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Introduction

Gluon TMDs in LF QCD

Using LFWFs for g + 3¢q Fock component in nucleon we derive gluon TMDs

TMDs — factorized product of two LFWFs and gluonic matrix encoding information
about both T-even and T-odd TMDs

TDMs obey Mulders-Rodrigues inequalities, small-x and large-z behavior

New sum rules (SRs) involving TMDs

Summary
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Gluon TMDs in QCD

Mulders and Rodrigues, PRD63, 094021 (2001):
Expansion of gluon correlator I'*/ (x, k , S) in QCD

K Vi

L s e

i, 7 — gluon polarization indices; nucleon spin S# = (0,S) and S = (S, St)

S, = cosf and St = (cos ¢ sin 6, sin ¢ sin 0)
0 and ¢ — polar and azimuthal angles (orientation of the spin-vector S)

k’j_ = (0,0,k ) = 4 /ki (0,0, cos ¢, sin ¢y ) with ki — _ki,
¢, — azimuthal angle (orientation of k| in the transverse plane).
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Gluon TMDs in QCD

Helicities

Leading Gluon TMDPDFs () tucteonspin (1e1) Suen Operater

Gluon Operator Polarization

Helicity 0
antisymmetric

Un-Polarized Helicity 2

f1=@ h%g= @+@

Unpolarized Linearly Polarized
g 19 _
0y =@ = @ B = @+ O
Helicity
g
L9 é Tﬁ/r}s%;rs:lt @ ' @
hif = )+ @

Picture taken from R. Boussarie et al. “TMD Handbook,” arXiv:2304.03302 [hep-ph]
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Gluon TMDs in QCD

U(2) group acting in 2D transverse space:
3 symmetric g7, n7, &7 and 1 antisymmetric e/ transverse tensors

géj = 6% = diag(—1, —1)
. - . Ccos 20k sin 2@y,
7732 = 7';] cos 2¢ —|—7'1” sin 2¢ =
sin 2¢, ~ — cos 20y
. . - — sin 2 Cos 2
5_2;2 = —7';3 sin 2¢y —I—T{J cos 2¢y, = O P
cos2¢  sin 20
- - 0 1
eé“z = 2'7';‘7 =
-1 0

In Mulders-Rodrigues: 5 tensors for the classification of gluon TMD, including

i 7 Qg i Stki] _ 9191 Kk —sind coso 5 —
wp =2 |&p STtk +np e = 2[Sp| k] , , 0= ¢+ ¢p
cosd sind
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Gluon TMDs in QCD

Exclusion of w%? from expansion of gluon correlator has several advantages:
(i) Reduction the number of tensors (5 — 4) involved in the expansion

(i) wr” involves transverse spin, while other 4 tensors (g5, 0", ¢4, €4”) are
manifestly independent on S

(iif) Substitution of w’.” (linear combination of n%.” and ¢%”) gives separation of
T-odd transversity TMDs with L-polarized gluons in T-polarized nucleon:

e Symmetric transversity TMD h+9 (z,k? ) standing at structure ¢/.” Stk |
symmetric under St <+ k| interchange

o Antisymmetric transversity TMD h .2 (z,k? ) standing at n%” eST*L structure
antisymmetric under S <> k| interchange
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Gluon TMDs in QCD

Mulders-Rodrigues: Gluon correlator 1 (z,k,S) = > T'2(z,k,,S)
P=U,L,T

'y (U-polarized nucleon): U-polarized f{ (x,k?2 ) and L-polarized hy ¥ (z,k?2 )

. ——
FZ(‘Jj__ng1 whg) !

"7 (L-polarized nucleon): C-polarized ¢¢, (=, k2 ) and L-polarized h;f (z, k2 )
F?(x,kL,S) —zeT St 9ir _|_£w St h(l)Lg

' (T-polarized nucleon): U-polarized f-¢(z, k2 ), C-polarized g .(z, k2 )
and two L-polarized h4(z,k? ) and h 2 (z,k?)

