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Plan of the talk

* Introduction. The study of Fractal structures in the stellar medium of the
Galaxy

« Conceptof "fractal' and "fractal dimension”
« Goal of this work

« Main stages in the development of ideas about the fractal structure of the
stellar medium of galaxies. Law of Carpenter-Vaucouleurs

« Mandelbrot interpretation and introduction of “fractal dimension”
* Method “mass-radius” for calculation of mean stellar density

« The results of numerical calculations of mean stellar density and fractal
properties of 200,000 stars in the solar neighborhood

 Conclusions



constructing internally consistent and more appropriate adequate to

observational data kinetic theory of the stellar medium
(the kinetic parameters of fractal stellar media differ significantly from the corresponding
parameters for quasi-homogeneous media with limited density fluctuations)

refining basic equations of stellar dynamics for fractal stellar media

The fractality of the structure of stellar medium at distances from 1 pc to
200 pc - from observations of :

young population of galaxy (Efremov and Elmegrin, 1998; Elias et al., 2009;
Elmegrin et al., 2014)

F, G — type dwarf stars in the solar neighborhood from observational
data of the Geneva—Copenhagen Survey (Chumak and Rastorguev, 2015)

* Interstellar gas and dust clouds (Larson, 1981; de Vega et.al, 1998)



Concept of “fractal”

‘Fractal” means fractional, broken, - Mandelbrot called so self-similar

geometric figures, each fragment of which is repeated when the scale is
reduced, (Mandelbrot, 1988)

— The figure has the property of scale invariance.
This is the first basic property of fractal objects

Benua Mandelbrot — the founder of fractal analysis
who introduced the term “fractal’

Benua Mandelbrot
1924 - 2010



Concept of “fractal dimension"

Fractal dimension — is a measure, how the object fills the space of
embedding

‘@ . . “ ., D — 1' lﬂgN(a)
Fractal dimension®“: - alllt}lug(l/ﬂ)

a — scale unit; N —number of scale units, covering the object;
D — fractal dimension.

If such a limit exists and the value is a fraction, then this object is a
fractal.
This is the second basic property of fractal objects



Goal of this work

— to study fractal properties of the spatial
distribution of 200,000 stars of all spectral types in the solar
neighborhood at a distance of 1 pc to 100 pc from the Sun from
observational data of the “GAIA” telescope (DR2, 2018)

Telescope "GAIA” has a goal — studying coordinates, direction of
motion, spectral types of a billion stars inthe
search for exoplanets, asteroids and comets in the

Launched in 2013 and located at a distance 1, 5 million km from the
Earth

DR2 — Data Release 2 (2018)



The main stages in development of ideas about
fractal structures in stellar medium of galaxies

Carpenter (1938) : number density of galaxies in cluster decreases with the
growth of characteristic cluster sizes according to the fractional-power law

n~ N/r3 ~r 1>

N — number of galaxies in cluster; r —size of cluster; n — density of galaxies in
cluster

Vaucouleurs (1970) (on base of new galaxy clusters data):

7

n(r)~r -t
- galactic medium is arranged hierarchically

- any observer, included in the hierarchy, will find that the mean density
around him decreases with distance

- any large identical volumes have the same mean density, regardless of the
position of their centers relative to each other. This density can be called the
Invariant conditional density

Vaucouleurs has extended power law to entire stellar medium



The interpretation of Mandelbrot and fractal
dimension

Mandelbrot (1988) interpreted results by Carpenter and Vaucouleurs as a
special case of stochastic self-similarity of three-dimensional random fractal
sets for which the relation holds:

n(r)~r«

r — characteristic size of the increasing volume around observer included in
hierarchy; n ( r) — invariant conditional density ; a — exponent

D=3-a«a

D —is fractal dimension

Mandelbrot showed that, depending on the characteristics of the medium in
various gravitating media, for fractal structures :

0<D<3

— a — exponent can vary from 0 to 3



consists of determination of number N (r; R;) of stars in spheres

with increasing radius “r “ with center in the I-th star located at a radial distance
R, from the observer.

