Fluid Dynamics

o dynamics: time-space behavior of velocity field V
e turbulent flows in incompressible fluid (divV = 0, Ma < 1)
@ open system: injection and dissipation of kinetic energy

@ Navier-Stokes equation:

vtV—I/()AV—vpp—‘rF VtE(?t—k(VV)
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Turbulent Flows

) Seengel

Uniform flow with velocity V, incident on cylinder of diameter L

@ Reynolds number: Re = %

o turbulence: Re., > 1
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Emergence of Turbulence

Karman vortex street Re ~ 500 -+ 5000

Teodor Karman (1912)




Figure I-3: turbulence created in a wind tunnel behind a grid. Here turbulence
fills the whole apparatus, and a localized source of smoke has been placed on

the grid to visualize the development of turbulence (picture by J.L. Balint, M.
Ayrault and J.P. Schon, Ecole Centrale de Lyon; from Lesieur (1982), courtesy
“La Recherche”)
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Developed Turbulence

Past grid developed turbulence Re > Re,,




Methods

Ascensions du Pic de NAVIER-STOKES

Le Pic de NAVIER-STOKES est
a coup stir le sommet le plus difficile
& atteindre, mais ['un des plus beaux.
La fiére devise des éléves de
I"Ecole des Hautes Montagnes
en Friches: "QUO NON ASCENDAM"
doit guider I'ardeur de tous
ceux qui s'attaquent a ce
Massif.

Sur le croquis ci-conire,
et suivant 'usage, les (J
altitudes sont exprimées
en Reynolds.

torrent intermitient

zome fractale

voie

fack e expérimentale

la fermeture

directissime
mathématique

Cliche. wise on page g
et traduction des notes )
originales par

rocher-école de la simulation numérique

Uriel Frish Turbulence: The Legacy of A. N. Kolmogorov (1996)
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Developed Turbulent Flows - Signals

b

Construction of the histogram of a signal by binning.

o unpredictability of the details of motion
@ random process

@ starting point - stochastic differential equations

7165



Stochastic Navier-Stokes equation

e Statistical discription: V =<V > +v <v>=0
@ Stochastic Navier-Stokes equation for fluctuating part v:
(9 Vi

ot

= 1Av; — (viVe)vi = Vip + f;

Vv =0, v, =v(x), fi=fi(zx), z=(xt), p=1,1i=12.d

o External random forcing with Gaussian distribution

P(f) = e*%fD_lf, < fi(2) £ (2") >= D;j(z,2")
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e Langevin equation
hp = NAp+mp— g+ £, (f(2)f(@) = Dl(a,a) = 225(z — 2')

@ Brownian motion

Yt FOFE) =Dl = 296( 1)
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Stochastic differential equations

@ Stochastic differential equations

OV (x) =V(2,¢) + f(x), (f(2)f(z') = D(x,2)

o(z) = ¢(t,x) random fields

@ equation valid for all space coordinates and for time instants (—oo , +00)

o fields asymptotically vanish: ¢ — 0 as ¢ — —oc and as |x| — oo for
arbitrary time instants ¢

@ retardation condition
e t-local functional V' (¢) = Lo + N(¢) + F

e statistical averages (¢(x1)d(x2) ... d(xy)), <%>

10/65



Solution of stochastic equation

o integral form
¢=Ap[F+ f+N(@)], Ap=Ap(za)=0,-L)"

e response function Ao (z,2’) =0att < ¢/
e perturbation solution N (¢) = g¢?(x)/2
@ graphic representation

1
m:.—l—x+2b—¢-<
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Solution of stochastic equation

@ Perturbative solution with ¢* precision

1 1 i‘:( 1
m—.—l—)<+2>—b<+2 +4—<:+~--

@ correlation functions - mutual multiplying of graphs for corresponding
numbers of field ¢ and averaging over all realizations of random force f
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Solution of stochastic equation