1J Stk +g STky —g
hir +n v hir
N

g i
T = — 97 Mn 17 — Yer Mn gir + &7 Mn

k2 n
TMD(1/2) — L3 ‘TMD TMD™) = L | TMD
M 2M?2,

-p.7



Gluon TMDs in QCD

Our decomposition

eSTkL _
h g
1T

STk
g eSTeL 1o iiS81ky 4 ij STkJ_ +g
T _QTM—N 1T ZET—ng + &7 hip +n

Comparison with Mulders-Rodrigues (MR): our L-polarized gluon TMDs hliqg are
related to the corresponding MR TMDs — linearity A Hr and pretzelosity AHZ%

2

+g k
hit (z, k)= —= AHT(:E k3 ):I:2MNAHT(x k2 )}

Comparison with Boer et al: analogous sets (h?,., h1-¢) and (h1, hir, hiz;) used
in PRL116, 122001 (2016) and JHEP10, 13 (2016)

2

Wi (z, k%) = B9 (2, k2) — hid(z,k2) = {hl(xk)-k IEN (2 k)}

2
hil(z,k3) = hip(z,k3) = {hl(x k%) — 1542 (;mki)} — %th(%ki)
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Gluon TMDs in QCD

Full gluon correlation tensor in more compact form:

T (x,k,,S) = —g¥ F/(x,k%;S7) — i SGI(x,k?)
+ nz] H(n)g(x k )_|_€’Lj SH(f)g(x k2)

where
eSTky
FI(x,k2;S7) = fI(2,k2)+ —— fif(z,K2) U — polarized gluon
GI(z,k3) = (glL(:c k2 ) ng(a: k> )) C — polarized gluon
(n) ()19, 12 esTkl g 1
H"(z,k%;S7r) = hy’ I(z,k3)+ Y hif(z,k%) L — polarized gluon
N
k
Hgg)g(x,kﬁ_) = ( glL)J‘g( k), MJ_ h+g( ,ki)) L — polarized gluon
N

and S = (SL,ST)
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Gluon TMDs in QCD

Following Mulders-Rodrigues expand the gluon tensor in the nucleon spin basis

../ . ./ 1
I (@,k1,8) = Y paa(S) Ty (@ ky),  p(8) =5 (1+S0)
AN

. ../ . . .
4 ® 4 matrix I'? , , in the gluon-nucleon circular basis

_|_ —_
/ FfL Fip H, AHyT \
.'.
- - —
(FlT) £ Hyr H;
AT T _ _
(Hl ) (HlT) Iy Fyr
T T AT
\ (amr) (1) (Fr) A
k.| _; ol
Flzt:flg:l:ggL7 Flj}:iM—Ne "k [ngizfng},

Hif = —e=2i9n [p{D19 4 in()49)

, _ 1|k Y _
Hir = e 1Pk [hii_jg + hl’lﬂ , AHip = —‘ Ll e 3Pk [hii_jg — hlrﬂ]
N M
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Gluon TMDs in QCD

Small-z behavior Boer et al, PRL116, 122001 (2016) and JHEP10, 13 (2016)

U-polarized tensor

ij x—0 kiki 2 13 ki 2 17 ki 2
1EI?[](3371(J_) . M2 elf(l{J_) = — 947 ]V[Q 6L](1( ) ‘F'U ]V[2 (ICJ_)
N N

Leading to the identity

2

L k 1
hm zf!(r,k3) = hmo xh( ) Iz, k) = 2]\2‘2 ey(k3) = el )(k2)

ey (k3 ) — scalar function defining U-part of g Wilson loop LF correlator at small «

L-polarized tensor
a:Fg (r,k;)=0
Leading to the vanishing of the corresponding TMDs:

lim zg7; (z, k?) =0, lim xhlL(:c k3) =0

x—0 x—0
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Gluon TMDs in QCD

T-polarized tensor

- €
aI'Y (x, k 2] L+ L T e (k?
T( J-) MJQ\I My T( J_)
€§TkJ_ i 2 2
T oMy 97 2M2 er (k1) + 2M2 er(k1)]

er(k? ) — scalar function defining T-part of g Wilson loop LF correlator at small =

It follows
_ 2
%1_>moch1T(xk ) = a{l_rﬁ)a:h 2 (x, k7 )—hm xhi(z,k3)
= kil h(k2)—11 hir(z,k?)
T T aMZ, a0 TV RL) T g T TR RL
k2
1 2 (1) e
= er(kl) = ep’ (k1)
2M%,
and

lim xh+g (z,k3) =0

x—0
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Gluon TMDs in LF QCD

Following Brodsky-Hwang-Ma-Schmidt, NPB593, 311 (2001)

We derive LFWFs ¢§§AX (z, k) for bound state of gluon (g) and 3q spectator
X = (uud) with helicities Ay =1, ], Ay = £1, Ax = +1:

0 Kk o i 1 Kk 17T o kl — 'lk2 (2) Kk
¢+1+2($, L) — —_¢_1_%($, L)_ = @ ($, L)a
I 11
T _ _ (D 2
@b%_l__%_cﬁalci_) — _% 1%_% Cﬁ I(J_) =@ C$7I{J_)7
11 kbt + k2
¢i1+l(m7kJ_) - ¢¢ _l(w7kJ_) :——(l—x)go(2)(x,ki),
2 K
¢i1_%(x,kL) _ +1+%(:c k. )=0,

¢(12)(z, k) are expressed through the gluon PDF functions G* (z) as

A G~ (x) k2 A /G~ (x) k?
e = = () - 7 i (2) — _ L
K G (a) (1—x)2 exp{ 2/{2} ¥ Kk 1—x exp{ ]

k ~ 350 — 500 MeV — scale parameter.
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Gluon TMDs in LF QCD

Gt = Ggr/nt and G— = G4 /Nt — helicity-aligned and antialigned gluon PDFs.
Gluon unpolarized G = G + G~ and polarized AG = GT — G~ PDFs.

G and AG are expressed in terms of derived LFWFs ¢§§BX (z, k)
G(m) _ / d2kJ_
AG(z) 1673

First calculation in QCD — Brodsky, Schmidt, PLB234, 144 (1990):

+ 2 + 2 + 2
|¢+1+%($7kJ_)| + |¢+1_%(x7kJ_)| + |¢_1+%(x7kJ_)|

GT(w) = Ny (1—2)* (1 +4a)/z, G (2) = Ny (1 —2)%/a
N, = 0.8967 fixed from 1st moment (z,) = fol dx x G(x) = (10/21) Ny
Lattice result: (x4) = 0.427 Alexandrou et al, PRD101, 094513 (2020)

We are not strict to any explicit form of gluon PDFs and one can use results of
world data analysis obey very important model-independent constraints
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Gluon TMDs in LF QCD

Gluon correlator I'y /. A a7 (2, k1 ) in LF QCD reads:

8

FAA/;AA’ (.’13, kJ_) — Z Fg\zg\’;AA’ (LU, kJ_)
=1
>\1>\2;A1A2;>\X>\fx;(i)( K
~ <A AN AN z, ki)
Fg\,g)\/,AA/ (w7kJ—) — w)q)l\x (Zl?,kJ_) ¢>\22>\ZX (il/:)kJ_>

3273

where G(9) are interaction kernels including both T-even and T-odd structures
T-odd TMDs contain loop functions Rryp (x, ki) encoding g — 3q rescattering

Factorization

i (z,k, ) / d*k| Frup (z, k1, K| ) ¥(z, k') = ¢ (z, k) Rov (2, k3) ¥(z, k)

-p.15



Gluon TMDs in LF QCD

Tensorial structures

OXN OAA’ Oxy Az OAz Ay Oxy N,

3 3 3 3
TAN OAAN TX1 X9 TAQ A, 5,\X>\/X

5 (oki)anr 5 (oki)a,ar
TAN Mn TX1 A2 Mn Ax Ny

AN OAN’ ALz OA2 A7 Ox N,

3 3 3 3 . 2
€>\>\/ O'AA/ (7- 6))\1)\2 O'A2A1 TAXAZX 'I/Rth(x,k_L)

(cki)anr ,. 3 (ckl)Aqon .
O e € e T Ty By (e k)
(eakJ‘ )AA’ (E(TkL 03)/\2/\1 3 . 2
T 1R, _,(x, Kk
I/ MN TIX1 X2 MN )\X)\fx hl’lg( ) J_)
(EakJ‘ )AA’ (EUkJ‘ 03)/\21\1 3 : 2
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Gluon TMDs in LF QCD

Tensorial structures generate eight leading-twist gluon TMDs

Sxxn Oan 1 (2, k3)

3 3 g 2
TAN AN/ 91L(907 k)

3 (oki)an
TAN M gir(x, k3 )

1)1
AN OAA/ h§ ) I(z,k3)

1.1
Exn' T3 A th) I(z,k?)

(ck1)an’
hid(z, k%)

Exn/

(7% ans ,
AN/ M hit(z, k)

GV
. £ (x, k)

I\ n/

1
115\,\)@/\/\/ (z, k1)

wan (@ k1)

5
F(M)/;AA/ (z, k1)

7
F(M)';AA/ (z, k1)

8
115\,\)@1\1\/ (z,k1)
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Gluon TMDs in LF QCD

Analytical expressions for the gluon TMDs in terms of LFWFs are:
T-even TMDs

2

£z, K2) = L ((”@k:D +E;-1+u—xﬁ:(ﬁxxk))