The mean number of stars in spheres of radius “r”:

N (r) — mean number of stars in spheres with radius “r
N ( r; Ri ) — number of stars in sphere with radius “r “with center in the i-th star;
— radial distance of i-th star from the observer;

m ( r ) — number of spheres of radius “r” is equel to number of studied stars;
in spheres of radius “r “ around the stars:

n(r)=N()/V(r)

V (r) — volume of sphere of radius “r “



The results of our calculations of spatial distribution and
fractal properties of 200 000 stars in solar neighborhood
from data of "GAIA" (DR2,2018)

200,000 stars of all spectral types at distances from 1 to 100 parsecs from Sun

Mean star density n (r) in spheres of radius r around the stars is approximated
by power laws of the form:

n(r)=hr ¢

whereh=1,654; a=0,586; D=3-a=2,41
n(r) = 1,654 r~0°86

This law confirms the conclusions by Vaucouleurs and Mandelbrot
for fractal structures in gravitating media



Mean stellar density vs. radius of the sphere around the stars

lzn

" a= 0,586

X-axis:rin parsecs (pc),
Y-axis: stellar density n in pc3.

Red line — 200,000 stars of all spectral types at distances from 1 to 100

parsecs from Sun from observational data of telescope “GAIA” (DR2, 2018)
h=1,654;a=0,586; D =241

Blue line — 13,000 F, G — type dwarf stars at distances from 1 to 20 parsecs
from Sun from observational data of the Geneva—Copenhagen Survey
(Chumak and Rastorgueyv, 2015), h=1,644; a=1,769; D = 1,23



Conclusions

* Study of stellar medium in the solar neighborhood from observational data of
telescope "GAIA” (DRZ2, 2018) showed the presence of fractal structures with fractal
dimension D = 2 41

* The result obtained is consistent with result for F, G — type dwarf stars from
observational data of the Geneva—Copenhagen Survey (Chumak and Rastorguey,
2015) (fractal dimension D = 1,23);

« Our fractal dimension D = 2,41 is explained by: the greater completeness of
observational data of the “GAIA” telescope:

Qur stars F, G —type dwarf stars
5 200 000 stars 13 000 stars
. 1 — 100 parsecs from Sun 1 — 20 parsecs from Sun
- all spectral classes F, G —type dwarf stars (40% of
. star density in solar neighborhood)

stars more fill the space of embedding,
more structure in stellar system



Conclusions

- Stars in solar neighborhood from observational data of telescope “GAIA”
form gravitationally bound structured formations, such as clusters, parts of
spiral arms, clumps, which have fractal properties and obey the laws of

fractal kinetics

M 31 Galaxy Nebula of Andromeda




Estimation of the effective interparticle spacing for
the fractal stellar medium in the solar neighborhood
based on GAIA DR2 data

The data obtained were used to estimate one of the important parametersin
stellar dynamics - the effective interparticle spacing for the fractal stellar medium
in the solar neighborhood.

In (Chumak, Rastorguev, 2015) a formula was derived for the effective
interparticle spacing r , for fractal medium from the distribution law of the

distance to the nearest neighbor:

4mth
w(r)dr = 4mh exp (— Tr”) rP-1dr

w (r) — the distance distribution caused by the nearest neighbor in a spherical
layer of radius r and thickness dr;

coefficient h = 1,654; fractal dimension D = 2,41 were taken from our
calculations for 200 000 stars .



