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Motivation & Goals 3

Systematic analysis of inclusive cross sections of particle production
In p+p, p+A and A+A collisions to search for general features of
hadron and nucleus structure, constituent interaction and
fragmentation process over a wide scale range.

z-Scaling is a tool in high energy physics
Development of z-scaling approach for description of processes
with unpolarized and polarized particle production in inclusive reactions
and verification of fundamental physical principles of
self-similarity, locality, fractality, maximal entropy, etc.

Search for signatures of a phase transition in nuclear matter
produced in heavy ion collisions at high energies.

%@ Phys. Part. Nucl. 54, 640 (2023)
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Principles & Symmetries 4

"Fundamental symmetry principles dictate the basic laws
of physics, control the structure of matter and define the
fundamental forces in nature."

Leon M. Lederman

“...for every conservation law there must be a continuous symmetry....”
Emmy Noether

The concepts of symmetry, of invariance, play a very
large role and, it appears, an increasing role in physics.
Eugene P. Wigner

“Scaling” and “Universality” are concepts developed
to understanding critical phenomena.
Harry E. Stanley, Grigory I. Barenblatt,...

M.Tokarev ISHEPP’23, Dubna, Russia



Principles & Symmetries 5

Discrete (C,P,T,..) and continuous symmetries correspond to fundamental
principles (gauge, special, general and scale relativity, ...) and conservation
laws (charge,.... ) and vice versa.

» Principles are reflected as regularities in measurable observables and

can be usually expressed as scaling in a suitable representation of data.
» z-Scaling of differential cross sections of inclusive particle production
in p+p, p+A and A+A is used as a tool to search for and study of principles
and symmetries that reflect properties of hadron interactions at constituent level.

» z-Scaling is based on the principles of self-similarity, fractality, and locality.

... Scaling means that systems near the critical points exhibiting self-similar
properties are invariant under transformation of a scale. According to
universality, quite different systems behave in a remarkably similar fashion
near the respective critical points. Critical exponents are defined only by
symmetry of interactions and dimension of the space.

@_i; M.Tokarev ISHEPP’23, Dubna, Russia S



Self-similarity 6

> A self-similar object is exactly or approximately similar to a part .
of itself (i.e. the whole has the same shape as one or more of the parts).
> Self-similarity is a typical property of fractals. o .
» Scale invariance is an exact form of self-similarity where at any
magnification there is a smaller piece of the object that is similar

Dl
to the whole.
Description of a process in terms of
a scaling function and similarity parameter
Reynolds number Mach number Bjorken variable
Re= pVD/n Ma=v/c X = —0%/2(pq)
laminar & turbulent flow  subsonic & supersonic wave low x & high x
N e b %
shock wave,  explosion, confinement
gg Violation of a scaling is an indication of new phenomena I
M.Tokarev ISHEPP’23, Dubna, Russia ‘:'TETEE‘



The phase diagram of water H,O 7

» Self-similarity as a symmetry principle is confirmed.

» The law of corresponding states, equation of state are found.

» Phase diagram — boundaries, triple and critical points,..., is established.
» Properties of phases are investigated.
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Singularity of specific heat near a Critical Point 8

Specific heat of liquid “He Heat capacity of Ar
Superfluid transition
d s S Critical Point
| T. =150.8K
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T i i i
Jrop Critical Poirt The isochoric heat _capaglty C,
&of T _519K of argon becomes infinite
‘T c at the vapor-liquid critical point.
- T.T;\ degrees T-T, milidegraes T-T,, microdegrees °r %\ AV VOI‘One| ’ e‘; al-
M. J. Buckingham and W. M. Fairbank, 1961 o, ZN-Exp. Teor. Fiz. 43, 728 (1962).

H.E. Stanley, 1971

> Near a critical point the singular part of thermodynamic
potentials is a Generalized Homogeneous Function (GHF).

> The Helmholtz potential F(A*¢,A*V)=AF(¢,V) is GHF of (¢,V).
c, ~e[* e=(T-TYT, ¢,=-T(@F/oT?), ¢, =TdS/aT|,

Critical exponents define the behavior
5 ‘ﬁ of thermodynamic quantities nearby the Critical Point.

[ ™
|1I'II-. 5 i
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Singularity of specific heat c, of liquid “He in cosmic space

Specific heat Thermal conductivity
120 ' | z 010 The experiment was performed in
g Earth orbit to reduce the rounding of
§ 100} % the transition caused by gravitationally
%ﬂ % induced pressure gradients on Earth.
] o 0.01F
80 £ Critical exponent describing the
e S R specific-heat singularity was found
: . 10 10 10 10
=T ) T, -1 to be o =-0.01276 +£0.0003.
Specific heat and thermal conductivity vs. At X
reduced temperature near the lambda point Cp =— [t +B~
L T-T,
T, Expt. in space |t|<10-10 (4He , Lipa).
> Density gradients cause substantial distortion Expt. on Earth |t|<107 (“He , Fairbank).
of the singularity for reduced temperatures. Expt. on Earth |t|<104 (Xe, Sengers, ).
» Transition broadening associated with
gravity and relaxation phenomena. In space, the lambda transition is expected

J.A. Lipa etal.,,

“Specific heat of liquid helium in zero gravity very near the lambda point”
Phys. Rev. B 68, 174518, (2003)

M.Tokarev

to be sharp to [t|<10-*? in ideal conditions.

