
Symplectic extension of the Haag-Araki axiomatics and its 
applications in the physics of causal geodesic structures.

Goal of the work: Create an axiomatic equivalent to the axiomatics of Haag-Araki and Whiteman, based on the principle of causality for sticky sets.

Axiomatics of causality set on local geodesic structure:

𝐼𝑛𝑡𝐼+ 𝑞 𝐼𝑛𝑡𝐼𝑗∁𝐼𝑛𝑡𝐼
− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                         

Axiom 2. This axiom defines the complement of the past set in a 
globally hyperbolic neighborhood of an eventually periodic point.

Proof of the Assumption 1.

Assumption(Axiom) 1. IntI p          ∁IntI+ q ∩ IntI− p   T IntI− q IntI p          ∁ IntI− q  

∩ IntI+ p  

Axiom 3.

Corollaries from Assumption 1 and properties of nested sets:
1. Time is a Markov process
2. Controlled packed globally hyperbolic sets are completely simple

Corollaries from Assumption 1 and properties of nested sets:
1. Time is a Markov process
2. Controlled packed globally hyperbolic sets are completely simple

𝐼𝑛𝑡𝐼𝑈∋𝑣∁ 𝐼− 𝑞 ∁𝐼𝑛𝑡𝐼𝑗𝑇

∪ 𝐼𝑛𝑡 𝑥𝑝
∗ … , 𝑥𝑝+1 ∁𝐼𝑛𝑡𝐼

+ 𝑞 𝐼+ 𝑝 ∁𝐼− 𝑞 ∁𝐼𝑖
−∁𝐼𝑛𝑡𝐼𝑗

= 𝐼𝑛𝑡𝐼𝑈∋𝑣∁ 𝐼− 𝑞 𝐼𝑛𝑡𝐼− 𝑝 𝐼𝑛𝑡𝐼+ 𝑞                               𝑇 ∩ 𝐼𝑛𝑡𝐼𝑖
≔  𝑥… , 𝑥𝑖 

𝑝∁𝐼𝑛𝑡𝐼𝑗 ∪ 𝐼𝑛𝑡𝐼 𝑥𝑝
∗ … , 𝑥𝑝+1 = 𝐼𝑛𝑡𝐼𝑗

≔  𝑥∗… , 𝑥𝑖 ∁𝐼𝑛𝑡𝐼𝑗 ∪ 𝑇𝜔
∗∁𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                           

= 𝐼𝑛𝑡𝐼𝑈∋𝑣∁ 𝐼+ 𝑞 ∁𝐼𝑛𝑡𝐼𝑗 ∪ 𝑇𝜔
∗∁𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                         

= 𝐼𝑛𝑡𝐼𝑈∋𝑣∁ 𝐼+ 𝑞 ∁𝐼𝑛𝑡𝐼𝑗 ∪ 𝑇𝜔…,𝜔∗0

∩ 𝐼𝜔0…,𝜔 ∁𝐼𝑛𝑡𝐼
− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                            
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+∁𝐼− 𝑞 , 𝐼𝑂

+ 𝑃 ≠ ∅. 

𝐼𝑛𝑡𝐼− 𝑝            ∩ 𝐼+ 𝑞 ≠ ∅ 

Consider,the causal geodesic structure. In the symplectic case, gets

In tangent space the equation takes the form:In tangent space the equation takes the form:

Proof of the equivalence of the formalism of the area-preserving plane 
transformation with infinite hierarchical structure and causal sets

Proof of the equivalence of the formalism of the area-preserving plane 
transformation with infinite hierarchical structure and causal sets

1. 𝐼𝑛𝑡𝐼+ 𝑞 𝐼𝑛𝑡𝐼𝑗∁𝐼𝑛𝑡𝐼
− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                        ~𝐼𝑂

± 

Is it possible to build a weak *- topology on "open light cones"?