@ contraction of pairs creating noise [

@ new graphical element

AH = <¢¢>0 = A12DA21 = o— A0 = <0—|-)< X-l—.> =

@ wavy line bounded by vertical dash - noise D

Aoy (z,2") = Al (z,2)) = A (2, x)

D e R P
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Solution of stochastic equation

o illustration of perturbative scheme: a few first graphs for correlation pair
function (¢¢) and response function (5 (xz)/d f(x')):

_|O
_O

(¢9) = t3
+% HE + —+P + 4y + -
0p(x) \ _ 1 Q . W W

@ graphs do not contained closed loops of response function
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Transition to quantum field model

e solution of SDE: ¢ = ¢(z; f)
e generating functional G'(A?)
—1
G(A?) = /Df exp [— sz !

+ A%]

A% = / dz A% (2)d(x)

07 f = [[ doda’ f@) D7 (@) (o)
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Transition to quantum field model

@ Useful identity
exp(A%Q) / Dé6(¢ — &) exp(A®6)

@ Functional §-function i )
56— ) =TI [9(x) — d(x)
p=0 Q. f)= -0+ V() +f=0

5(¢— &) = 6[Qb, f)ldet M, M = f;j

M(z,2') = 5Q(x) /66(x')
51Q(6.1)] = [ Do el A1)

e ¢ - auxiliary field
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Transition to quantum field model

@ Generating functional

G(A%) = [ [ DoDd det Mexp [9'D6' 2+ ¢/ (<016 + V(9)) + 4%)

@ contribution of the determinant

ON(¢)
5p

M=-0,+L+

_Aﬁl {1 _ AHW} ’

0

@ det M = exp[tr InM]
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Transition to quantum field model

@ generating functional

G(A?) = / D¢ D¢’ 5(@¢ )+A%¢

@ action
/Z) /
0.6) = twtn (1- 2" 5) 1+ C0 4 1 (016 + Lo+ N(6)
N(o) ON(¢) 1. ON(¢), 0N(¢)
trln (1—A1 56 ) = —tr {A12M+2A12 5 A 5% 4.
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Transition to quantum field model

@ excercise: to find the solution and form of equal-time response function

(0 — L)Aya(z,2') = §(x — 2)

¢’D¢'

S(¢,¢') = +¢' (—=0d+ Lo+ N(¢))
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Transition to quantum field model

@ Final action

50,0 = [[ draw PEPEDIE L [ 4y 10) [-01000) + V (61))




Transition to quantum field model

o Final generating functional

G(A) = /DCI> exp [S(®) + AD], AD = / dz [A47(2)(x) + A? (2)¢ ()]
@ Wick theorem and Feynman graphs

196 1)
G(A) = exp 575855 ) explSi(®) + APomal, A=K7

5 4 K A Ars 2
—A—= 2 9
o= () (A ) (8

Ap =AY =@, - L), Aj1=A1DAy, Ay =0
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Transition to quantum field model

@ Green functions

> 1 " > 1

G(A) = Z EGHA = Z E/~/dw1...d1:nGn(:L‘1./ ) A(z1). A(zy)
n=0 """ n=0 """

I"G(A)

Gnln, n) = 520N 2@

4o = /D<I> B(21)...D(2n)e5®

@ Response function

2 .
(G000 () = 5 1oy laca = [ DR OIS

o Connecting and IP-irreducible Green functions

SW(A)
0A(z)

W(A) =InG(4), T'(a)=W(A)—aA, oz)=
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Field-theoretic model of turbulence

0 A/
ot

= vAv; — (vsVs)vi — Vip + fi, Vv =0

@ Action

1
S(v,v) = Q/dwdllvg(x)Du( o)v;(@’) +

S(v,v') = %VDV + V' [=0v + 1AV — (VV)V]

@ Generating functional

/DVDV/ S(v,v)+Av+A’v'

Av + /dx x) + Aj(x)vi(x)]
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Turbulence: Elements of Feynman graphs

