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Outline

Second quantization of master equation
Functional integral, coherent-state construction

Functional integral, perturbation theory
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Master equation

Second ntization . - |
S QT Markov processes of discrete variables are described by master
[> Master equation eq uatIOnS

Verhulst model
(directed percolation)

Fock space for master  CoNsider a jump process (birth-death process), whose PDF obey

equation . .
Liouville operator d generlc master equatlon
Expected values

Initial Poisson
distribution

Functional integral, P(n, ‘m t())
coherent-state
Epe—— =" W (nll,t) P (1, tlm, to) — W(I|n, t)P (n,t|m, to)] .

perturbation theory

[

Transition probabilities per unit time W (n|l,t) are usually given
in the model.

Calculation of expected values in terms of QFT due to Doi.
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Verhulst model (directed percolation)

Expected value of individuals obeys the rate equation

dn

g = —fBn+ An —n*.

In the stochastic version (due to Feller) the PDFs obey

dp(;; N) _ AN —1)P(t,N — 1) — (BN +~yN?) P(t,N),

dpé’j; ") _ Bn+1)+v(n+13PEtn+1)+An—1Ptn—1)
— (Bn+ An+n®) P(t,n), 0<n<N,

dpéi’ v _ (B +7)P(t,1).

Reflecting upper and absorbing lower boundary. Percolation: unbounded from
above.
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Fock space for master equation

pessl i The set of master equations for P(t,n) is reduced to a single
e TR equation by "second quantization” of Doi.
Verhulst model

(directed percolation)

Fock space for Fock space: operators a, a*, [a,a"] = 1 and basis vectors |n ):

master equation
Liouville operator

Expected values &’O>207 &+‘n>:‘n_|_1>’ d+&‘n>:n‘n>j <’}’L‘m>:’n'5%

Initial Poisson
distribution

Functional integral,

Functional int Master equations yield kinetic equation for state vector | P, ):

construction

Functional integral,
perturbation theory

d| £ )

=L@ a)|R).

|P) =) P(t,n)n),

Formal solution is generated by the Liouville operator L:

| P,) = exp[tL(a™, a)]| Py ),
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Liouville operator

Liouville operator L is determined by the set of master
Second quantization

of master equation equations; basic rules of construction:

Master equation
Verhulst model

(directed percolation) nP(t) n)‘ n > — &+€LP t, n)‘ n >7

Fock space for master

equation TLP(t, n)’ n — 1 >

> Liouville operator

Expected values TLP(t, n)‘ n _|_ 1 > — &‘I'd‘l‘&P(t, ’)’L)| n> .

Initial Poisson
distribution

I
Q>
e
‘~
=
=

Functional integral,

coherent-state |_|OUV|”e Opel’ator fOI’ the VerhU|St mOdel

construction

Functional integral,

perturbation theory l/\;(&—i_’ &) — 5([ — &—l_)d —I— ’)/(] — d+)&&+& —I— )\(&+ - ])CAL+CAL .

Normal form is needed for simple calculation of coherent matrix
elements of Liouvillian. In the third term [a,a1] = 1 yields

L'(a*t,a) = (B4+y) I -aN)a+y(I—a")ataa+Nat—Data.
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Expected values

Expected values obtained with the use of the projection vector ( P |:

n! — n!
(PlO(a*a)|P,) = (P|)_Om)P(t.n)|n) =) Om)P(tn)

Conservation of probability: the leftmost factor in all monomials of the
Liouville operator is (I — a™), thus (P|L =0.

Doi shift: use (expa)a™ = (a* + I) exp a to move expa of { P| to the left:

(PlO(a*a)exp[tL(a®, a)]| Py)
= (0|0((a™ + DNa )exp[tl}( T, a)} expal Py ) .
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Initial Poisson distribution

Second quantization
of master equation

It Is customary to use initial Poisson distribution

Master equation
Verhulst model

(directed percolation)
Fock space for master P(O7 n) T

equation n'

n_,—no
nge

Liouville operator

Expected values Leftmost factor in expected value assumes convenient form

Initial Poisson
> distribution

Functional integral,

constmaction expid| Py) = expa y P(0,n)|n) = exp(noa*)|0) .