𝐶𝛾 → 𝑀  𝐼𝑛𝑡 𝐼𝑖 ≔  𝑥𝑖 … , 𝑥𝑖+1 ∁ 𝑂    𝐼𝑛𝑡−      
𝑝𝑝𝑞 𝑛 2

𝑛 #   𝜋𝐿
𝑐 : 𝑇𝜔…,

𝑣
𝑖𝑗𝑘𝑙

∗    𝑥𝑝
∗ 𝑥𝑝+1 − 𝑞0 

𝑖=0

𝑝−1
 𝑞∗:𝑖,𝑠 

2𝑝+1

  

= 𝐶𝑝  𝐼𝑛𝑡−      
𝑝𝑝𝑞 𝑛 2

𝑛 #   𝜋𝐿
𝑐 : 𝑇𝜔…,

𝑣
𝑖𝑗𝑘𝑙

∗    𝑥𝑝
∗ 𝑥𝑝+1 − 𝑞0 

𝑖=0

𝑝−1
 𝑞∗:𝑖,𝑠 

2𝑝+1

   

 3 𝑡ℎ𝑒𝑟𝑒, 𝑇𝐼𝑛𝑡 𝑥𝑝
∗ 𝑥𝑝+1  ∁𝐼𝑛𝑡𝐼

+ 𝑞 𝐼+ 𝑝 ∁𝐼− 𝑞 ∁𝐼−𝑖∁ 𝐼𝑛𝑡𝐼𝑗  

= 𝑇𝐼𝑛𝑡𝑝
−𝐼         𝑛𝑡𝐼+

𝑖
∁ 𝐼𝑛𝑡𝐼𝑗  𝐼𝑛𝑡𝐼𝑈∋𝑣 ∩ 𝐼𝑛𝑡𝐼

− 𝑞            ∩ 𝐼+ 𝑝 ∁ 𝐼𝑛𝑡𝐼𝑗   

= 𝑇𝐼𝑛𝑡𝑝
−𝐼         𝑛𝑡𝐼+

𝑖
∁ 𝐼𝑛𝑡𝐼𝑗  𝐼𝑛𝑡𝐼𝑈∋𝑣 𝐼𝑛𝑡𝐼− 𝑞            ∁ 𝐼𝑛𝑡𝐼𝑗

= 𝑇𝐼𝑛𝑡𝑝
−𝐼         𝑛𝑡𝐼+

𝑖
∁ 𝐼𝑛𝑡𝐼𝑗  𝐼𝑛𝑡𝐼𝑈∋𝑣 𝐼 𝜔0…𝜔𝑛

= 𝑇𝐼𝑛𝑡−𝑝∁ 𝐼𝑛𝑡𝐼𝑗 𝐼𝑛𝑡𝐼𝑈∋𝑣 ∩𝑘=0
𝑛 𝑇𝑥 𝜔  

                                              
∁𝐼𝑛𝑡𝐼− 𝑞            

=  𝑇𝐼𝑛𝑡 𝑥𝑝
∗ 𝑥𝑝+1 

                 𝐼𝑈
+ 𝑝  𝑇−𝑘 ∩𝑘=0

𝑛 𝐼𝑛𝑡𝐼𝑈∋𝑣∁ 𝐼𝑈
−                             𝑞  

 4 𝑇𝜆
∗𝑁  𝑝   𝑉 = 𝐼𝑛𝑡𝑝

−      𝑇𝑥 𝜔  = 𝐼𝑛𝑡𝑝
−      𝑇𝜔…,𝜔 𝑥

𝑞∁ 𝐼𝑛𝑡𝐼𝑗 ∪  𝐼𝑛𝑡𝐼𝑈∋𝑉 ≔

𝑇𝑛
−𝑘 ∩𝑘=0

𝑛 𝑇   𝜔       
,𝑠

1

𝜆 
∁ 𝐼𝑛𝑡𝐼𝑈∋𝑉∁𝐼𝑛𝑡𝐼𝑗  ∁𝐼𝑈𝑝∋𝑃