Vi ——————— Ui = (00;)0 = Afj’(wk,k)

v = (oo = A (i, k)

1); = (Vi) = A”/”/(wk,k)

L)

P;i(k)D(k) I
A (k,w) = J ALY (k,wy) =
i3 (s or) (twg + vk2)(—iwy + vk2)’ i (Kwe) =0
vv/ o PLJ (k) v'v o PLJ (k)
Ai,j (k,wi) = 7_?@]{ k2 Aij (k,wg) = 7736% k2
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Turbulence: Feynman graphs

Yj

= Viji = i(kjdu + kidij)

@ Vertex responsible for nonlinear interactions among velocity fluctuations
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Ward identities

@ Galilean tansformations ¢ = ¢, ; O — Gy
/

pu(r) = p(zy) —0(t),  @h(x) = ¢'(2y)

= (t,x), xy = (t,z+u(t)), u(t):/ dt'v(t / dt'O(t—t)v(t")

8
1l

e Galilean invariance ¢, G(A) =0
/ D, e5@)T4% — 0 Dg = Dg,
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Ward identities

/D¢6S¢L)+A6 g S@O+46 _

57)S(¢v) — @/atv

uple) = udp(x) v, B () = udg(x)
0u0rp(x) = ud0pp(x) + vop(x) — O
{({p'Ow + Adyo)) =

/ dt / dao(?) <<8t<p'(:1:) + /; A(m,t’)(%g”;’/) - A¢<x)>> 0
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Ward identity

/ dx <<—8t(/5/(:17) + /Z 0t — ) A, t’)a¢§9:[; t) _ Ap(:r)>> ~0

6 in o {( Ne
/dm<< +/ ot — 1 )aiéA(it/)—A¢(m)>>:0

@ Functional of connected Green functions G = ¢V

[ i l athW( T+ /O:O H(tt')A(m,t’)aiéA(z:ft/) Aw(x)] ~0
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Ward identity

@ Functional of I-particle irreducible Green functions

_SW(A) _oT(a)
= SAw . AW =-

MNa)=W(A) —ad, ozx)

: 00 n Ol(a) da(a,t')  oT(a)
/ dx [—at%o/(x) + /700 ot —t )5(1(33713/) ox B 60@9(1)]

1
F(O{) = OZL,O/F(,D/L/JOQP + §(XSD/F¢/¢¢(139 4 ...
(Jz@/F,p/w,ai = / / /dmldmgdxga% (ml)F%%w (21, 22, 23) 0, (x2) g, (3)

Lo (@1, 22) = Tis(21,22), g (21, 22, 73) = Dyt (21, 22, 73)
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Ward identity

‘ 0
/ dz Tisi(z1, 22, 7) + {9(75 - tl)%z +0(t —t2)
1

0
Oxgj Lis(z1,22) =0

OTis(x1,25)

=0
81‘11

/dl’ Lisi(z1, T2, 2) + (Lo — t1)

@ Ward identity in wave number - frequency representation p = k, w:

1 y Py
Pis(21,22) = (2m)7Hd / dp Tj(p)eP=1—2)
[igr(w1, 10, 03) =
; | i(p1561+p2x2+p3333)
2r )P dp1dpadpsd(p1 + p2 + p3)Tia(p1, p2, p3)e

. 1 |
/(]T Fisl(l’lalﬁ,.’ﬂ) = W /dp Fisl(])7p7 O)Gzp(zl—xQ)
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Ward identity

o Galilean symmetry: Ward identity

9 ps(p)

Fis l(papa 0) = klai
W

p g ¢ P p s
, LD . ——>
\4
ow v
p=0
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Energy-balance equation

o Invariance of functional measure, Swinger equations

'/‘D<I>F(<I>):/D<I>F(<I>+<I>0) = /‘D@éFéf):o

@ Swinger equation in field-theoretic model of developed turbulence

5 J / 1<,/
DvDV ) /b (v,v)+AvV+A'Y 0
/ vDv ng(x)vl(x)e

*ViatVi + VZ'V()AVZ' — Vi(VSvS)VZ’ — (sts)p + ViDl'SV; + VzAi =0
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Energy-balance equation

ﬁtE + &-SZ- =—-&+ viDisvg + quA;

@ energy density, vector of energy flow density, energy dissipation rate

1 1 1
E = §V2, S; = pvi — voVE(Oivi + Ok Vi) + §ViV2> E= 5%(@:% + Opv;)?