A-priory: r, = J. rw(r)dr
0

where W (r) — the distance distribution, which is presented above;
w (r)dr it is better to rewrite in the form:

3
w(x)dx = —e *dx
D

where

41h
x = ——1?P
D
coefficient h and fractal dimension D were taken from our calculations
Then, the m

-1/p % 1/D
. :E(éh'th J‘E_x o S(D) F(D+1)
™D\ D 41h

0



In the limit fractal dimension D=3 and mean stellar density h=n we obtain the well-
known estimation from Chandrasekhar (1943) for the mean interparticle
spacing for quasi-homogeneous media:

3 \/3 4
Ty = (—) r (—) ~ 0,554n"1/3
4Tn 3

e Study of stellar medium in the solar neighborhood from observational data of
telescope “GAIA” (DR2, 2018) showed the presence of fractal structures with
fractal dimension D = 2,41 ; h = 1,654 ;r_ =0,49 parsec

* The result obtained is consistent with result for F, G — type dwarf stars from
observational data of the Geneva—Copenhagen Survey (Chumak and
Rastorguev, 2015) (fractal dimension D = 1,23; h =1,644 ; r,, = 0,48 parsec );

* Traditional estimations of the effective interparticle spacing for stellar media -
r, =1,16 parsec; r,, = 1,06 parsec






I{puBeTcTBUE U3 «30N0TLIX NECKOB>

KoBep AHTapHbIN yCcTUNAEeT

[ybpaBy, n BCTaeT TYMaH.
CKBO3b B/1MKM AHA NOYTU YTO TaeT
HebecHbIN conHLa OKeaH.

Ynano 3a ropusoHT CBETUNO...
[NTOHWKNa apKamu TpaBga...
U rnagb 3epKanbHaa noacTbiaa...
HanpaBuB B3rnag ceon B obnaka...
M. Smepanso
TpewatT cTBOAbI...NPUTHYANCH TPABbI.
LLienoT MNpunpoawl cpeab A0NUH
OceHHel yTpeHHen aybpaBbl
EaBa, Kak npu3pak, y10BUM.
M. Imepanso
«30/10Tble Neckn»
(M3 cbopHUKa CTUXOTBOPEHUM
«[lbixaHue oceHm»)
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2 GAIA'S HERTZSPRUNG-RUSSELL DIAGRAM

« Hertzsprung Russell diagram

»- shows the relationship between 30210: G 70'20' :0’00 :0'00 | 3(:':0 ilf.:pmpt '
*the spectral class and L ‘ |

the luminosity of stars

Main seguence-

the main grouping of stars

on the diagram "spectral class —
luminosity"

It contains most of the stars,
since the main sequence
corresponds to the longest stage 10 -
In the evolution of stars,
at which thermonuclear
reactions involving hydrogen - | | |
take place in the core of the star. S , ,

|- 10000

|+ 1000

— 100

— 10
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— 0.1

Gaia G absolute magnitude

— 0.01

— 0.001

<«— bluer Gaia BP-RP colour redder —>

Luminosity (L, )



groups of stars distinguished by the nature of
their spectra.

* Closely related to the temperature of stellar atmospheres.

 The are blue stars of spectral classes O and B (50,000 K)
 The are stars of spectral classes M and L (2000 K).

. - spectral class G dwarf

. - small main sequence star (up to one solar radius and not

exceeding the luminosity of the Sun)

- the radiation power of a celestial body. That is the amount of
energy emitted by it per unit of time

* For most main sequence stars, the relation M* ~ R > ~L
« M —mass of star, R — radius of star, L —luminosity of star



Distances in astronomy

« 1 parsec ~ 30000 000 000 000 km.
« 1lightyear ~ 0,3 parsec.
« 1 astronomical unit ~ 150 000 000 km



3akon KapnenTepa — BokyJjiepa u croxacTu4eckue
HepapxXuM B IPABUTHPYIOINUX cpeaax - 1