+  𝑇∗
𝜔𝜆  
∁ 𝐼𝑛𝑡𝑉∋𝑁∁𝑈 ∋ 𝑁

∗ ∁𝑁 =

𝑇   𝜔       
,𝑠

1

𝜆 
∁ 𝐼𝑛𝑡𝐼𝑈∋𝑉∁𝐼𝑛𝑡𝐼𝑗  ∁𝐼𝑈𝑝∋𝑃

+ ∁ 𝐼𝑛𝑡𝑉∋𝑁  𝑇
∗
𝜔𝜆  
∁𝑈 ∋ 𝑁∗ ∁𝑁 ∋ 𝑀 = 𝐼𝑛𝑡𝑇𝑝𝑀

𝜔𝜆  
∋

𝑇𝑝
∗ 𝑁    𝜆 𝑝  ,∩𝑘=0

𝑛 𝑁 ∁𝐼𝑛𝑡𝐼𝑈∋𝑣  𝐼𝑛𝑡
𝑝𝐼−𝑖∁ 𝐼𝑈

− =𝑇𝜆𝑝
∗𝑁 ∩𝑘=0

𝑛 𝑁 ∁𝐼𝑛𝑡𝑝𝐼−𝑖∁ 𝐼𝑈
−𝐼𝑛𝑡𝐼𝑈∋𝑣 =

𝑇𝜆𝑝
∗𝑁 ∩𝑘=0

𝑛 𝑁 ∁𝐼𝑛𝑡𝑝𝐼−𝑖∁ 𝐼𝑈
−𝐼𝑛𝑡𝐼𝑈∋𝑣∁𝑇𝐼𝑛𝑡 𝑥𝑝

∗ 𝑥𝑝+1  ∁𝐼𝑛𝑡𝐼
+ 𝑞 ∁ 𝐼𝑛𝑡𝐼𝑗 =

𝑇𝜆
∗ 𝑁  𝑝 ∩𝑘=0

𝑛 𝑁 ∁𝐼𝑛𝑡𝑝𝐼−𝑖∁ 𝐼𝑈
− ∁ 𝑇𝐼𝑛𝑡 𝑥𝑝

∗ 𝑥𝑝+1  𝑇𝐼𝑛𝑡𝐼𝑈∋𝑣 ∩ 𝐼𝑛𝑡𝑉∋𝑁 ∈ 𝐼𝑛𝑡𝐼𝑖
− ∈ ∁𝐼− 𝑞 ∁ 𝐼𝑛𝑡𝐼𝑗 =

   𝑇𝐼𝑛𝑡 𝑥𝑝
∗ 𝑥𝑝+1  𝑇𝐼𝑛𝑡𝐼𝑈∋𝑣 ∩𝑘=0

𝑛 𝑇𝑥
  𝜔  

.𝑛

𝑠 𝑞
′
∋ 𝐼𝑛𝑡𝑉∋𝑁 = 𝑇𝜆

∗ 𝑁  𝑝 ∩𝑘=0
𝑛 𝑁 ∁𝐼𝑛𝑡𝑝𝐼−𝑖 = 𝐼𝑛𝑡𝐼𝑈∋𝑣𝑇 𝜔…,𝜔  𝑛

𝑠
∗ 𝑥𝑞 ∋ 𝐼𝑛𝑡𝑉∋𝑁 =

𝐼𝑛𝑡𝐼𝑈∋𝑣𝑇
∗
 𝜔…,𝜔  𝑛

𝑠 𝐼𝑂
±  = 𝑇𝜆

∗𝑁  𝑝   𝑉. 

From here, we get

𝑇𝑁  𝑝  𝑀
𝜔𝜆  
∋𝑉𝑡ℎ𝑒𝑟𝑒𝑀𝜔𝜆  

∋ 𝑉 

2. 𝐼− 𝑞 ∁−𝐼𝑛𝑡𝐼𝑝       ∩ 𝐼 𝑞 +𝐼𝑛𝑡𝐼𝑖  
𝐼𝑛𝑡𝐼𝑗∁𝐼

+(𝑝) 

4. 𝐼𝑛𝑡𝐼𝑖 ≔  𝑥. . ,  𝑥𝑖 
𝑝

∁𝐼
                            

𝑛𝑡𝐼𝑗    ∪I𝐼𝑛𝑡 𝑥𝑝
∗,  𝑥𝑝+1 = 

𝐼𝑛𝑡𝐼𝑈∋𝑣∁𝐼
− 𝑞 𝐼𝑛𝑡𝐼− 𝑝 𝐼𝑛𝑡𝐼+ 𝑞 𝑇 ∩ 𝐼𝑛𝑡𝐼𝑝 = 𝐼𝑛𝑡𝐼𝜔 ..,𝜔 0  𝐼𝑛𝑡𝐼𝜔 0 …,.𝜔 

 

