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OUTLINE

◼ Pseudoscalar interactions caused by dark matter 
axions

◼ Relativistic Foldy-Wouthuysen transformation and 
the relativistic Hamiltonian in the Foldy-
Wouthuysen representation

◼ Corrections to the spin motion

◼ Discussion

◼ Summary
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Pseudoscalar interactions 

caused by dark matter axions
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Even if the axion field is influenced by the electromagnetic

interaction, this equation is used only for a determination

of the frequency Ea and does not change in the weak-field

approximation.
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Strong CP problem and dark matter

Peccei&Quinn’77, Wiczeck’78, Weinberg’79
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The oscillating contribution to the EDM (from gluons) is

given by

Another contribution to the Lagrangian introduced

by Pospelov et al. is defined by the gradient interaction:

M. Pospelov, A. Ritz, and M. Voloshin, Bosonic super-WIMPs as

keV-scale dark matter, Phys. Rev. D 78, 115012 (2008).

V. A. Dzuba, V. V. Flambaum, and M. Pospelov, Atomic

ionization by keV-scale pseudoscalar dark-matter particles,

Phys. Rev. D 81, 103520 (2010).

P. W. Graham and S. Rajendran, Phys. Rev. D 88, 035023 (2013).

P. W. Graham et al., Phys. Rev. D 97, 055006 (2018).

P. W. Graham et al., Phys. Rev. D 103, 055010 (2021).
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The Lagrangian describing electromagnetic

interactions of a Dirac particle with allowance for a 

pseudoscalar axion field is defined by
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The corresponding Hamiltonian in the Dirac representation 

reads
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Relativistic Foldy-

Wouthuysen transformation 

and the relativistic Hamiltonian in 

the Foldy-Wouthuysen representation
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For arbitrary-spin particles in external fields, the Foldy-

Wouthuysen (FW) representation restores the 

Schrödinger form of relativistic quantum mechanics 

(QM) while the Dirac representation corrupts this form 

(Foldy, Wouthuysen, 1950; Silenko, 2003, 2008).

The position and spin operators, as well as other 

operators, are counterparts of the corresponding 

classical variables only when they are defined in the FW 

representation but not in the Dirac one (Foldy, 

Wouthuysen, 1950; Zou, Zhang, Silenko, 2020).

The passage to the classical limit usually reduces to a 

replacement of the operators in quantum-mechanical 

Hamiltonians and equations of motion in the FW 

representatin with the corresponding classical 

quantities (Silenko, 2013).

The FW transformation belongs to the foundation of QM!
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FW transformation for relativistic arbitrary-spin particles
in arbitrarily strong external fields – final results and the
proof of validity:

A.J. Silenko, General method of the relativistic Foldy-Wouthuysen
transformation and proof of validity of the Foldy-Wouthuysen
Hamiltonian, Phys. Rev. A 91, 022103 (2015).

If one holds only terms proportional to the zero and first 

powers of ħ, the final FW Hamiltonian takes the form
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This is the only relativistic method which gives the exact
form of leading terms in the FW Hamiltonian of the zero and 

first orders in    and does not need cumbersome derivations. 

The first-order terms in     describe spin effects.

In the considered case,

The FW Hamiltonian has the form
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The new terms describing the interaction with the axion fields

are given by
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Corrections to the spin motion.

A comparison with similar

corrections caused by the axion-

induced EDM
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In the semiclassical approximation, the angular velocity of the 

spin rotation has the form
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The equation describes the spin motion relative to the

Cartesian coordinate axes. In accelerators and storage rings, 

the spin dynamics is determined relative to the radial, 

longitudinal and vertical axes. The angular velocity of the spin

motion relative to the latter axes is given by

The newly added first term in is three orders of

magnitude larger than the second term. This fact significantly

increases an importance of a search for a possible

manifestation of the axion field in storage ring experiments.
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Summary
◼ The Dirac Hamiltonian with an allowance for the field

of dark matter axions has been written down and its 
relativistic Foldy-Wouthuysen thansformation has 
been carried out. The obtained equations of spin 
motion are exact.

◼ The derived equation of spin motion contains a new 
term. In comparison with the previous results 
obtained in the static limit, this term extraordinarily 
(three orders of magnitude) enhances the real value 
of the axion-induced signal. This fact significantly 
increases an importance of a search for a possible 
manifestation of the axion field in storage ring 
experiments.

◼ The newly obtained contribution results in the spin 
rotation about the radial axis.



19