@ Averaging equation

O (E) + 95 (Si) = — (€) + (viDisv')

o
1
)

—&+ // dx'dt’ (vi(z)viy(a")) Dis(z,2") = 0,
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Energy-balance equation

@ Fourier representation of forcing noise

J— / . . ’
Dyj(x,a') = 5(;)2) / dk D(k) Py (K)e™ ) = 5(t — 1')dys (x, )

(
€= / dx' (vi(z)Vi(2")) 1= dis(x, %)), (vi(@)Vi(a)) [=p = %MX_X,) P,
g= ot [akat), Py =d—1, k=K

d(k) = Dok~ *h(m/k), h(0) =1, m=L""

RSO,
5 Re=—=|(—
) |
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Kolmogorov-Obukhov theory

Three typical ranges:
@ energy-containing range: characteristic outer (correlation) length L
o disipative range: characteristic inter (dissipation) length [

e inertial range: | << 7 << L,r = |x — X/|

The general physical picture of the developed turbulence has been proposed by
L. F. Richardson and mathematically formulated by A. N. Kolmogorov and

A. M. Obukhov. Very schematically in this picture eddies of various sizes are
represented as blobs stacked in decreasing sizes. The upper most eddies have
the outer turbulent scale L. The smallest eddies have scales proportional to the
Kolmogorov dissipative scale |. Energy introduced to the turbulent system on
the outer scale is “cascading” down this hierarchy of eddies and is removed by
dissipation. The main advantage of this cascade picture is that it brings out basic
assumptions of Kolmogorov-Obukhov phenomenological theory (K41) and
their possible violation.
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Kolmogorov scaling

@ Structure functions 5, of velocity field v

Sp(r) = ([vi(x) = v, (x)P), r=|x—-%, v,.=vr/r

@ Second Kolmogorov hypothesis

Sp(r) = (51“)”/3fp(r/L) ) r>1

@ Kolmogorov power laws (first Kolmogorov hypothesis)

Sp(r) = Cp(Er)*, ¢ =p/3, 1<r<L

o p=2, (5~ () — Kolmogorov constant C, ~ 1.5
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Exponents dependence ¢, on p
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Intermittency
A ODO [ iu]ec[ionuf
energy &

QO O
O O o

il Flux of

s | energy £
rily ) (5] [}

Dissipation of
energy &

The cascade according to the S model. Notice that with each step the eddies
become less and less space-filling

. _ b p
Qp—g-i-(S—D)(l—g)
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Intermittency

o The intermittency means that statistical properties are dominated by rare
spatiotemporal configurations, in which the regions with strong turbulent
activity have exotic (fractal) geometry and are embedded into the vast
regions with regular (laminar) flow.

@ In the turbulence, such a phenomenon is believed to be related to strong
fluctuations of the energy flux. Therefore, it leads to deviations from the
predictions of the KO41. Such deviations, referred to as “anomalous” or
“non-dimensional” scaling, manifest themselves in singular (arguably
power-like) dependence of correlation or structure functions on the
distances and the integral (external) turbulence scale L.. The corresponding
exponents are certain nontrivial and nonlinear functions of the order of the
correlation function, the phenomenon referred to as “multiscaling.”
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Canonical dimensions

@ Original action

S(v,v') = QOTVDV + V' [=0v + vy Av — (VV)V]

