dual kernel
AQy) € Pr ={XeMy(C) | X=X, tr(X)=1, tr(X?) =N},
defined over the symplectic manifold Q.
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Density matrix

A state of an N-level quantum system is given by the density

matrix
1 N—-1
0= NHN+ W(aaA) ;
where a is (N?—1)-dimensional Bloch vector and A = {\;, -, Ap2_1 }

is su(/N) algebra orthonormal Hermitian basis.

The singular value decomposition of the density matrix reads:

o= Udiag(r,...,ry) U,  UeSUN),

the spectrum {r, ..., ry} of the density matrix forms A ,,_;-simplex:
N
1>n>-->2rmn=>0, Zfizl-
i=1
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For N =2 (qubit) Ay: {1>n>rn>0, 32 1}.

i=1fi =
For N =3 (qutrit) Ay: {1>n>rn>rn>0, Y. rn=1}.

For N =4 (quatrit) Ay: {1>n>n>rn>rn>0, Y+, ,n=1}.
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State space Py

Unitary U(N) automorphism of the Hilbert space of an N-level quan-
tum system induces the adjoint SU(N)-action on state space Py:

g-0o=gog', gecSUN),

which sets equivalence relations between elements of 3y and gives
rise to its decomposition over the strata:

‘B[Ha] = {X S ‘BN| HX is conjugate to Ha}, ;BN = U ‘B[Ha] .
orbit types

A subgroup H, C SU(N) is the isotropy group of a point x € Py,
H, ={g € SU(N) | g-x = x},

and points x,y € Pu are said to be of the same type if their
stabilizers Hy and H, are conjugate subgroups of SU(N) group.
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Stratonovich-Weyl kernel

The Stratonovich-Weyl kernel is the following:

1 N2 —1
A(QN) = N]IN + N Z :Us)\sa
As€EK

K € su(N) is Cartan subalgebra, real coefficients Zg’ﬂ p%h o =1.

The SVD of the Stratonovich-Weyl kernel reads:
A(Qy) = Vdiag (w1, ..., 7y) VT, V € SU(N).

Ordering of the spectrum {my,...,my} of the SW kernel cuts out the
moduli space of A(Qp) in the form of a spherical polyhedron:

N

N
T2 2 TN, Zﬂizla ZW?:N-
i=1

i=1
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For k = \/W the SW kernel spectrum 7 may be presented as:

1_1_\/_ Hs2—1
( 521—;-1 VS(S

Mlm 1)

The conventional parameterization by N — 2 spherical angles

{3 =siny---sinyy_o;
Miz_1 = siny -

SiNYN_; COSYN_jy1;---;
Hn2—1 =COS’¢J1, i:27N7
where for w1 > > 7y the constraints on p; are

i—1
H(it12-1 2

1+1'u’2 1, I=2,N—-1.
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Moduli space
For N = 2: 2

T > T,y =1, Z?:1Wi=2, so
m = (1+V3)/2,

m = (1-+v3)/2.
For N = 3:

3
T 2T 273, p o mi=1, . ,m =3, SO

7 = (1 —m +4/5+2m — 372)/2,
or, equivalently, for us =sin(, pug = cos(:

1<m <5/3,
0<¢<n/3.




For N = 4:

M > Tp > W3 > Ty, Z?zlﬂ','z]., Z?=17r,'=4, so for
p3 =sinyrsiniy,

pg = sin iy cos iz ,

p1s = cos Y ,
where pz >0, ug > % f1s > % , the moduli space reads:
{¢2 S (07 %] )

0 < 1 < arccot (cos @Z}z/\/i) :
{wz =0,

0 <t < arccot (1/V2) ;
| Y1 =0.

Quatrit moduli space as the Mdbius spher-
ical triangle (2, 3,3) on a unit sphere.
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Wigner function positivity
A family of the Wigner functions:

W(Qn) = & <1+ M1, a)>
N

T
vectors n = pz3n® + .. 4 ppe_1n(V

1) (szfl)

tr (Uhee—1UTA,)
For r € Ay, m € spec(A(Qn)), the lower bound of Wigner function
W( b Zw,r,v i1 = (rT ¢) =nmN +
determines the WF positivity region

At that:

wi) < wiaw) < wi,
_ Distance indicator of non-classicality
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Classical states

The “classical states” form the subset ‘,BSVH C By of states whose
Wigner function is non-negative everywhere over the phase space:

P ={oePy | W,(z) >0, VzeQu}.