.:uirrn'f!;'lnm:n.
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Phase transitions & Critical phenomena 10

» Critical phenomena reveal unusual characteristic behavior of substances in the vicinity
of phase transition points.

» They are observed due to an increase in the characteristic sizes of different fluctuations.

» In these phenomena, the self-similarity of a system arises spontaneously.

» This scale property is characteristic of fractal structures.

» Second order transition is accompanied by a spontaneous symmetry breaking.

Signatures of critical phenomena:

» increase in compressibility (liquid-vapor equilibrium)

» increase in magnetic and dielectric susceptibility in the vicinity of the Curie points
of ferromagnets and ferroelectrics

» anomaly in heat capacity at the point of transition of helium to the superfluid state

» slowing of the mutual diffusion of substances near the critical points of mixtures of
stratifying liquids

» anomaly in the propagation of ultrasound (absorption of sound and an increase in its
dispersion)

» anomalies in viscosity, thermal conductivity, slowdown in the establishment of thermal
equilibrium, etc.

These anomalies are described by power laws with critical indices.

Strong fluctuations and infinite correlation radii
%@ in such systems confirm self-similarity. —Ce
M. Tokarev

|:||'I1TI'? r:||.
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11

z-Scaling:
hypothesis, 1deas, definitions,...

Basic principles:
locality, self-similarity, fractality,...

Int.J.Mod.Phys. A 27 (2012) 1250115
J.Mod.Phys. 3 (2012) 815
Int.J.Mod.Phys. A 32 (2017) 750029
Phys. Part. Nucl. 51 (2020) 141
Nucl.Phys. A 993 (2020) 121646

Nucl.Phys. A 1025 (2022) 122492
25_ S — S
, . .|1I'|I'.|'|'I . T
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z-Scaling 12

Principles: locality, self-similarity, fractality

P« Locality: collisions of hadrons and nuclei are expressed

via interactions of their constituents
P, (partons, quarks and gluons,...). .M. <Xl

Self-similarity: interactions of the constituents
are mutually similar.

Fractality: self-similarity is valid over a wide scale range. ™:

Hypothesis of z-scaling :

1o 0 Inclusive particle distributions can be described X1:X2,Yar Yy
575 P Yems In terms of constituent sub-processes and parameters

o _ 01,0,,€.,€ ,C
characterizing bulk properties of the system. Lr2rmah

Ed3c/dp3 Scaled inclusive cross section of particles depends ¥(2)

in a self-similar way on a single scaling variable z.
E! ; M.Tokarev ISHEPP’23, Dubna, Russia
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Locality 13

Collisions of colliding objects
are expressed via interactions of their constituents

inclusive
™ particle P, P,, p— momenta of colliding
y and produced particles

My, M,, m; — masses of colliding
and produced particles

/ x, —p oy g colliding x,, x, — momentum fractions of
»22% object colllélng particles carried by
constituents

Ya Yy — momentum fractions of
scattered constituents carried by
inclusive particle and its recoil

0,, 0, — fractal dimensions of
colliding particles

e, &, — fractal dimensions
of scattered constituents
(fragmentation dimensions)

colliding ) X,
object F-Mi-0:

recoil  m,
particle

Elementary sub-process:
M) + M) — (Myly, )+ (X M+, Mp+ m,lyy )

Momentum conservation law for sub-process m, —mass of recoil particle
(X, P1+X,P, —ply ) = My?
MaSS Of recoil S t M.Tokarev, 1.Zborovsky
yS em Yu.Panebratsev, G.Skoro

— Phys.Rev.D54 5548 (1996)
I\/IX Xl M 1+X2M 2+ mZ/yb Int.J.Mod.Phys.A16 1281 (2001)

o
TILLLLE! 1T|:||.
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Self-similarity 14

Interactions of constituents are mutually similar

The self-similarity parameter z is a dimensionless quantity, expressed through
the dimensional values P, P,, p, M, M,, m;, m,, characterizing the process
of inclusive particle production

p_‘ _1
2=12,-Q)
P, > .:': P, P.M,. 3, =<Xl
52
207 [N _Jdn 1)
X (dN,./dn|,)"m,

m

» 1 —the minimal resolution at which a constituent sub-process
., can be singled out of the inclusive reaction
> S1 —the transverse kinetic energy of the sub-process
consumed on production of m; & m,
» dN_, /dn|, — the multiplicity density of charged particles atn =0
» C—a parameter interpreted as a “specific heat” of created medium
%@ » my an arbitrary constant (fixed at the value of nucleon mass)

