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OUTLINE

◼ Foldy-Wouthuysen transformation in (2+1)-space

◼ Foldy-Wouthuysen Hamiltonian for the planar 
graphene electron in electric and magnetic fields

◼ Pauli matrices vs Dirac matrices

◼ Exact solution for the planar graphene electron in a 
uniform magnetic field

◼ Multiwave Hermite-Gauss beams of graphene 

electrons in the free space

◼ Summary
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Foldy-Wouthuysen

transformation in (2+1)-space
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Relativistic Foldy-Wouthuysen (FW) transformation in (2+1)-

and (3+1)-spaces is the same. U is the transformation 

operator. The method used is the only method giving an exact 
form of leading operators of the zero and first orders in    . M

and E are even terms and O is an odd term.

A.J. Silenko, J. Math. Phys. 44, 2952 (2003); Phys. Rev. A 91, 

022103 (2015).
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Foldy-Wouthuysen

Hamiltonian for the planar 

graphene electron in electric 

and magnetic fields
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Dirac equation:
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Dirac equation in the Foldy-Wouthuysen representation:
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Conventional choice:
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When the original Dirac matrices are utilized, the 

relativistic FW Hamiltonian has the form

In this case, the spin can have two values for any (positive 

and negative) energy.

The original Dirac matrices can be used

Alternative choice:

Y. E. Lozovik, S. P. Merkulova and A. A. Sokolik, Collective 

electron phenomena in graphene, Phys.-Usp. 51, 727 (2008).
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Pauli matrices vs Dirac 

matrices
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K. Geim, Graphene: 

Status and Prospects, 

Science 324, 1530 (2009).
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K. Geim, Graphene: 

Status and Prospects, 

Science 324, 1530 (2009).
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Electromagnetic field and angular momentum tensors in 

(2+1)-space
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B and L (and, therefore, the spin) are 

numbers, positive and negative. As a 

result, the spin should have two

components, +1/2 and -1/2.

As a result, the use of the Pauli matrices is unsatisfactory!
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Exact solution for the planar 

graphene electron in a 

uniform magnetic field



13

For the reduced spin matrices, the relativistic FW 

Hamiltonian takes the form

This equation can be presented as follows:

The Dirac equation with the reduced matrices does not 

describe the true spin. It follows from these equations that, 

in particular, a spin-1/2 particle in positive-energy states 

has only one spin value. Such a spin is not an additional 

degree of freedom.
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In the magnetic field only

In this case, the spin has two values for any (positive and 

negative) energy.

Quantum mechanics with the Dirac matrices
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In the FW representation (positive energies), the exact equation 

in any static uniform or nonuniform magnetic field reads

2 2

3+ - .FW m B= πH

For the uniform magnetic field, m=0, and symmetric gauge 

Aϕ=Br/2, Ar=0,
2 2 2 2 2
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The exact wave eigenfunctions are the well-known 

eigenfunctions of the operator π2 with the symmetric gauge. 

They are based on the Laguerre polynomials:

( )2 1 | | 2 | | , 1/ 2.n l l s e B s= + + + + = E

The energy spectrum for the zero mass is given by
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For the uniform magnetic field, m=0, and the formed Landau 

gauge Ax=-By, Ay=0,

2 2
2 2 2 2 2 2

2 2
2 2 , .ieBy e B y esB

x x y
⊥ ⊥

  
− + + − =  = +

  
E

The exact wave eigenfunctions are the well-known 

eigenfunctions of the operator π2 with the former Landau 

gauge. They are based on the Hermite polynomials:
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The energy spectrum for the zero mass is the same:

( )2 1 2 | | , 1/ 2.n s e B s= + + = E
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D. L. Miller et al., Observing the Quantization of Zero Mass Carriers 

in Graphene, Science 324, 924 (2009).

F. D. M. Haldane, Model for a Quantum Hall Effect without Landau 

Levels: Condensed-Matter Realization of the "Parity Anomaly”, 

Phys. Rev. Lett. 61, 2015 (1988).

R. Jackiw, Fractional charge and zero modes for planar systems in 

a magnetic field, Phys. Rev. D 29, 2375 (1984).
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Multiwave Hermite-Gauss 

beams of graphene electrons 

in the free space
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Multiwave Hermite-Gauss beam in the free space are well-

known (in the paraxial approximation) for photons and 

electrons: 

Hermite–Gaussian Modes, PR Photonics Encyclopedia, 

https://www.rp-photonics.com/hermite_gaussian_modes.html

F. Pampaloni, J. Enderlein, Gaussian, Hermite-Gaussian, and 

Laguerre-Gaussian beams: A primer, arXiv:physics/0410021 

(2004).

The radius of curvature R of the wave frontThe beam radius Rayleigh length

https://www.rp-photonics.com/hermite_gaussian_modes.html
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Paraxial Hermite-Gauss beam in the free (2+1)-space

𝜒 𝑦

The beam radius Rayleigh length The radius of curvature R of the wave front
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2
, .

c
c= 

p
v v

p

Due to the hidden transversal motion, the beam is subluminal.

2 2 2 2, .z x zp p M p= + = −E E

Quanta of graphene electrons in multiwave states have 

effective quantized masses (<px
2> is quantized).
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Summary

◼ Foldy-Wouthuysen transformation in (2+1)-space 
has been fulfilled in the ``relativistic’’ case

◼ Foldy-Wouthuysen Hamiltonian for the planar 
graphene electron in electric and magnetic fields
has been derived

◼ Initial Dirac equation in (2+1)-space should utilize 
usual Dirac matrices but not Pauli ones

◼ Exact solution for the planar graphene electron in a 
uniform magnetic field has been obtained

◼ Multiwave Hermite-Gauss beams of graphene 
electrons in the free (2+1)-space have been 
considered
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