5.  𝑥𝑝
∗,  𝑥𝑝+1 =𝑇𝜔

∗
∁𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                          

3. 𝐼𝑛𝑡𝐼𝑗∁𝐼𝑛𝑡 𝐼𝑖 𝑥𝑖 , 𝑥𝑖+1  𝑖=0 

 𝐼𝑛𝑡𝐼𝑈∋𝑉 𝐼𝑛𝑡𝑉∋𝑁  

 𝐼 𝜔0…𝜔𝑛 = 𝑇𝐼𝑛𝑡−𝑝∁ 𝐼𝑛𝑡𝐼𝑗  𝐼𝑛𝑡𝐼𝑈∋𝑣 ∩𝑘=0
𝑛 𝑇𝑥 𝜔                                              ∁𝐼𝑛𝑡𝐼− 𝑞            =

𝑇𝐼𝑛𝑡−𝑝∁ 𝐼𝑛𝑡𝐼𝑗  𝐼𝑛𝑡𝐼𝑈∋𝑣𝑇𝑝
∗ 𝑁    𝜆 𝑝  ,∩𝑘=0

𝑛                                                  , 

𝑃 𝑑 𝑈, 𝑉 = 𝑚𝑎𝑥𝑠𝑢𝑝𝑝 𝑎𝑐𝜖𝑚𝜉 𝛼∈𝐴  
 min 𝑥 − 𝑦  + 𝑚𝑎𝑥𝛼𝑐  min  𝑥 − 𝑦  

2
 =  𝑃 𝑑𝑖𝑎𝑚𝑈 + 𝑃𝑑𝑖𝑎𝑚𝑉            

= 𝑃𝑑𝑖𝑚𝐻 𝐴  
              

𝑠𝑢𝑝𝑝 𝑎𝑐𝜖𝑚𝜉 𝛼∈𝐴  
+ 𝑃𝑑𝑖𝑎𝑚𝑉           

𝑠𝑢𝑝𝑝 𝑎𝑐𝜖𝑚𝜉 𝛼∈𝐴  

= 𝑃𝑑𝑖𝑚𝐻 𝑈
𝜓 𝑖 + 𝑃𝑑𝑖𝑎𝑚𝑉           

𝑠𝑢𝑝𝑝 𝑎𝑐𝜖𝑚𝜉 𝛼∈𝐴  
 

𝑈 𝜓: 𝐴 → 𝐴  
𝑖

= 𝑈 𝑠𝑢𝑝𝜓𝐵  𝑥∗ 𝐴, 𝛼𝑐 , 𝜀0 → 𝑈𝑠𝑢𝑝𝜓𝐵  𝑥∗ 𝐴, 𝛼𝑐 , 𝜀0 
  и𝐶𝛾 →

𝐶𝑝  𝐼𝑛𝑡−      
𝑝𝑝𝑞 𝑛 2

𝑛 #   𝜋𝐿
𝑐 : 𝑇𝜆

∗ 𝑁  𝑝 ∩𝑘=0
𝑛 𝑁 ∁𝐼𝑛𝑡𝑝𝐼−𝑖   𝑥𝑝

∗ 𝑥𝑝+1 − 𝑞0 𝑖=0

𝑝−1
 𝑞∗:𝑖,𝑠 

2𝑝+1

   

