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Response of conduction electrons in an electric field (E)

m
d v⃗
dt

=e E⃗−m v⃗ / τ

Ohm's law B=0

Drude Conductivity

Equation of motion:

J⃗ =n e v⃗= n e2 τ
m

E⃗

Steady-state
drift velocity: ( dv

dt
=0)v⃗= e E⃗ τ

m

Electric current
density:

Drude conductivity

τ relaxation time

Scattering term 
Acceleration by E 



  

( J x

J y
)=n e2 τ

m (1 0
0 1 ) ( E x

E y
)

B≠0

In matrix form

What happens if we apply static magnetic field

σ∼ ( 1 0
0 1 )

Remark:  Transverse current in the presence of both 
electric and magnetic field 

 Off-diagonal conductivites                             Hall conductivities (Classical)

e (v×B)+

(Electrons in 2D Plane)



  

Hall Conductivity

0=σ xy ∼ 1
B

Hall conductivity Hall resistivity ρxy ∼B

σ xy=n
e2

h

Classical Quantum



  

Key point: Time reversal symmtery is broken (since B
is not invariant under the transformation         )t →−t

n∼∫k
f 0Ωc

Berry Curvature

Quantum Hall Conductivity σ xy=n
e2

h



  

Question: Is there any counterexample where
transverse current is non Zero even with 

Remarks

B=0

B≠0

B=0

Indeed YES

Transverse current NON-Zero    

Transverse current ZERO



  

What is our goal?

J ∼σ E+χ E2

Zero for B=0 NON-Zero and significant



  

Liang Fu   Inti Sodemann

(Berry curvature dipole) 

Non-linear Hall effect 

Hall Conductivity 

Dab=∫k
f 0aΩb

σab∼∫k
f 0Ωc =0 T symmtery

Hall-like conductivity T symmtery
Inversion symmetry 

1st order moment of the Berry curvature Fermi surface quantity  
PRL 115, 216806 (2015) 

j∼E

( j∼E 2)



  

ja=e∫k
f 0(k )va

va=∂aϵ(k )+ϵabcΩb k̇ c

k̇ c=−e E c(t ) E c(t )=Re(εc ei ω t)

Non-linear Hall effect 

The electric current density  

where

Group velocity

The change in momentum 

anomalous velocity



  

ja
0=χabcεbεc

✳ ja
2ω=χabcεbεc

In relaxation time approximation, the distribution of electrons  

−e E a τ ∂a f +τ∂t f = f 0− f f 0

Expansion of f up to second order eventually gives distribution

χabc∼ϵadc∫k
f 0(∂bΩd )where

equilibrium distribution

(Berry curvature dipole) 



  

Non-zero Berry curvature  dipole

Spin orbit coupled linear Dirac Hamiltonian with a tilt 
                                                            
                                                                 

Dirac Hamiltonian  without SOC but warping term

(PRL 123, 196403 2019)

H (k )=σ y k x−σ x k y+α k y

H (k )=σ y k x+σ x k y+(α k x
2−β k y

2)+γ k x k y

Tilting term

 (PRL 115, 216806, 2015)



  

Nature 565, 337 (2019) 

Nature Materials, 18, 324 (2019) 



  

We identify

2D Dirac Hamiltonian 

No tilting of Dirac cones              No warping term

H (k )=(α k x
2−δ0)σ x+v F k yσ y



  

H (k )=σ . k

H (k )=(α k x
2−δ0)σ x+v F k yσ y

H (k )=σ . k

δ0>0 δ0=0

H (k )=α k x
2 σ x+v F k yσ y

      Model Hamiltonian

Saddle point

Spinless Fermions



  

      Fermi Surface topology



  

H (k )=(α k x
2−δ0)σ x+v F k y σ y

T =K

P=σ y

=σ0

M x :(x , y)→(−x , y)

Time reversal

Spinless Fermions

T −1 H (k )T =H (−k )

Inversion P−1 H (k )P=−H (−k )

Mirror symmtery

=σ x

Effective Symmetries 

δ H (k )=mσ z

Symmetry breaking perturbation

Breaks       and 

M y :(x , y)→( x ,− y)

P M y



  

H (k )=d⃗ (k ) . σ⃗

Energy dispersion E k=±∣d (k )∣

Berry Curvature 

Ω=d⃗ (k ) .
(k x

d⃗ (k )×k y
d⃗ (k ))

d (k )3

Ω(k )=
αβ k x

E k
3

This momentum dependence  of Berry curvature plays an important role!!

For isotropic case:

Ω(k )∼ 1

E k
3



  

Berry Curvature 

Ω(k x , k y)=−Ω(−k x ,−k y ) TR Symmetry

k x
Ω(k x , k y)=k x

Ω(−k x , k y)k y
Ω(k x , k y)=−k y

Ω(k x ,−k y)

isotropic case



  

D y=0

Dx=2√m0α
√μ2−m0

2

μ3 I (μ ,δ0)

D x (y )=∫k
f 0x ( y)Ωz

Berry Curvature Dipole 

I (μ ,0)≃3.5(μ2−m0
2)1 /4

with
H (k )=(α k x

2−δ0)σ x+vF k y σ y

D x
independent of v F

Remark: This fact may guide us to identify materials with low effective
masses for sizable Berry curvature dipole



  

Berry Curvature Dipole 

Semi-Dirac point

Samal, Nandy and KS, 
Phys. Rev. B (L), 103, 201202  (2022)



  

Area of Fermi Surface



  

D x (y )=∫k
f 0x ( y)Ωz

Berry Curvature Dipole 

At low temperature ∫k
f 0 ∫μ<E k

d 2 k =0 (due to isotropy)

Thus tilting of Dirac dispersion or warping term lead to Dx ( y )≠0

  Why D x≠0 D y=0

This is  because            is brokenM y



  

Helicity dependent photocurrent 

Origin: Berry Curvature 

The current density arising from the anomalous velocity 

J =2e∫k
( k̇×Ω) f noneq

f noneq Nonequilibrium distribution function

Key Remark Anomalous velocity leads to helicity dependent photocurrent if

Ω(k )∼k x
(PRL 105, 026805 (2010)



  

J ∼χ(E y E x
✳+E y

✳ E x)

+χ(E y E x
✳−E y

✳ E x)

Linear Photogalvanic
effect

circular photogalvanic
effect

Changes sign  with the helicity of light

χ∼e Dx / ℏ



  

J ∼χ(E y E x
✳+E y

✳ E x)

+χ(E y E x
✳−E y

✳ E x)

Linear Photogalvanic
effect

circular photogalvanic
effect

Changes sign  with the helicity of light

χ∼e Dx / ℏ



  

Non-linear Nernst effect 

S i=∫k

(E k−μ)2

T 2 v iΩ(k ) f 0 '



The present model naturally can host helicity dependent photocurrent

We have identified a simple platform to have subtantial Berry
curvature dipole 

For the particular system discussed shows Berry curvature dipole
dominantly depends on the effective mass of the quasiparticle. This
may guide us to identity materials with large dipole moment.

Conclusions

Q: Can we have significant non-linear Hall response even in the
presence of a magnetic field?

Thank You
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