Functional integral,

: n=0
perturbation theory

Polynomial distribution obtained by derivatives wrt ny. Seeding
a single particle: P(0,1) =1;P(0,n) = 0,n # 0 corresponds to

0

(expa)a™|0) = (a*+1)]0) = K@—no n 1) exp(noa™) 0>]

no=0
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Coherent states

Second quantization
of master equation

Functional integral,
coherent-state
construction

> Coherent states
Interpolation
procedure for
generating function
Expansion in time
increment
Approximate
functional integral
"Superfluous” terms
and ambiguity of
functional integral

Functional integral,
perturbation theory

Interpolation of functional integral by coherent states (¢ € C)
— 1 . in i A

®) =3 Lo (@) [0) = exp(a) [0): a[@) = 0| @)
n=0

Normalization of | ® ) varies; here (P | ') = exp(¢p*¢d’).

Resolution of the unity

1= [[ S ep(-o) )0,

Coherent-state matrix element of operator in normal form

(®|L'(a%,a)| @) = L'(¢", ¢) exp(¢*d) .
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Interpolation procedure for generating function

Generating function of expected values (normal form operators, initial
Poisson; A*, Ny are coherent state parameters)

G(A, A*) = (Alexp Aexp[tL' (6™ + 1, a)]| No ).

Introduce coherent-state resolutions of unities to obtain

Gl A= [ [ S0 [ [ SO0 4 exp(d = givon — d00)] @)

20T 20T
A dond dood
X (@, |exp[tL/(a" + I, a)]| Po){ Do | No) // ¢]2V@7T¢N// ngOW%

xexp(A*on+A—pNPN— ¢o¢o+¢ono)<@N‘eXP tL/ at+1,a) \q)o
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Expansion in time increment

Second quantization
of master equation

Functional integral,
coherent-state
construction

Coherent states
Interpolation
procedure for
generating function
Expansion in time
increment
Approximate
functional integral
"Superfluous” terms
and ambiguity of
functional integral

Functional integral,
perturbation theory

Split evolution exponential
. . N
exp[tl/(at +1, 4)] = {exp (L/(a* +1, a)t/N] } .

Introduce resolutions of unities in between. Approximate matrix
elements and exponentiate

(®; |exp[L'(a* + I,a)t/N]| @iy )
~ (@ |[1+L'(a"+1,a)t/N]| ;1)
= [1+ L'(¢; +1,¢i-1)t/N]exp(¢;di—1)
~ exp (¢ i1+ L'(¢F +1,¢,_1)t/N] .
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Approximate functional integral

Second quantization
of master equation

Functional integral,
coherent-state
construction

Coherent states
Interpolation
procedure for
generating function
Expansion in time
increment
Approximate
> functional integral
"Superfluous” terms
and ambiguity of
functional integral

Functional integral,
perturbation theory

Interpolation through coherent-state unity resolutions yields

dod dpnd
cn )= [ GO [ 5 et
+ dono — ¢pdo — O (dn — dn1) + L' (¢}, +1, on1)t/N]| .

Integral sum in exponential yields dynamic action

Z [_gb:,(gbn T

n=1

Z [ ¢n -+ L'(¢} +1, ¢n1)At]

[—¢ ()50 + L' () + 1,6(u) | du

gbn—l) + L,(¢:, - 17 gbn—l)t/N]

—
At—0 0
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"Superfluous” terms and ambiguity of functional integral

Second quantization
of master equation

Functional integral,
coherent-state
construction

Coherent states
Interpolation
procedure for
generating function
Expansion in time
increment
Approximate
functional integral
" Superfluous”
terms and
ambiguity of
functional integral

Functional integral,
perturbation theory

Derivatives wrt souce terms A*¢(t) + A + ng¢* specify the
averaged quantity and initial condition.

The term —¢(0)*¢(0) is not included in the time integral.
Without the Doi shift we would have had —¢(t)*¢(t).

This term is necessary for perturbation theory. Perturbation
theory is important in practical calculations and because

" correctly defining the path integral is equivalent to constructing
a renormalized perturbation theory” (A. A Slavnov & L. D.
Faddeev).

The customary normal ordering of operators has been used.
There is no such operator ordering in the classical problem.