 1 𝑇𝜆
∗
𝑚
𝑠𝑢𝑝𝐵𝑁                   𝐽± 𝑂  𝐼𝑛𝑡𝑉∋𝑁  𝐼𝑛𝑡 𝐼−𝑈∋𝑣 : 𝑒𝑥𝑝𝑥𝑝

 𝑞 
= 𝑇𝜆

∗,𝑚

:𝑚
sup  𝐵𝑑0

4𝐼𝑂
± 𝑥∗ 𝐴, 𝛼𝑐 , 𝜀0 
                      

𝐼𝑛𝑡 𝐼−𝑈∋𝑣
 

= 𝑇𝜆
∗,𝑚

:𝑚
sup 𝑑0

4  𝐵𝐼𝑂
± 𝑥∗ 𝐴, 𝛼𝑐 , 𝜀0 
                      𝐼𝑛𝑡 𝐼−𝑈∋𝑣

= 𝑠𝑢𝑝𝐵    𝐽𝑈+∩𝑈−
𝑂  𝑥∗  

𝜕

𝜕𝜏
𝑔  

𝜕

𝜕𝜏
.
𝜕

𝜕𝑠
 =

𝜕

𝜕𝜏
𝑔  

𝜕

𝜕𝜏
.
𝜕

𝜕𝑡
 
𝑗

=
𝜕

𝜕𝜏
𝑔𝑗  𝐽 𝑢  𝜕𝑠𝜕𝑡 =

1

2

𝜕

𝜕𝑡𝑗
𝑔 𝐽 𝑢  𝜕𝑠𝜕𝜏

= 𝑔  𝐽 𝑢 
𝜕

𝜕𝜏

𝐷

𝜕𝑠

𝜕

𝜕𝑡𝑗
 = 𝑔 𝑢, 𝑣 𝑒𝑥𝑝𝑥 𝑞  𝜕𝑠𝜕𝑢

𝐷

𝜕𝑠

𝜕

𝜕𝑡𝑗
= 𝑔 𝑢 − 𝑣 

𝐷

𝜕𝑠

𝜕

𝜕𝑡𝑗
𝑔𝑏𝑎

𝑎𝑏
= 𝑔𝑗

𝐷

𝜕𝑡
 
𝜕𝑡

𝜕𝑡𝑗
 𝜕𝑠𝜕, 𝛼𝑐 , 𝜀0  

𝑢1…𝑢𝑛

= 𝑇𝜆
∗,𝑚

:𝑚
sup 𝐵𝐼𝑂

±    𝑥∗   
1

2
𝑢  𝑣.𝑏

𝑎 −
𝐷𝜕

𝜕𝑡 𝑗
 𝑔𝑎𝑏

𝑏𝑎 , 𝛼𝑐 , 𝜀0  

𝐼𝑛𝑡 𝐼−𝑈∋𝑣

= 𝑇 𝜔…,𝜔  𝑛
𝑠 sup 𝐵𝐼𝑂

±    𝑥∗   
1

2
𝑢  𝑣.𝑏

𝑎 −
𝐷𝜕

𝜕𝑡 𝑗
 𝑔𝑎𝑏

𝑏𝑎 𝑔𝜎 ,𝑗  , 𝜀0   

sup𝑇𝜔𝜆
∗ 𝑇𝜔𝜆

∗ 𝐵𝑍 𝑟 ×𝑍 𝑟               𝑥∗, 𝑑𝑖𝑚𝑈𝛹𝑖  𝐽𝑈
𝛹𝑖

+∩𝑈−
𝛹𝑖

+  max: #   𝜋𝐿
𝑐 : 𝜏𝑐

𝑙    ∁  𝐴 𝑝
∗ ∋ 𝑁∗  ∋ 𝑀

∋ 𝑈 + 2  𝑁 + 𝐶 1−𝑦

∞

𝑛=1

− 𝑞0 , 𝜀0 

= sup𝑇𝜔𝜆
∗ 𝑇𝜔𝜆

∗   𝜋𝐿
𝑐  𝑁∁ 𝑁 ∁  𝐴 ∋ 𝑀 ∋ 𝑈  𝑝

∗ : 𝐵𝑍 𝑟 ×𝑍 𝑟               𝑥∗.𝑑𝑖𝑚𝑈𝛹𝑖  𝐽𝑈
𝛹𝑖

+∩𝑈−
𝛹𝑖

+   

= 𝑠𝑢𝑝𝑇𝜔𝜆
∗  𝐽  𝑤𝐺 𝑈.𝜔    

For closed time-like circuit propagator

For transition between different  level of dynamic system

Traceless tensor of momentum- energy- matter

Captured of past-geodesic

-

This proves the symplectic nesting

For periodically point on the elliptic 