['anakTH4eckas cpeja yCTpoeHa HepapXudeCKu, i HOTOMY JIFOOOM
HaOIr0aTelb, €CIIU OH CBSI3aH ¢ 00bEKTOM, BKIIOUCHHBIM B HEPAPXUIO,
OOHAPYXKUT, YTO CPEIHSIS MIOTHOCTh BOKPYT HETO YOBIBAET C PACCTOSHHUEM.
IIpy 5TOM B rajJakTHUYE€CKOM CPEAe HET BBIJICICHHOIO MOJIOKEHHUS, TO €CTh
TI00BIE TOCTATOYHO OOMNBIINE, HO 00UHAKOBble 00BEMBI, UMEIOT OUHAKOBYIO
CPEAHIOIO MIOTHOCTh HE3aBUCUMO OT IMOJIOKEHHUS UX LIEHTPOB APYT
OTHOCHUTEJIBHO JIpyra. Ty IJIOTHOCTh MOXHO Ha3BaTh MHBAPHUAHTHOM
yenosrnou niomuocmoio (YII). OnHaKko, €Ciau Mbl OyIeM CHHXPOHHO U3MEHSTh
pa3Mepshl ATUX (OAUHAKOBBIX) 00bEMOB, TO YII OyAeT U3MEHATHCS C
XapaKTEPHBIM pa3MepoM o0beMa I IO 3aKOHY:

n(r)~r-¢

rne @« = 1,7 . 910 u ecthb 3ak0H Kapnienrepa — Bokynepa 1id ralakTuae CcKon
Cpeapl



b1 KanTopa
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E mm mm ¢- (1/3)% 27(1/3)% = (2/3)%
TR I EEna=1n=1/a

TR nmn nn na’> =1,n = 1/a*

1N T mm wmw n=1/a® n=1/a*

d — pa3mepHOCTb OObEKTA

(11—l (1 TVl
| logn

I |y e wn 4= 1
log ()

d =log(2)/log(3) = 0,63 ...




CHe:xxnnka Koxa

‘ ‘ * n=4 a=1/3
n=4* a=(1/3)*

d = log(4)/log(3) =1, 26...



CooTHOIIEHHE «MacCCa — PAANYC»

Jlanmexo He Bcerjia npu onpeaeieHur ppakTalbHOW Pa3MepPHOCTH
IPUPOJIHBIX OOBEKTOB YIOOHO MPUMEHSTH OOKC aaropuT™. JIis Takux
O00BEKTOB YJI0OOHEE paccMarpuBarh CBSI3b MEXKAY MACCON U pPainycoM
00BbEKTA, 3aKJIOUYECHHOTO IO ATH PaIYCOM:

M~R?

rae d - ¢pakranbHas (Xay3gopdoBa) pasMEpHOCTD.



CooTHOLIEHHME «IEPUMETP — IJIOIHAAb

PaccMOTpuM COOTHOIIEHUE «TIEPUMETP — IUIOMIAIbY» U €r0 CBSI3b C
(bpakTaIbHONU Pa3MEPHOCTHIO. Y MJIOCKUX IBKIUIOBBIX PUTYD —
OKPY>KHOCTEM, KBaipaTOB, MHOTOYTOJIbHUKOB — OTHOIIIEHHE TIepuMeTpa L
K KOPHIO KBaJJpaTHOMY U3 IUIOMIAN S €CTh BEJIMYMHA TOCTOSHHAS:

L/($)Y? = const
Ecnu nepumMeTp nipecTaBisieT co00M ppakTanbHbIM OOBEKT, U IJIMHA
npoduiist 00bEeKTa 3aBUCUT OT MaciiTada a , C MOMOIILK KOTOPOIo 3Ta
JUTMHA U3MEPSETCS, TO 3TO COOTHOIIECHNE MOXET OBITh 3aIIUCAHO B BUJIE:

LY4/(8$)1/2 = const

rae d - ¢ppakraabnas (Xay3gopgoBa) pa3MepHOCTD.