M.Tokarev ISHEPP’23, Dubna, Russia



Fractality 15

Self-similarity over a wide scale range
Fractal measure

=l
Z2=2,-C)

Q= (1- %) (1-X,) " (1-,)" (1-y,)" '<
P, M,, 5, —s 1

0<xXx,X,<1 O<y,,y, <1

Q — relative number of configurations containing
a sub-process with fractions x,, X, , y,, v, of the
corresponding 4-momenta

04, 0, €,, &, — Parameters characterizing structure of the colliding
objects and fragmentation process, respectively

Q1 (x, X,,Y, Yy ) characterizes resolution at which a constituent sub-
process can be singled out of the inclusive reaction

The fractal measure z diverges as the resolution Q! increases.
z(Q)|

—> 0

Q‘1—>oo

|:||FI'I'I'I'!?'|'II1T|:||.
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Momentum fractions Xy, Xs, Va, Vs 16

Principle of minimal resolution: The momentum fractions X;, X,
and v,, v, are determined in a way to minimize the resolution

Q1 of the fractal measure z with respect to all constituent
sub-processes taking into account 4-momentum conservation law:

Momentum conservation law
(X1P1+X,P,—ply,)? = My?

o /8X1 Va=Ya (XX, Yp)
oQ [ox, | =

Ya=Ya (Xl'XZ ’Yb) o

oQ loy, | =

Ya=Ya (X1’X2 :yb) o

Resolution of sub-process
Q7 =(1-x,) ™ (1-%,) 2 (1-y,) ™ (1-y,) ™

Fractions x,, X, Y., Y, are expressed via
Mass of recoil system Lorentz invariants — scalar products of
My = X, M, +X,M,+m,/y, 4-D momenta and particle masses.

e

%@ — ﬂl‘l‘l';‘!]'l.'llﬁr:n.
M.Tokarev ISHEPP’23, Dubna, Russia — JINF




Scaling function ¥(z) 17

Normalization condition

T\P(z)dz =1

= PZ=M2=62
. Scale transformation

Z—>oaZ Y(z)—>ar ¥(2)
preserves the normalization condition

X

3
Y=t J1pL0
(dN/d n ) "Ginel dp

3
“ J‘Ed—p(zdydsz = Oinel” < N>

oie — the inelastic cross section

<N> — the average multiplicity
dN/dn — the multiplicity density
J(z,m;p12y) — the Jacobian

Ed3c/dp? — the inclusive cross section

YVV VYV

The scaling function W(z) is probability density to produce

%@ the inclusive particle with the corresponding z.
M.Tokarev ISHEPP’23, Dubna, Russia




Properties of ¥(z) in pp collisions 18

Energy independence of ¥(z) (s¥?> 20 GeV)

Angular independence of ¥(z) (6,,,:=3%90°)

Multiplicity independence of ¥(z) (dN.,/dn=1.5-26)
Saturation of W(z) at low z (z < 0.1)

Power law, ¥ (z) ~z P, at high z (z > 4)

Flavor independence of ¥(z) (n,K,p,A,..,D,Jy,B,Y,..., top)

YV VV VYV V V

These properties reflect self-similarity, locality, and fractality
of hadron interactions at a constituent level.
It concerns the structure of the colliding objects,
constituent interactions and fragmentation process.

Eﬂ; ; M.Tokarev ISHEPP’23, Dubna, Russia




19

Some results of data analysis
for p+p collisions In z-scaling approach

p-p < 200.GeV.

RHIC & STAR

Int. J. Mod. Phys. A 32, 1750029 (2017)

25 Phys. Part. Nucl. 51, 141 (2020)
M.Tokarev ISHEPP’23, Dubna, Russia




Self-similarity of strangeness production in p+p 20

Universality: flavor independence of the scaling function

Ke, K, K*, ¢, A, 2, Q, T* A*

“Collapse” of data points onto a single curve

STAR:
MT& I.ZbOI‘OVSk}” 10% éll:l 4 S R o e I II””_!: 10? E"""l LI B V) | LI L LR | ™3 PRL 92 2004 092301
Int. J. Mod. Phys. - . pfp_)thX 4 0k ptp—~>h+X ] (2004)
A4 1417(2000) i L i Pepsineer) e /Z PRL 97 (2006) 132301
A321750029 (2017) 10 E wio 0,000 4 107 T g s7=200G6ev 3 PLB 612 (2005) 181
’ - g’“ 1 w0 6 oy 3 1 PRC 71 (2005) 064902
~ 10 f s I wfo k03 ors ] PRC 75 (2007) 064901
s I g 1 2L O K 03 075 1 PRL 108 (2012) 072302
1073 - Yooy . % £ v K 03 0.6 :
3 E 10" e a K" 03 06 y
10° ¥ i % % T 5L O ¢ 03 06 E
wE oo w02 1o S B W T ¥ PHENIX:
s 085 | Tz | PRC75 (2007) 051902
CE s A 0 o I P Fer s oo ! PRD83(2011) 052004
ot g 1 1 1 i "Eo A 04 05 1 PRC 90 (2014) 054905
102 10° 100 10! w1 T o @
z Z
o . » Energy independence 5 power law W(z)~z P at large z
Solid line for =~ meson » Angularindependence 3, . independent of p, s2
Is a reference frame > Flavor independence oo "
£,=02, a,=1 > Saturation for z < 0.1