Vo < U, o > g€

P =d=-1  d=d =0

F vVi [L N1 N ulvrv]| &lgle
1] d+1 I 2 220
dp | 1 -1 0 1 31010
dp | 1 |d—1 1 0 4 |2 |0

dp = db. + 2d%
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Turbulence: renormalization

@ Original action
3

S(v,v') = %VDV + V' [=0v + AV — (VV)V]

@ Renormalized action

Sr(v,v') = VQ vDv + V' [-0v +vZ,Av — (VV)V]

VOZVZZM gUZgMQEZga Zgzzljgv DOZQOV(:)%:QV;%

(d—1)Sq
12m)i(d+2)’

c .
Zl,zl——g—l—O(gz), c=

Sq =272 )1(d/2)
2€
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Renormalization

@ Scaling equations

Wiey) = \2WW(e),  en=Ae, Vi=1,...,n

W(el-/ sy en) = ‘en|a'f ( = ol > , 0= AW//A'H,; o = AI/An

P A
|en|® |en|n-1

@ Scaling equation

€0,

(&

[Z Aepe — Aw‘| W((ﬁ) = 0, De g
. de
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Renormalization

@ Scaling equations

D, — Dx + Z D, — Z nq>dg] Wher(t,x,e,u) =0
e @

—Dy + Z dyD. — Z 'r@d‘;f)} Wher(t,x,e,u) =0
€ @

@ Relations for renormalized and unrenormalized functions

. A ) P
quyR(ta X6, M) - Z(I) e er,q) (tv X, 60)7 D/I,er,(t7 X, 60) =0, Du = M@ |eo

@ RG equation

DRG . Z nq)’y¢:| Wn(I)R N 07 DRG - 75“ - D:“ + Bgag - Z'yapa
a

44/65



@ RG functions

B=Dug=—92e¢+7), Ye=DunZe, ~o=DunZe

2¢DylnZ,
1+ Dylnzy’

2¢g4

_ - = —(2 D,InZ
11 D,inZ,’ Ya (2¢ +4)DylnZ,

Vg =
e Critical scaling:  ((g.) =0, [ (g«) >0

—Dy — Ath + Z AaDa — ZR¢A¢] qu)R(t, X, e, ,u) =0
a o IR

o Critical (scaling) exponents
Ap =dp+ Audip + 75, Do =2-7;
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Scaling in turbulence

@ Scaling equations
[,Du —Dx — D1, — 2D, +ny — (d + 1)nv/] W,,,R(t, X, 9,V, ,U') =0

[*Dt +D, —ny + nv/] WnR(ta X,4,V, /L) =0, n=ny+ny

@ Relations for renormalized and unrenormalized functions

WnR(ta X,9,V, /L) - Wn (t, X, 40, VO)

@ RG equation
[D/1 + ﬁgag - ,.)/VDV] WnR =0
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@ RG functions

2¢DylnZ,

=D g=—qg(2 —3 — __tghtav
B nd g( € 'Yu)a Tv 1_3DganU

o Critical scaling:  [3(g.) =0, ['(g.) >0, 7, =2¢/3
[—Dx — A,D; — D1, — nyAy — nv/Av/] WnR(t, X, M) =0
IR

@ Critical (scaling) exponents
szl_’yza AV’:d_l—i_’Y;? Aw:2_7:
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e large-scale (r/l >> 1) asymptotics:

5, s,
[I“E + La—L — Ap]Sp(r) =0

@ solution:

Sp(r) = (er)?» f,(r/ L)

A, =pl2¢/3—-1 = A,=p/3 Kolmogorov exponents!
result:

validity of Kolmogorov second hypothesis — YES

validity of first hypothesis — we don’t know yet

RG gives a receipt how to pass from molecular constants to the effective
variables
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Operator product expansion

@ have we chance to find scaling fuction f,,?