M2
2

1673 |

1) = 1o | (¢ V@) 4 15 [1- 1= 02] (6P i)

1673 | M2,

91T(1’j k3 ) = 87T3 90(1)(33 k2) (2)(5’%1{3_) (1—-2x)

1 1 k2
PO (@ ) = 55 a7z ¢ e (@1 (1 - 2)
T-odd TMDs
1)L 1 k3 2
pDH9 (g k2 = = A42 [ (2) (g, k2)} (1= 2) R, )1y (e k)
hid(z,k2) = e (2, k) P (2, k2 )R, +4(z,k2)
T ? 87_‘_3 ) 1 hl’lg I 1
) = —5 oM (@13) 6 (@, 08) (1= ) B Ly (2, K3)
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Gluon TMDs in LF QCD

T-odd in terms of T-even without referring to specific choice of p(1:2) (z, k2 )

1l—=x

1)L
th) g(x’ki) — RhglL)J-g(x7ki)

1)L
= A" g(m,ki)Rthg(x,ki)

g 2
4+ g (:Cak )
hﬂg(a:,ki) =L = Rhig (waki)
1 —=x 1T

i
119(3371{3_) — ng(xakﬁ_) RflJ-Tg (xaki)
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Gluon TMDs in LF QCD

Next, using our parametrization for the LFWFs one gets

g 2 1 ] B k2 k2
filz, ki) = — G(z)+ G () at(z) ? —1])| exp —
1 T . k2 . k2
k) = 5 |A6@ 0 @a @) (G5 —1)] ew| 5]
I k2) = N \/G2(2) — AG2(x) B(a) _K]
gireki) = T3 TP T |
k2 — k2
WO ey = L W20, {__L}
T 1 —=x K2

where

_ 1:|:(1_:U)2 . G_(;c)
at(z) = 1I—22 ﬁ(x)—\/l— "
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Gluon TMDs: selected results

T-even z TMD(z,k? ) atz = 0.1 and for k = 380 + 30 MeV
Very good agreement with Pavia group, Bacchetta et al, EPJC80, 733 (2020)

)
=z 2
o (i8]

o
[}
&

T

xo f{(xok2) (GeV72)
x0 85 1 (x0,k2) (GeV™?)

'OAO“‘O.Z‘“0.4“‘0.6‘“0.8“‘1.0 0.0‘
K (GeV?) kK (GeV?)

40 .

x0 &5 7(x0.k2) (GeV™?)
x0 B8 (xo, k%) (GeV™2)

0.6 0.8 1.0

2 (GeV?)

1 1 1 | 1 | | 1
0.6 0.8 1.0

K (GeV?)
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Nucleon EM Form Factors: selected results

Nucleon Dirac and Pauli FF F{YQ (N = p,n) are related with valence quark
distributions Ff,Q (g = wu, d) in nucleons as

FO(Q) = SED Q%) - SFI @),

LF representation for the Dirac and Pauli quark FF:
Gutsche, Lyubovitskij, Schmidt, Eur. Phys. J. C 77, 86 (2017)

d?k
FIQ) = [do [T (ot 0g (o) + 02 K0 (k)

1673
0

F(QY) =~ / o [T

ql — 1q? 1673

(2, K/ )L (x, k1)

bt (K T (sc,km]

where k/, =k, +q (1 —x) is the transverse momentum of the recoiled nucleon;

q_ is the transverse momentum of the photon.
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Nucleon EM: selected results

QIFF(Q?), ratio Q?FY(Q?)/FP(Q?), ratio of Sachs FF

0* F{P(Q%) (GeV?)

£(Q%)/Gp(Q?)

1.0

1.00§

0.75 1

0.50

0.25

15 20 25 30

0? (GeV?)

_ O Berger et al. [38] X Milbrath et al. [42]

\/ Price et al. [39] B Jones et al. [43]
/\ Hanson et al. [40] >k Dieterich et al. [44]
@ Simon et al. [41]

Q* F>P(QY)/F1*(@?) (GeV?)

5

1y Gp(Q%)/Gh,(Q%)

1.2

1.0

0.8

0.6

0.4

0.2

w2
S

15 20 25

0 (GeV?)