The “classical states on a fixed stratum” B4 are defined as:
+ +
B =) Ny,

The unitary orbit space O[By] is the quotient space under the equiv-
alence relation imposed by the adjoint SU(N)-action on the state
space By with quotient mapping 7: By — O[Bn] = P /SU(N).

The subset O[‘BEVH] = W[(’BSV—H] ={m(x) | x € ‘BSVH} represents the
image of ‘Bs\f) under the quotient mapping .
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Non-classicality characteristics of states

Non-classicality measures based on the violation of the Wigner func-
tion semi-positivity can be divided into different types:

1. (Global indicator of classicality) as the relative volume of a sub-
space ‘BEVJF) C P of the state space Py, consisting of states
whose Wigner functions are positive:

_ Volume(Classical States)

on = Volume(All States)

where the Riemannian volume is calculated with respect to the

measure dictated by the probability distribution function of an

ensemble.

2. (Kenfack-Zyczkowski indicator) based on the volume of a phase
space region where the Wigner function is negative:

i :/Q dQn|W(Qn)| ~ 1.
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Distance indicator of non-classicality of qudits

3. (Distance indicator of non-classicality) based on a distance D of a
state p from the “classical states” Y;3(,\7r):

d(o; By = inf D(o,x),
XG‘B(,\T)

where states with positive Wigner functions are taken as the
reference “classical states”.

The distance on By is assumed to be related to the Frobenious
norm: D(p1,02) = ||0o1 — 02]]2, and so

N
dioi ) = inf \[Tr(e—x2 =\ inf > (n-x)?.

xe‘p(,\f) Xdiageo[gpﬁ—)] i=1
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Qubit state

The state of a qubit is given by the density matrix
1
02 =7

2

(I + - o) = Udiag(r, n) UT = U %(Hz + ro3) UT,

where a = (a1, a,a3) € R is a Bloch vector, r = |a|, and o is
the basis of su(2) algebra — the standart Pauli matrices.

Qubit SW kernel:

A(Qz) = Vdiag (7‘(‘1,71‘2) \/T .
Qubit Wigner function lower bound:

W2(_) =nmo+ nmy.
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Qubit non-classicality distance

Qubit Wigner function:

W ()

_1
-2

(1+ V3 (n,a))

Qubit non-classicality distance
for Hilbert-Schmidt metric:
dy = 0[r —

— WF20 — d,
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Qutrit state
A generic qutrit state is given by the density matrix
1 8
03 = g(ﬂ:), + \/§ ZO&VAV) = Udiag(rl, r, I’3) U]L =
v=1
1
- MYl
U5+ V3 .Z &) Ut
i=3,8
where a is an 8-dimensional Bloch vector, A = {A;,---,Ag} is

su(3) algebra basis — the Gell-Mann matrices, and coefficients &3, &g

are invariants under the adjoint SU(3) transformations of o3 .

Qutrit SW kernel: A(Q3) = V diag (71, 2, m3) VT,

Qutrit Wigner function lower bound: W3(_) = nmw3+nTo+ramT.
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Qutrit non-classicality distance

Qutrit Wigner function:

W(Q3)=2(1+4(n ).
Qutrit non-classicality distance for Hilbert-Schmidt metric
0, if &3,88 € AOQR,
g - \/§§+(§ 4505(4_ )) , if £&3,8 € AAQT,
£3cos ((+ Z) +&gsin ((+F) — 1, if &,¢ € OQRST,
\/(53 — Psec(()) 2+ (g — =42)2, if £3,65 € ABRS.

Qutrit A,-simplex with WF positivity boundary and non-classicality distance (¢ = %)
06

0.4

02




Results

The distance indicator of non-classicality d(o; ‘,B(,\f)) constructed out
of the quasiprobability distributions was calculated for low-dimensio-
nal quantum systems.

One can also describe qutrit states ©°¢

that are equally distant from the . Voss N
classical states: d(o;P3) = C. a / o
Equal distant non-classical states 02

comprise the line parallel to the sep-
arating one (r! - wt) = 0. s

0 0

Thank you!
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