@ Wilson operator product expansion:

fp(r/L) = ZC’p JLYA, r/L << 1

o A” > (0= f,isaregular function at L — oo = corrections to the leading
anomalies calculated in the framework of canonical RG approach

@ in the theory of turbulence the situation is quite different: strong space-time
gradients of velocity fluctuations v lead to the appearance of quantities -
dangerous composite operators - with negative exponents A”
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Anomalous multiscaling

@ Dangerous composite operators in the SNS model occur only for finite
values of the RG expansion parameter ¢

e Dangerous operators enter into the operator product expansions in the form
of infinite families with the spectrum of critical dimensions unbounded
from below, and the analysis of the large L behaviour implies the
summation of their contributions

@ This is clearly not a simple problem and it requires considerable
improvement of the present technique

@ consequence: anomalous multiscaling < intermittency < multifractality

o this is an open problem in theory of developed turublence
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Passive scalar

@ Advection of passive scalar field by turbulent flow

O+ (v- V)0 =0+ f  (f(z)f(a") =0t —1)C(]x —x'|/L)

Dij (T/ 'T/) -

_ . ’
6((1; )2)D()/dkpjj(k)<k_d_eelk(x_x)
T

@ Solution of basic RG equation for SF Sy,

Sop(r) ~ rp(Q_E)fgp(r/L), r/l>>1

@ Operator product expansion

f?p /L ZCFA /L ) k, T/L—>0

51/65



Calculations of renormalization constants

@ The leading composite operators

Fy = (000,0)" A= —ky} + 75,

@ anomalous scaling A;, < 0

e Multiplicative renormalization of F: Iy = Zg [t

@ Matrix of renormalization constants Z are determined up to two loop
approximation by the divergent parts of Feynman diagrams:
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Critical dimensions

© Anomalous 7}, and critical dimensions A, are determined via eigenvalues
of matrix Z

e Complete two-loop calculation of the critical dimensions of the composite
operators F}, for arbitrary values of £, d:

A =AMe+ AP

Ch(k—1) )
AL — AP
N ) sy

e all A, are negative already at small ¢

o Infinity series of OPE for SF S5, truncate at p and CO F), gives leading
singular contribution A, into asymptotic behaviour of scaling function at
r/L < 1.

Sop(r) ~ P (r/L)Rr . I <<r << L

53/65



MHD

@ MHD turbulence (A = 1), Linearized NS equation (A = —1), advection of
passive scalar (A = 0)

v = vAv—(v-Vv—-VP +(b-V)b+f
b = vupldb—(v-V)b+ A -V)v

, ’ ddk ik-(x—x")
Dz-j(x,x)za(t—t)/—D(kWue

2 ;. Rij(k) = Pj(k)+ Hij(k)

@ Tensorial structure
Pyj(k) = b5 — kikj /K?,  Hij(k) = ipeijiku/k,  |p| <1, p o~ (vrotv)

@ Field-theoretic action

1
S(®) = iv’Dv’ + V' [=0v +1vyAv — (v-V)v+ (b-V)b]

+ b'[-db + vyuplAb — (v- V)b + A(b - V)V]
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Calculations of Feynman graphs

@ Two-loop calculations

s — p() 4 @) 1)+291F
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Turbulent Prandtl number

@ Dyson equations for response fuctions

vk W)V (k00" = (GV) Nk w) = [—iw + vok? + V'V (w, k)]
b(k,w)b'(=k,0))"" = (GP*) " (k,w) = [—iw + uorok® + PP (w, k)]

—~

o Inverse turbulent Prandtl number - ration of response functions

vy = G lew=0) =
GV (k,w=0)’ eff

@ Two-loop precisiond = 3, p # 0
up(A) = u®(4) + p2ul)(A)
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Turbulent Prandtl number