[ ™
|1I'|I-'.|'|'I . T
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Self-similarity of strangeness production in p+p 2

Ke, K, K* ¢, A, B, Q, T* A*

Constituent sub-process in terms of

Momentum fraction Recoil mass Energy loss AE/E~(1-y,)
0.3 30‘1‘['|‘|'I'l0‘ 07777
ptp~htX o , p+p=>h+X ®
5'=200 GeV v K s'"=200 GeV

03 |

Ya

M, (GeV)

0.2
0.1 (%5

0.1 %

o@D mRexzx0O>gI OO
MO N e R AR

0.0

...........

6 8 10 12 14
Py (GeVic) py (GeV/c) Py (GeV/e)

The more strangeness, The more strangeness, Tﬁe Imore stranger:ess,
the larger momentum fraction the larger recoil mass the larger energy [oss

Q = z K Q = h2 K
X > XE > X > X! M3 > M3 > M3 > MK €q > &z > €5y > &

Smooth behavior of x,,Vy,, My vs. p.

Self-similarity dictates the properties of constituent sub-process.

[ ™
|1I'|I-'.|'|'I . T
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Proton fractal dimension

0.8 ——

0.6+

0.4}

0.2

Model parameters: 9, -, c for p+p

Parameters 9, e, c are found from

22

the scaling behavior of ¥ as a function of self-similarity variable z

0

p+p—>h+X

. et e — — — — — 9~

~5%

1.0

w

10' 1
s (GeV)

» Self-similarity of proton sub-structure: & = const

0.0

» 0, ¢, c are independent of \/s, Pt

Fragmentation dimension

CF

0.8+

0.6

L

0.4+

L ——— = = ——

02+

p+p—>h+X

~20% - |

—_,—— —

~10%

KK K ¢ A A T 2 o (F

» ¢ depends on flavor

Q

0.5

0.4F

03

0.2

0.1

0.0

“Specific heat”

C

p+p—oh+X

It~ ———— 9~

~10%

10°
s'?(GeV)

» Self-similarity of hadronization process: e = const for F=const
» Constancy of “temperature” fluctuations: ¢ = const

M.Tokarev

ISHEPP’23, Dubna, Russia
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23

Some results of data analysis
for A+A collisions in z-scaling approach

Central Au-Au {200 GeV

RHIC & STAR

Nucl. Phys. A993 (2020) 121646

Nucl. Phys. A1025 (2022) 122492
E! ; M.Tokarev ISHEPP’23, Dubna, Russia




Self-similarity of h™ production in Au+Au collisions 24

Self-similarity parameter

7-70"! “Collapse” of data points onto a single curve
— %o
1/2 1¢ g T E 10 grm
. S| 0 b STAR BESI AutAu-h+X 1 100 STAR BEST AutAu~h+X =
0 C 10 F 0-5% central 4 N 40-60% peripheral =
(dNCh /dn |0) AAmN 10" ;— n[<0.5 3 0 = [n]<0.5 —;
02 siew 1 W e
5 , F ; 3 3L N :
Q= (1_X1)5A (l—Xz) A (1_ya)5AA (1_yb)8AA QIO'—‘ r sD:» 2(6)2 8,=0.50A 3 ﬁm- ‘ z 222 5,-0.50
S E ¢ 3 T T oy E
e e . . 10°F & 27 - 0L 2 2 -
> dN/dn|, - multiplicity density s b O 196 87050 § wer © mssce
_E O 115 8,=045A 11.5 8,- 0454 H
> CAA - “SpeCiﬁC heat” of bulk matter 107 F o+ 77 8037 1 075 ¢ 77 5.-037A :
. . 10% & 2 0 ¢ -
» 0, - hucleus fractal dimension 09 p BN/, 0Tl TN g D 0N ok
> gap - fragmentation dimension o . e e e
VA Z
AA collisions: >  Energy independence of ¥(z)
5, =Ad »  Centrality independence of_\If_(z_)
24N/ d »  Dependence of g,, on multiplicity
Ean = &0l ey | UN)+Eg, »  Power law at low- and high-z regions
TA 1A 9 1 d3(5 . .
Y(z)= Indication of the decrease

1.3
(@N/dn) o, dp of & for Vs < 19.6 GeV
MT & I.Zborovsky, Nucl. Phys. A993 (2020) 121646
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Scaling function, momentum fractions and recoil mass .
vs. centrality and p, at Vs, = 7.7 GeV & |n|<0.5

10?

10!