CooTHOIIEHHE «IIePUMETP — IJIOIAAb
(mpoxoJsKeHue)

Takum oopazom,

S"*’Lz/d

OTUM COOTHOIICHUEM MOXHO BOCIOJIB30BAaThCS IJIs1 ONPEICIICHUS
(paKTaIbHBIX PA3MEPHOCTEN pa3IMUYHBIX TPUPOAHBIX 00BEKTOB. TakuM
criocodom Okla omnpeaeaeHa Xay3aopgoBa pa3sMepHOCTh TCHEH
COJIHEUHBIX IIsITeH. OHA OKa3ajnach PaBHOM

dy=1,35+ 0,03

OKkazajioch TakXe, YTO 3Ta Pa3MEPHOCTh paBHA (PpaKTAIBLHOW PA3MEPHOCTH
rpaHull 00JaKOB B 3eMHOM arMocdepe.



3akoH pacnpenejeHus OJIHKAUIIET0 COCeaa
(3amaua I'epua) - 1

Haiigem cBs3b pacnpeneneHus XolblMapKka ¢ pacupeaeieHueM OIKanIero
cocella, n — OMHOPOAHAS INIOTHOCTh

w(r)dr = P { 6mkaiui cocef € (r,r+dr)

chepH4ecKHil coi
pasHyvcar H ToaHHoA di/

e

= P{HeT 3Be3 6s1kKe 1'}
+ P{B cmoe r + dr poBHo 1 3Be3fa}

Maremarnueckoe OKUIaHue Yucia 3Be3/ B CJI0€ (?‘, r+ d?”)

A=4mr’ n dr <1

Majla Majda



3aKkoH pacnpeaejieHus OJMKANIIEr0 COCceaa
(3apauya I'epua) - 2
Pacnipenenenue Ilyaccona
e—ﬂ

_ kS
P, (k) = A*—

B Hamem ciydae =1 = P.(1)= A ( e * 6/m3kok1,T.K. A Mam}) =

= P{B c0e r + dr poBHO 13Be3za} = 4mnr*ndr

T
P{B npenenax r HeT HU OJHOM 3Be3jpl} = 1 — f w(r)dr

0
EEpPOATHOCTE TOTOMTO
eCcThk X0TH Or1 1 2EezIa

w(r)dr = ll — fw(r)dr‘ 4rtr’ndr
0



w(r)dr = ll - fw(r)dr‘ 4rtr’ndr

L A
0
f w(r)dr = 1 — 4iiz)n
0
w(r)

1 —
~dr 41Tr?

g



_d | w(r)
A == dr [4nr2n
d|lw() |
dr [411’1‘211 = =A@

417712 41T712

£ o] -]

y(r) y(r)

dy(r)
dr

= y(r)(—4mr’n)



1dy

v 4Tr-n; air ny Trn
d .
_dr Inydr = —j4ﬂ'f‘ ndr

4
Amrin y(r) = Cexp {—— ?I'R?’n}
3 . 3
w(r)

4mT1r2n

Iny = —

I[Ipu - 0:w(r) — dnr’‘n=>C=1
|



3akoH pacnpenejeHus OJIHKAUIIET0 COCeaa
(3amaua I'epua) - 4

3aKOH JJIs1 paclpeesiCHUs. PACCTOSTHUM 10 ONMKaWIIEero cocena

!

4
w(r) = C4ntr’nexp —EHRSTI

—

Vv

V * n — MmaTeMaTH4ecKoe O OaHHE HHUCJId 3BE3 /[

BeposarHocts Mansix cun — 0, w(r) — 0.

— o0

Tounast popmymna aJist CpeIHETO PACCTOSIHUAS MEXAY 3BE3AaMU

=l =l

d= [ rw(r)dr = I L 3 c 4rindr =
, J
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ﬂ ey
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The data obtained were used to estimate one of the important parametersin
stellar dynamics - the effective interparticle spacing for the fractal stellar medium
in the solar neighborhood.