Punjabi et al. [55]
Gayou et al. [56]
Ron et al. [57]
Puckett et al. [37]
Puckett et al. [58]
Zhan et al. [59]
Paolone et al. [60]

N b
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Sum Rules for TMDs

Using analytical expressions for the gluon T-even TMDs in terms of LFWFs

2 k%

1 B _ -
g 2\ _ (1) 2 N2 (2) 2
Rekd) = 55 | (#VerD) + 7 1+ a-a?] (¢ @rd)”
2y 1 | 1 21)2 k2 2] 2 2 1) 2]
g1 (z, k9) = 3 _(90( )(x,kJ_)) + —M2 1 — (1—x) | (90( )(a:,kj_)) |

sr(o ) = — V(e k) ¢ (@,1d) (1 - 2)

(g, y2, _ 1 ki1 o
hi (eI = M2 [ @) (2, k2 )] (1—2)

Two sum rules for T-even TMDs without referring to explicit form of (1:2) (z,k? )

[flg(m,ki)r — [gfL(:c,ki)] + [g§¥2)g(x,ki)]2 + [hglﬂ‘g(m,ki)r

k%) = gf (k1) = (1 —2) h{V 9 (2,k7)
Square of the unpolarized TMD = Sum of the squares of three polarized TMDs

These two SR are derived at o¥

o7
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Sum Rules for TMDs

Consistent with Mulders-Rodrigues positivity bounds

- 12 - 2
\/ 9l @ X)) + |oi P (@13)]|” < S (@ kD)

- 12 - 2
\/ 9f @ k)] + [h{P @3] < Ha k)

r 2 2
Vo)) + ) < i)
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Sum Rules for TMDs

Based on the SR derived for T-even gluon TMDs, we make a conjecture that there
should two additional SRs involving T-odd gluon TMDs, valid at o5 and o2

We conjecture that the derived SRs are consequence of the condition

det |:F)\)\/;AA/] =0
signaling that the gluon TMDs are not independent and are related via SRs

3 SRs at orders O(1), O(as), and O(a?)

From det [FM/;AA/] = 0 follows the condition

(Ro +2R1 + Rp| [Ro — 2Ry + R | =0

Ro, R1, Rs are the combibations of TMDs at orders O(1), O(as), O(a?)
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Sum Rules for TMDs

3 Sum Rules

o= ] ) 0[] o

Rio= ST gl P R e - 0 g o
R, — [ 1<1T/2>Lg]2 n [hglgm]? n [hng/mgr N [hng/m—g]? _ 0

1st SR Rp = 0 is exactly our SR involving four T-even TMDs

2nd SR R; = 0 couples T-even and T-odd TMDs

3rd SR R2 = 0 involves only T-odd TMDs
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Small-2 behavior of TMDs

Another amazing result: SRs R; = 0 at x — 0 reduce to QCD results (Boer et al)

In particular, at small x we get:

(1L 1/2)—g _ ,(1/2)L
N

Droping vanishing TMDs, the SRs R; = 0 are simplified at small = as

Ry = [hgl)Lg]Q - [ffr =0
R = ff hng/Q)—g _ hgl)lg f1(;/2)L9 —0
Ry — [ 1<1T/2>Lg]2 N |h§1T/2>—9]2 _ 0

We establish small-x relations/behavior of our TMDs consistent with QCD looking
at their expressions atz — 0
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Large-x behavior of TMDs

Large-z scaling:  f{ ~ g7, ~ (1— 911

Scaling of £+/?)*9 and h{")*9 is similar to g'+/?), up to corresponding loop

and R,.,

factors R (1)1
h r—1 flT

1L
power of (1 — x)

x—1

Scaling of hg}fm)ig to f{ up to corresponding loop factor R, 4+,
IT gz —1
expected to be constant or power of (1 — z)

At large = SRs are simplified to

Ro = [ats] - [#] =o

Ry

Ry = [hng/Q”g]Q - [hng/Q)‘g]Q =0

A W 0] <o

From Ry = 0 and Ry = 0 follows h&/QHg — —hng/Q)_g

2)4, (1/2)g hgl)lg ~ (1 —x)3

, Which are expected to be constants or

, Which is
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Summary

New decomposition of gluon correlator producing TMDs at leading twist

Clear interpretation of 2 transversity T-odd TMDs with L-polarization of gluons
symmetric and antisymmetric under permutation of nucleon S+ and gluon g

Gluon TMDs in LF QCD using LFWFs for g + 3¢q Fock component in nucleon
TDMs obey Mulders-Rodrigues inequalities, small-x and large-z behavior
New Sum Rules involving TMDs

Our study could serve as useful input for future experimental (SPD experiment)
and phenomenological studies of gluon TMDs
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