10°
10!
102
103
E: 104
> 10°
10°
107
108
107
1o
1ot

M, (GeV)

~ STAR BES-1 AutAu—h+X
A §.2=17.7 GeV

centrality
0-5%
5-10%
10-20%
20-40%
40-60%
60-80%

0<¢C P40 r

sAuAu—sn(IdNncgl’dn e, 5,-037A

L AL SR SR BRI AL B SR B SR L ) L L

£,70.0002 £ ~0.13

10! 10° 10!
Z

AutAu—=h+X STAR BES-I
L $.2=17.7 GeV

* o 0-5%
0 510%
v o10-20% 9 60-80%

A 20-40%
© 40-60%

. . |
0 1 2 3 4

Pr (GeV/ic)
M.Tokarev

Au+Au—h +X
» Scaling behavior of ¥(z)

1.6

1.2

» Weak dependence of AXy, Y, , My ax,

on centrality
» Cumulative region is reached
» Smooth dependence vs. variables

» Power behavior of ¥(z) at z<0.4
» Power behavior of W(z) atz>4

» Linear dependence of My and Ax; |

on p for all centralities
» Growth and flattening of y, vs. p;
> Decrease of 5,=A8 with sy,

There are no found discontinuities
In these dependences.

ISHEPP’23, Dubna, Russia
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Scaling function, momentum fractions and recoil mass .
vs. centrality and p; at Vs, = 39 GeV & [n|<0.5

AuUu+Au—h +X

10° g — T

0t g STAR BES-I AutAu=h+X = 1o

A w1 > Scaling behavior of ¥(2) o e T
AT 1 > Strong dependence of Ax,, y,, My o
A B on centrality el

v E S 1 > Cumulative region is not reached C
wop e o ot > Smooth dependence vs. variables T . C i C
oawnx s 5> Power behavior of W(z) at z<0.4 A A R

s " _.++=%  » Power behavior of ¥(z) at z>4 o I
= . > Growth of Ax,, y,, and My Ll

on p; for all centralities
e -we. > Independence of §,=AS on VS .

O 5-10% O 40-60% A
+ pp Vo10=20% Q9 60-80%
I . I . I

wo0-5% & 20-40% |
O 5-10% < 40-60% |
pp v 10-20% O 60-80%

Pr (GeVe There are no found discontinuities Pr (GevIe)
In these dependences.
| P S,

! |:|III-'.|'|'|T!;!T||'|TI=I|.
I | |
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Model parameters: da, €an, Can 27

Parameters 0,, exa, Can are determined from the requirement
of scaling behavior of W as a function of self-similarity parameter z

Nucleus fractal dimension Fragmentation dimension “Specific heat”
5, =A-d Ean =0 (AN a/d0 ) e ) Can
0.8 T T 50 T ‘ T T T 0.25 T T
) 40 - . 0.20
0.6} Au+Au—>h +X ol Au+Au—h +X ] . AU+Au—h +X
R - -0 ————o- S ,’,' 1 o .
ol . ] w"c 20k ”‘///’ | 0.10 - 0 - O~ ———9 -
staterr. <10% | "I _“gaterr. <10% | 7 stat.err. <10% |
0.2 - = , ol e — 0.00 bt
w0 10 10 10' D 107 10° 10 107 10°
sio (GeV) S, (GeV) siy (GeV)
> 8, decreases with energy for Vs, <20 GeV
> §,is independent of energy for Vs > 20 GeV
> eap INCreases with energy
> Caa IS independent of energy
Search for discontinuity and corrlelatlons of the model parameters. —C

M.Tokarev ISHEPP’23, Dubna, Russia



Self-similarity of KJ production in Au+Au 28

Self-similarity parameter

z=2,Q7" “Collapse” of data points onto a single curve
1/2

7, = J T T T e
C 10! - STAR BES-I AutAu->K+X E ) i_ STAR BEST  AutAu-K+X E
(dNCh /d77 |0) AAmN 100 £ 0-3% central _; 1202_ 60-80% peripheral ]
lyl<0.5 3 3
da Sa EAA EpA 10-15_ Sa (GeV) y 5 10" " Gev £
Q=(1-x)* (1=%)" (=Y A=Y ) - oo 1 o
. L ) ; 10-3:— v 39- —_-; ; 10-3;— 3 1;
» dN/dn|, - multiplicity density 01f o 1s vl wef o s wediy
> CAA _ “SpeCiﬁC heat” Of blﬂk matter 105% . 1;3 a,=0.75 E; 10'5% . 7:7 a,~0.75 g;
» 3, - nucleus fractal dimension 109 epun™ Ea@0N /) be, 05 Saata” 2N/

> gxn - fragmentation dimension I TS o 0

VA
AA collisions: > Energy independence of ¥(z)
5, =Ad » Centrality independence of Y¥(2)
» Dependence of g,, on multiplicity
AA - .
ean =€(2dN . /dn)+e » Power law at low- and high-z regions
0 eg pp
3 . .
V(2 m B d'o Indication of a decrease
3
(dN/dn)o,,,  dp of & for Vsyy < 19.6 GeV