In (Chumak, Rastorguev, 2015) a formula was derived for the effective
interparticle distance r ., for fractal medium from the distribution law of the

distance to the nearest neighbor:

4mth
w(r)dr = 4mh exp (— Tr”) rP-1dr

w (r) — the distance distribution caused by the nearest neighbor in a spherical
layer of radius r and thickness dr;

coefficient h =1,654; fractal dimension D = 2,41 were taken from our
calculations for 200 000 stars .

the dependence of average density on distance (2) for a fractal medium, and D is
the fractal dimension from formula (3):






Distances in astronomy

* Study of stellar medium in the solar neighborhood from observational data of
telescope "GAIA” (DRZ2, 2018) showed the presence of fractal structures with fractal
dimension D = 2 41

* The result obtained is consistent with result for F, G — type dwarf stars from
observational data of the Geneva—Copenhagen Survey (Chumak and Rastorguey,
2015) (fractal dimension D = 1,23);

« Our fractal dimension D = 2,41 is explained by: the greater completeness of
observational data of the “GAIA” telescope:

Qur stars F, G —type dwarf stars
5 200 000 stars 13 000 stars
. 1 — 100 parsecs from Sun 1 — 20 parsecs from Sun
- all spectral classes F, G —type dwarf stars (40% of
. star density in solar neighborhood)

stars more fill the space of embedding,
more structure in stellar system



The results of calculations of spatial distribution and
fractal properties of 200 000 stars in solar neighborhood
from data of "GAIA" (DR2,2018)

200,000 stars of all spectral types at distances from 1 to 100 parsecs from Sun

— local star density “n (r)” in spheres with increasing radius “r “ with center in
the i-th star is approximated by power laws of the form:

n(r)=hr ¢

where n (r) - local star density, h and a are coefficients, D — fractal dimension

—This confirms the conclusions of Vaucouleur - Mandelbrot for fractal
structures in gravitating media. — Inthiscase, h=1,654, a=0,586,D =2,41

The dependence of the conditional
stellar density on the radius of the
volume under consideration is shown in
Fig. (1). Here, along the x-axis, the
values of r are expressed in parsecs
(pc), along the y-axis, the values of the
stellar density n are in pc-3.
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[a+ 1.65376, b+ - 0.585921




The main stages in development of ideas about
fractal structures in stellar medium of galaxies

Carpenter (1938) : number density of galaxies decreases with the growth of
their characteristic sizes according to the fractional-power law

n~ N/r3 ~r 1>

N — number of galaxies in cluster; r —size of cluster; n — density of galaxies in
cluster

Vaucouleurs (1970) (on base of new galaxy clusters data):

7

n(r)~r -t
- galactic medium is arranged hierarchically

- any observer, included in the hierarchy, will find that the average density
around him decreases with distance

- any large identical volumes have the same average density, regardless of
the position of their centers relative to each other. This density can be called
the invariant conditional density

Vaucouleurs has extended power law to entire stellar medium




The results of our calculations of spatial distribution and
fractal properties of 200 000 stars in solar neighborhood
from data of "GAIA" (DR2,2018)

200,000 stars of all spectral types at distances from 1 to 100 parsecs from Sun

Mean star density n (r) in spheres of radius r around the stars is approximated
by power laws of the form:

n(r)=hr ¢
where h=1,654, a=0,586,D=3-a=2,41

n(r) = 1,654 086

This law confirms the conclusions by Vaucouleur and Mandelbrot
for fractal structures in gravitating media



Mean stellar density vs. radius of the sphere around the stars

lzn
0.0

Graphics of Mean stellar density vs. radius of the sphere around the stars

X-axis - the values of r in parsecs (pc),
Y-axis, the values of the stellar density n are in pc-3.

Red line — 200,000 stars of all spectral types at distances from 1 to 100
parsecs from Sun from observational data of telescope “GAIA” (DR2, 2018)

Blue line — 13,000 F, G — type dwarf stars at distances from 1 to 20 parsecs
from Sun from observational data of the Geneva—Copenhagen Survey
(Chumak and Rastorgueyv, 2015), h =1.644, a=1.769, D = 1.23.