set

𝑇𝜆
∗𝑁 = 𝑨 𝜑 𝑒−𝑛𝜀𝜔 = 𝐴 𝜑 𝑒

𝑘2

4  Equivalent operator-valued function

С1−𝑦 → 𝑀0: 𝐼+
𝑂 ∈  𝐼𝑛𝑡

−      
𝑝𝑝𝑞 𝑛 2

𝑛 #   𝜋𝐿
𝑐 : 𝜏𝑐

𝑙    𝑥𝑝
∗ 𝑥𝑝+1 − 𝑞0  𝑞

∗:𝑖,𝑠 
2𝑝+1−

→ 𝐼𝑛𝑡 𝐼𝑖 𝑥𝑖 , 𝑥𝑖+1  𝑖=0
𝑝−1

= 𝐼𝑛𝑡𝐼𝑈∋𝑣∁𝐼
− 𝑞 ∁ 𝐼𝑛𝑡𝐼𝑗    ∪ 𝑇𝐼𝑛𝑡 𝑥𝑝

∗ 𝑥𝑝+1  ∁𝐼𝑛𝑡𝐼
+ 𝑞 𝐼+ 𝑝 ∁𝐼− 𝑞 ∁𝐼−𝑖  ∁ 𝐼𝑛𝑡𝐼𝑗  

𝑈 ∋ 𝑁 ∁𝑁 ∁𝑁  𝑝 ∋ 𝐶𝑝 →= 𝑁∗     𝑉 

𝐼𝑛𝑡𝐼+ 𝑞 𝐼𝑛𝑡𝐼 𝑝           𝐼𝑛𝑡𝐼𝑗∁𝐼𝑛𝑡𝐼
− 𝑝 ∁𝐼𝑛𝑡𝐼 𝑝 

= 𝐼𝑛𝑡𝐼+ 𝑞 𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼𝑛𝑡𝐼+ 𝑝                        ∁𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼𝑛𝑡𝐼 𝑝 

= 𝐼𝑛𝑡𝐼+ 𝑞 𝐼+ 𝑝 𝐼𝑛𝑡𝐼− 𝑝 ∁             𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼𝑛𝑡𝐼 𝑝 ∁𝐼𝑛𝑡𝐼𝑗

= 𝐼𝑛𝑡𝐼+ 𝑞 𝐼+ 𝑝 ∁𝐼𝑛𝑡𝐼𝑂
+ 𝑃 ∁𝐼− 𝑞 ∪ 𝐼𝑛𝑡𝐼+ 𝑝 ∁𝐼𝑛𝑡𝐼𝑗

= 𝐼𝑛𝑡𝐼+ 𝑞 𝐼+ 𝑝 ∁𝐼− 𝑞 ∪ 𝐼𝑛𝑡𝐼+ 𝑝 ∪ 𝐼𝑛𝑡𝐼− 𝑝 

= 𝐼𝑛𝑡𝐼+ 𝑞 ∩ 𝐼𝑛𝑡𝐼− 𝑝  

𝐼𝑛𝑡𝐼− 𝑝 ∁𝐼− 𝑞 ∁𝐼𝑛𝑡𝐼𝑖∁𝐼𝑛𝑡𝐼 𝑝            𝐼+ 𝑝 

= 𝐼𝑛𝑡𝐼𝑖  𝐼𝑜
+∁𝐼− 𝑞 𝐼𝑛𝑡𝐼− 𝑝  𝐼𝑛𝑡𝐼+ 𝑞 

∪ 𝐼𝑛𝑡𝐼+ 𝑞 ∁𝐼𝑛𝑡𝐼𝑗  ∁𝐼𝑛𝑡𝐼+ 𝑝           ∩ 𝐼𝑛𝑡𝐼− 𝑝 𝐼𝑛𝑡𝐼+ 𝑝 

∪ 𝐼𝑛𝑡𝐼− 𝑞   𝐼𝑛𝑡𝐼+ 𝑞 ∁𝐼𝑛𝑡𝐼+ 𝑝 ∁𝐼𝑛𝑡𝐼𝑗

=  ∁𝐼𝑛𝑡𝐼+ 𝑝           ∩ 𝐼𝑛𝑡𝐼− 𝑝 𝐼𝑛𝑡𝐼+ 𝑝 

∪ 𝐼𝑛𝑡𝐼− 𝑞   𝐼𝑛𝑡𝐼+ 𝑞 ∁𝐼𝑛𝑡𝐼+ 𝑝 ∁𝐼𝑛𝑡𝐼𝑗 𝐼𝑛𝑡𝐼
+ 𝑞 

∩ 𝐼𝑛𝑡𝐼− 𝑝 

= ∁𝐼𝑛𝑡𝐼+ 𝑝           ∩ 𝐼𝑛𝑡𝐼− 𝑝 𝐼𝑛𝑡𝐼+ 𝑝  ∁𝐼𝑛𝑡𝐼𝑗 𝐼𝑛𝑡𝐼
+ 𝑞 

∩ 𝐼𝑛𝑡𝐼− 𝑝 

= 𝐼𝑛𝑡𝐼− 𝑞            ∁𝐼𝑛𝑡𝐼𝑗∁𝐼𝑛𝑡𝐼
+ 𝑝           ∩ 𝐼𝑛𝑡𝐼− 𝑝 ∪ 𝐼𝑛𝑡𝐼+ 𝑞  
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