MT & I.Zborovsky, Nucl. Phys. A1025 (2022) 122492 —m—
|| B L] |-||l||.'.|'l'l ﬂ;rl'll'l'":“.
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K< production in central Au+Au @ 7.7-200 GeV 29

Constituent sub-process in terms of

Momentum fraction Ax, Recoil mass My Energy loss AE/E~(1-y,)
100 ¢ . T e
-‘y;(::;l " | - - lyl<0.5 . lyl<0.5 s Gevy |
Shz (GeV) LQD) | W | Ya r z 171; 1
1.0 | + 77 A& 27 7 ~
AX1 o 115 V 39 Exm:_ E 3 i 123-6 1
o 196 Zzgz.m :M 0.5 ?/i//)} o
B8 | M 6 (Gc:) - % Z 2(6)?}.4
0.0 J — 1 - v 391 o 0,0- W -
0 2 4 6 8 0 2 4 6 3 0 2 4 6 8
Pr (GeVie) pr (GeV/ic) pr (GeV/c)
Momentum fraction Recoil mass Energy loss
> increases with p; > Increases with p; > decreases with p;
» decreases with Sy, » increases with Vs, > increases with Sy,

Smooth behavior of x,,vy., My vs. p; , centrality, collision energy

» High x, and p; — compressed nuclear matter
» Large My — high density recoil system
» Highy, — small energy loss

[ ™
|1I'II-. 5 i
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Model parameters: 85, ean, Can for Au+Au

Nucleus fractal dimension

Parameters 0,, ean, Can are found from
the scaling behavior of ¥ as a function of self-similarity variable z

0.8 —

0.6 —

0.4

02 —

0.0

Aut+Au—=K’+X  STAR BESI 1 ,
s 30 L AutAu—K+X STAR BES-T |
ly|<0.5 |yl<0.5
B 20
’( ....... - - wo
<
=3
’/ - —
.
10
errors < 10% errors = 10%
0
Lol L1l 10(] 101 102 101
10 107 10° S (GeV)
12
Sw (GeV)

Fragmentation dimension
2dN2A

neg

[dn)+e,

Au+Au—-h+X STAR BES-I

.4
In|<0.5 & =4
¥

CR
B K O
R
4 kR
B Fp I

<
3¢ ®
s & 20-30%
B *05% O 30-40%
0 510% 0 40.60%
v 10-20% O 60-80%
Ll L "

10! . 10?
S, (GeV)

» 8a, €an,Can depend on Vsy,
» ¢&xn depends on flavor and multiplicity

0.3

0.2

AA r

0.1

0.0

30

“Specific heat”

Caa

Au+Au—’KZ+X STAR BES-I

lyl<0.5

Decrease of resolution with energy : 6 = 0 for point-like object.
Increases of energy loss vs. energy, multiplicity : € ,, = 0 no energy loss
Increase of temperature fluctuations with energy : decrease of specific heat c,,

Strange meson K¢ is a sensitive probe to state of the nuclear matter.

M.Tokarev
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31

Fractal entropy S; , for systems
with structural constituents

s E! ; Physics 5 (2023) 537
M.Tokarev ISHEPP’23, Dubna, Russia




Entropy of nuclear system produced in A+A — h+X 32

According to statistical physics, entropy of a system is given by a number Ws

of its statistical states:
S=InW;
The most likely configuration of the system is given by the maximal value of S.

For inclusive reactions, the quantity Ws is the number of all parton and hadron

P configurations in the initial and final states of the colliding system which
*can contribute to the production of inclusive particle with momentum p.

P, P,M,, 8,
% The configurations comprise all constituent configurations that are mutually
- connected by independent binary subprocesses:

(GM)HOGM,) = (MY O +GM, +mfy)

The subprocesses corresponding to the production of the inclusive particle with
the 4-momentum p are subject to the momentum conservation law:

(X,P,+X,P,-ply, ) =(X,M, +X,M, +m_ Iy, )’

The underlying subprocess, which defines the variable z, is singled out from the
corresponding subprocesses by the principle of maximal entropy S.

M.Tokarev ISHEPP’23, Dubna, Russia



Self-similarity variable z & Fractal entropy S, 33

Statistical entropy
S =InW,

2=2,0"  z,= 5,
- ’ (dN,, /dn |O)CmN

Q= (1x,)" (1x,)* (1-y,)* (1-y,)"*

The quantity Ws is the number of all parton and
hadron configurations in the initial and final states
of the colliding system which can contribute to the Fractal entropy for
production of inclusive particle with momentum p

P.M,.5, P.M,.3

| Thermodynamical entropy
for ideal gas

S =c,InT+RINV+S,

independent processes

S NSL W, =W-W, = (AN, /dn |,)°-Q- W, S, =c-In(dNy/d7] ) +In (V;,)+ InW,

W
Entropy S; , for systems with structural constituents

S5, = C-IN (AN, fd77],) + IN[(Lx,)™ (1%,)% (-, )% (1-y,)*] + InW,

» dN_/dn|, characterizes “temperature” of the colliding system.