Perturbation theory, however, is unambiguous.
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Perturbation theory

Second quantization
of master equation

Functional integral,
coherent-state
construction

Functional integral,
perturbation theory

Perturbation
> theory
Gaussian integral of
the discretized
problem

Propagator of the
repeated integral

Propagator of the
functional integral
Perturbative
functional integral
and Peliti action
Word of warning on
the normal form

Correct Peliti action

Perturbation theory is Gaussian integrals. Standard trick:

exp | [ (1 + 1), (0b)

- Uotdtﬂ’({—“} {5A*}>]

<exp | / it (46" + 4°6)

A=A*=0
yields Gaussian integral

Go(4,4°) = [ [ DorDoexp [ [ 500+ a0+ 4°0)

0

- 407 60)
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Gaussian integral of the discretized problem

Triangular matrix of quadratic form in interpolation approximation

N

do*do .
G, 4 =~ [[ II %540; exp[— (636, — 836,1) — 6o
N

20T ,
Jj=1

N
+Z j¢ +A*¢] At] Z gb ¢J (/b ij 1 ‘Hbo@bo Z Cb* ’L]¢j
7=0 71=1

1,7=0

yields retarded propagator (without ¢3¢ quadratic form is degenerate)

1 0 0 --- 0 1 00 --- 0
( ) [ )
-1 1 0 --- 0 1 10 --- 0

0 1. M i=1 11

L0 0 0 1y SRR

1 --- 0
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Propagator of the repeated integral

Discrete propagator is the matrix of the quadratic form of sources

N N 1
Go(A, A") mexp | > ATAIM'A;AL| =exp | Y ATALY  AjAL
i,7=0 1=0 J=0

In the normal form interaction terms contain fields with neighbouring
subscripts: ¢7 and ¢; ;. Contraction between these vanishes, because ¢j = 0
and ¢ = 0 (sum of elements just above main diagonal):

N N
Z z Z gb* ¢”_1 — Mg—ll,n =0
1,7=0 a¢z ] a¢3 n=1 n=1

Absence of single propagator loops due to definition of integral sum.
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Propagator of the functional integral

Continuum propagator: limit kernel of discrete quadratic form of sources

N 1
D CATALY CAjA

7=0

1=0
t t
— exp/ du/ du’ A*(u)0(u — u')A(u').
0 0

At—0

N
» ATAM AN

1,J=0

GO(A7 A*) ~ €Xp

= exp

Propagator determines perturbation theory, 9,0(t —t') = (¢t — t’), therefore

Go(A, A™) = exp /Otdu /Otdu’ A" (u)f(u — u')A(u')
— [ PorDsex /0 dt (— 5006+ Ag* + A°9)

Correct definition of Gaussian absorbed the spurious term ¢(0)*¢(0).
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Perturbative functional integral and Peliti action

Functional integral for Green functions in perturbation theory

G(A, A7) :/ D¢Dg’ eXp{S(qb, ¢) +/0[¢(U)A*(U) +¢*(u)A(U)]}
with the dynamic Peliti action (initial Poisson)
ES : E S a / * *
S0.0 = | dt[—¢ o+ L6 +1,¢>] + 106" (0).
For the Verhulst model the Peliti action is
! 0
s [a {qs*[—@qb +(A- 8- v)qb] 76" ¢ + A5 - 7¢*2¢2}+n0¢*(0) |
0

Coherent-state construction: action in normal form, no closed loops of
single propagator! The propagator at coinciding arguments is not defined!
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Word of warning on the normal form

The stationarity equations of Peliti action should reproduce the rate equation.
Check on Verhulst model:

5 d
o —d—f+(A—ﬁ—v)aﬁ—wu%cb*aﬁ—27<b*<b2 =0,
S dor

* * *2 x2 1
55 = T A B8 = 004267 — 2160 = 0.

On the obvious solution of the latter ¢* = 0 the former yields

do dn

— =A=8=7)9—7¢", but  — =—fn+in—n".

Liouville operators are equal L'(a*,a) = L(a*,a), Liouville functionals are

not L'(¢*,¢) # L(¢", ®).
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Correct Peliti action

Dynamic action does not feel original ordering of operators.

Full reduction operator spans propagators on all vertices producing
single-propagator loops.

Normal ordering of Liouville operator tantamount to neglecting graphs with
single-propagator loops (Wick's theorem).

Practical prescription: replace operators by fields in original Liouville operator
and declare absence of single-propgator loops. Result for Verhulst model

' 0
s = [a {cb*[—acb + (A= B)o| —16"6 + A6 — wﬁ*?qﬁ?} 109" (0).
0

This seems to be hand waving, but is corroborated by old-fashioned Green
function approach.
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