@ Inverse Prandtl number - dependence on A

2
p=0.7
= \,)\}}E
e 1
:!i.) p=04
0 p=0
//
-2 -1 0 1 2 3

Obr.: Inverse turbulent Prandtl number u. s as a function of A shown for fixed values
of p.
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Turbulent Prandtl number

o Inverse Prandtl number with two-loop precision

A -1.0 —0.5 0 +0.5 +1.0 +1.5
u®(A) | +1.000 | +1.2705 | +1.3685 | +1.4436 | +1.4205 | +1.2145
uP(A) | 0.000 | 40.3587 | +0.2376 | —0.0854 | +0.0623 | +0.9444

ugsr(A, p) = Proi(A, p) = u®(A) 4+ p*ul?) (A)

@ Prandtl number in advection-diffusion problem, helicity accelerates spread
of admixture in turbulent enviroment

Pr(0,0) = 0.73,

@ Non-helical turbulence — experimental status
Preg,(0,0) = 0.7 - 0.9,

averaged value ~ (.8 is recommended by
K.-A. Chang and E.A. Cowen, J. Eng. Mech. 128, 1082 (2002)

Pr(0,1) = 0.62
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Instabilities in helical turbulent electrically conducting

fluids

additional linear divergence in response function of magnetic field

appearance curl term in self - energy diagrams >

N, N

Ezbjb/(p> ~ €isipsTi; Ty; ~ Aoy
response function  (b(k,#)b’(—k,0)) ~ g(t)e—uu(kQ—aAk)t

A UV cut-off ~ [~!, [ is Kolmogorov dissipation length, connected with L
L = Re3/4]

exponential growth of fluctuations b in the region of large space scales
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Elimination of instability

o shift b — b+ B, B=(b)#0

S(®) = %[V/DVV/ + b/ DPV| 4+ v [-0v + vZi1 AV — (v-V)v +
+ Zs(b-V)b] + b/[-db + vuZeAb — (v- V)b + A(b - V)v] +
+ Z3V'(B-V)b+ Ab/(B-V)v

@ new cross propagators < vb’ >, < bv’ >, < bv >, < bb > appear, all
propagators are more complicated and depend on uniform field B
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Elimination of instability
N N

+
o self-energy E}}b/(p) ~ isiPs 1l

) T[j :CLA(glj—b|B|((5lj—|—(3[(3j), eEB/‘B‘

al 1 I(d/2+3/2)
B = — = 1 * A/\7 A ’_1
Bl=7 \/=[A] T(d/2+1) 70

@ real space dimension d = 3

8

3my/|A]

IB| = usv A
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Alfven waves and corrections

@ linearized MHD equations in polarised medium

ov = vk’*v+ivb
ob = wk®v+iyv —iulk x e](eb)

v =v(t,x) = v(t)e*, b = b(t,x) = b(t)e™**

@ solution in inviscid medium (~ = 0) without exotic term (1 = 0):
Alfven waves v(t) ~ b(t) ~ e @ W=y
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Exotic perturbations

@ solutions with exotic term (i # 0)

e orthonormal basis of three vectors e, eo, €3

e1 =k/k|, ex=(e—ejcosh)/sinf, e3=][e; xey =][e; xe]/sind
€3 €3
€2
0 o .
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Exotic perturbations

e velocity and magnetic vector fields are perpendicular to wave vector k or,
equivalently to basis vector e

V(t) = 1)2<t)62 + U3(t)€3, b(t) = by (t)eg + bg(t)eg
e modes v;(t), b;(t) satisfy the equations:
t) = iyba(t), Oeba(t) = ivva(?)
t) = i’ybg(t), atbg(t) = ivvg(t) + 2i)\bQ<t)

at’UQ(
8t’U:%(
@ solutions:

bg(t) = —’Ug(t) = bgefmt
b3(t) = [b3 +idbyt]e T, v3(t) = [=b3 — A/yby — i\by t]e
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Physical interpretation

@ Generation of uniform magnetic field -turbulent dynamo
@ Turbulent dynamo - result of spontaneous symmetry breaking

@ Accompanying physical effect: Appearance of disturbances in Alfven
waves perpendicular to spontaneous field B which leads to their linear
growth in time

e It produces long-lived pulses ¢ exp(—urk?t) - like goldstone boson
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