» C has meaning of a “specific heat” of the produced medium.

» Fractional exponents §,,0,,¢,,&, are fractal dimensions in the space of {X;,X5,Y,,Yp}-
g‘é > V;. =Q is fractal volume in the space of momentum fraction.

M.Tokarev ISHEPP’23, Dubna, Russia



Fractal entropy S; . and momentum fractions X, X,, y,, Y, 3

Principle of maximal entropy: The momentum fractions x,, X, and vy,, y, are
determined in a way to maximize the entropy S; . with respect to all constituent
sub-processes taking into account 4-momentum conservation law.

Sy, =C-In (AN /d7],) +IN[(L%,) (1-%,) 2 (1y,)* (3-y,)*] + S,

r 885:5 /axllyazya (X1'X2’yb) = O
) 885,5 /6X2|YaZYa(X1’szYb) = O
\ 885,5 /6yb|YaZYa (X1,X2,Yp) = O

Momentum conservation law
(X, P1+X,P,—ply,)? = My?

Fractions X, X, Y., Y, are expressed via

Mass of the recoil system Lorentz invariants —d scala}r I|oroducts of
Mx: X1M1 +x2M2 +m2/yb 4-D momenta and particle masses.

Maximal entropy S; . < minimal resolution Q0 of the fractal measure z.

ij; ; M.Tokarev ISHEPP’23, Dubna, Russia £



Maximum entropy principle & New conservation law 35

Principle of maximal entropy:
The momentum fractions Xy, X,, Y., Y
are determined in a way to maximize the
entropy S; . with a kinematic constraint

Equivalence of minimal resolution
and maximal entropy principle

(momentum conservation law). Conservation law
Maximum of S; 5, K +5, X, o Ya ‘e, Yo
{GQ Jox, =0 &Q /oy, =0 1x, Clx, Cly, Pl
oQ lox, =0 oQ /oy, =0 for arbitrary P.,P,,p,0,,0,,€,,€, Il

Momentum conservation law :
The conservation law

oIV = M2 .
(X:P1+%P, F_’/ Ya)" = My corresponds to maximum of
Mass of recoil system fractal entropy S;,
My= XMy +x,Ma+myly,,

Resolution w.r.t. constituent sub-processes |.Zborovsky & MT
1_ (1. b1 By q € (1 € Int. J. Mod. Phys. A 33, 1850057 (2018)
Q= (1 Xl) (1 XZ) (l ya) (1 yb) ’ ICHEP 2020, Prague, July 28 —August 6
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Conservation law for fractal cumulativity C(D, () 36

“Fractal cumulativity”

mclusive
a  particle

X,
> P,,M,.$,

m recoil
particle

m

C(D C):Di D =(8,, 8,, &, &)
’ 1-C C = (X19 X2= ya> yb)

“The fractal cumulativity before a constituent interaction <
P.M,.5, —s !

Is equal to the fractal cumulativity after a constituent
interaction for any binary constituent sub-process”

out

3 C(D,.6) =Y. CD,.,)

» every physical particle is a structural one
» particle’s constituents possess a fractal-like structure
We assume that > fragmentation is a fractal-like process
» compactness of the fractal structures is governed
by the Heisenberg uncertainty principle

Fractal cumulativity C(D, ) is a property of a fractal-like object
(or fractal-like process) with fractal dimension D to form a local compact
“structural aggregate” - a FRACTALON, which carries the fraction C

%@ of momentum of its parent fractal.
M.Tokarev ISHEPP’23, Dubna, Russia e e



Gravitation and Cosmology:
From the Hubble Radius to the Planck Scale

37

Gravitation and Cosmology:
From the Hubble Radius to

BOHM & VIGIER: IDEAS AS ABASIS FOR AFRACTAL UNIVERSE

C.Ciubotariu, V.Stancu & C.Ciubotariu

“... the universality of fractal structure of spacetime at small and large scales areas...”

“... a quantum mechanical particle (corpuscule) moving on fractal paths
may be one or a small cluster of stochastic elements constituting the particle...

“ ... fractalon is a free particle conned to move on the fractal trajectory”

R.L. Amoroso et al (eds.),
Gravitation and Cosmology:From the Hubble Radius to the Planck Scale, 85-94.
© 2002 Kluwer Academic Publishers. Printed in the Netherlands.

The notion of “FRACTALON” in z-scaling approach
Is applied for description of particle production
in collisions of hadrons and nuclei
at high energy and small scales.

-
|:III-. 5 i

M.Tokarev ISHEPP’23, Dubna, Russia



Fractal entropy S, vs. Vsyy, centrality, p; 3

Sy, = C-IN (AN, fd 7], ) + IN[(1x,)* (1-%,)* (1-y,)* (1-y,)*] + S,

| . | . . . | . |
sl AutAu->K+X | sl AutAu->K+X )
’ 0-5% central ’ 60-80% peripheral
- ly|<0.5 | i |y|<0.5
. =
E 7.0 . 2 7.0 s
=
e E T
: :
D 6.5 —* - S 65 .
200 | 200 |
62 62
6.0 39 4 6.0 39+
27 + 77 A 27
1 1 1 1 1 1 1 1
0 2 4 6 8 0 2 4 6 8
pr (GeVie) P (GeVic)

> is a smooth function of collision energy and p
decreases as p; increases

increases with collision energy

in central collisions is larger than

in peripheral ones at low pr< 1 GeV/c
increases with multiplicity density dN/dn|,
decreases with increasing resolution Q1.

Fractal entropy S;,

VV VVV

M.Tokarev ISHEPP’23, Dubna, Russia



Fractal entropy S, vs. Vsyy, centrality, p; 30

Anomaly of S;, in the region Vs, = 11.5-39 GeV at low p;

S,, =C¢-In (AN /d7] )+ IN[(2x,)" (2%,)% (1y,)* (1y,)*] + S,

15 - 0-5% central 7 75 60-80% peripheral
|y]<0.5 |y|<.5
o s
= e ) =
5 — __o—=a v
s T e i g )
7.0 - ra— D/ﬂ —_o—=2 - 7.0 F e
. - —0 /_. a ___q__—-‘? . /0 ",_::,&' [4]
" = i ~ L -~
[=¥ f o o .r;.—-‘f:'--- -
= i -o-"/ o P -
E - - i E oA
= / __M_-?" / pp (G = D//J:r"__,ir p- (Ge
= /” P o 03 = // o 03
6.5 | o o 0.7 = 6.5 o 0.7
& 1.0 A 1.0
¢ LS LS
b v 29 v 2.0
o 3.0 d o} 30
60 A | 1 1 L | 1 ﬁ.{] P | il L
10! 107 10! 107

T III T T T T
AutAu— K‘:—X

5. (GeV)

Au+Au- KX

s, (GeV)

The entropy reaches a local maximum at the energy \/SNN:11.5 -19.6 GeV and p;=0.3 GeV/c.
An abrupt fall of S, is seen at Vs\n=27 -39 GeV with a gradual increase at higher energies.
Anomalous behavior of S; . is also visible at p;=0.7 and 1.0 GeV/c in the same energy range.
Monotonic growth of S;, is observed for all p; in the peripheral collisions for all sy -

YVVVY
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40 Signatures of Phase Transition and Critical Point 4

> Discontinuity or abrupt change of the model parameters:
“specific heat”- c, fractal dimensions — 9,

» Enhancement of c-6-¢ correlations
» Anomalous behavior of the fractal entropy S;,

» Energy loss Is a contamination factor leading
to smearing of the phase transition signatures

Eﬂ; ; M.Tokarev ISHEPP’23, Dubna, Russia




41

it

Summary 41

» Some results of STAR data analysis on transverse momentum inclusive
spectra of hadrons produced in p+p and Au+Au collisions at RHIC
in the z-scaling approach were given.

» Self-similarity of hadron production in p+p and Au+Au collisions over a wide
kinematic and centrality range was found.

> Properties of data z-presentation and dependence of the model parameters -
fractal dimensions and “specific heat”, on collision energy and
centrality were discussed.

» Universality of W vs. z and smooth behavior of X, ,y,, My Vvs. p;,
centrality, and collision energy were observed.

» Fractal entropy introduced in z-scaling approach was discussed.

» Conservation law of fractal cumulativity was formulated.

> Anomaly of “specific heat” C,, in the range Vs, = 11-39 GeV was found.

» Anomaly of fractal entropy S; , in the range Vsyn= 27 -39 GeV was found.

» Signatures of phase transition and critical point of nuclear matter produced in
heavy ion collisions were discussed.

M. Tokarev ISHEPP 23, Dubna, Russia SINR



XXV International Baldin Seminar

on High Energy Physics Problems

September 18 - 23, 2023, Dubna, Russia

/ INTERNATIONAL BALDIN SEMINAR ON
HIGH ENEF PHYS PROBLEMS

RELATIVISTIC NUCLEAR PHYSICS
& QUANTUM CHROMODYNAMICS

« Quantum chromodynami

« Relativistic heavy ion collisions

« Hadron spectroscopy, multiquar

» Cumulative and subthreshold prot
= Structure functions of hadrons and nuclei
« Dynamics of multiparticle produc
+ Polarization phenomena, spin physics

« Nuclear astrophysics

[han ion !
ank you for attention !
» Studies of exotic nuclei in relativistic beams

« Applied use of relat ic beams

« Accelerator facilities: status and p ctives

» Project NICA/MPD/SPD at JINR

JLAB, GS|, etc

International Advisory Committee
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ZeboTang (China)
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