Lectures 3&4:

Longitudinal Motion and
IR Focusing Limitations

U.5. DEPARTMENT OF

Valeri Lebedev
JINR & Fermilab

US Particle Accelerator School
February 2022




Objectives

B Beam acceleration and bunching are based on the dependence of

particle revolution frequency on its energy

B |ongitudinal OSC and CEC use dependence of particle longitudinal
displacement on particle momentum
while transverse OSC and CEC use dependence of particle longitudinal
displacement on particle betatron motion

B Tn this lecture we consider

¢

¢
¢
¢

basics of linear optics for longitudinal degree of freedom
longitudinal motion in a harmonic RF

the perturbation theory for symplectic motion

and limitations on beam focusing in the design of interaction

region
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S-X Coupled Motion and
Beam Acceleration in
Harmonic RF
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Transfer Matrix for X-S Coupled Motion

B Parameterization of transfer matrix in the absence of RF

D2
D,
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M = M, M,
Mg, M,
0 0

_Mn M, 0 M16_

0 My

1
0
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e
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Longitudinal displacements are counted relative to the reference particle

T

_Mu M, 0
_ M, M, 0
M, Mg 1

0 0O O

M16 Dl

M26
M || ...
1|1

D1’ {Dz :M11D1+M12D1'+M16
Dz' :M21D1 +M22D1’+M26

B Elements Mi, and My are directly related to dispersion

7

Fora ring \{M16 :D(l_Mll)_DIMU
M, =-M,D+D'(1-M,,)

D, =D,
Dy=Dy

a _Elel;wen‘rs Ms; and M5_2 are bound to others by symplecticity condition

M'UM=U = {

M51 :M21M16 _M11M26
Msz :M22M16 _M12M26

Forring |

Dz :Dl
D)=Dy

where we accounted that M, M,, —M,M, =1
B ie. foraring without RF My, M2¢, Ms; and Ms; can be expressed through

dispersion and its derivative. Msg is independent on other elements
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My, =-D(1-M,,)-D'M,,



Equations of Longitudinal Motion (no acceleration)
B Orbit lengthening

Mll M12 0 M16 D
M, M, 0 M,||D
=| T T2 2 N As:(M51D+M52D’+M56)A—p:aCA—p
As Mg My, 1 Mg || ..|p P P
. 0 0 o0 1|1
. AC Ap M D+M,D'+ M,
B Momentum compaction: ¢ =% 47 C
AT _AC Av_ Ap e 1\ L
] S'Ip-fGCTOf‘Z T C AV 7 p %za% g 72 p 7 7/2
B Equations for the longitudinal motion
[ d A
fzqa)on—p d? eV
) P = “L=0’sing, Q =aq,|—2L
dAp 1 dAE 1 v P o t 2xme” By
i p Fdi E PE ‘2z 7
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Effect of Deceleration due to SR on Longit. Motion

- : @z—ﬂz(sin —sing,), sin Vs
B Motion equation: ;2 . ¢ P ) 5 Po v

B TIts solution

_5 d(p° : : D’ :
dol/dt= N e Y . . 2
dz(pzd;pddzzﬁ@ > d(p( 5 )— Q (smgo sm(po):>—2 =Q (cosg0+gosmg00)+C
di* dtdeodt ~do

B Tntroduce Hamiltonian and potential energy ) o )

2 g =25 deg
2 2

H=%+U(¢),

U(p) = Qs2 (COS Py —COsSQ — (¢ —@,)sin (00)

B Separatrix boundaries

SINQ, =8INPy = @) =TT =P,

B For small o the transcendent equation for
finding the second boundary, ¢, can space be
using perturbation theory, numerical solution is required for large ¢

B Accounting of acceleration one needs to account vortex electric field due to

changing magnetic field!ll -> conservation of the phase
For details see “Theory of Cyclic Accelerators” by Lebedev, Kolomensky
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Particle Migration due to Scattering out & in RF Bucket

B Tn the above consideration we neglected damping due to SR

B TInits absence a particle which was knocked out of the RF bucket will never

drift back

B Particles which have energy above
the bucket separatrix will be
decelerated, and then they will
penetrate to lower energy through
the gap between two RF buckets and
will continue deceleration to the
momentum acceptance

B Probability of a particle to be
accepted back to the RF bucket

B

Uy 2=

-3

E;F:}ﬂ

"

283

-314d

A28
P

(due to scattering) is inversely proportional o the ratio of damping time to

the synchrotron period.

For a proton collider it is very big number.

B Consequently, the probability fo jump to another bucket after Touschek

scattering is strongly suppressed
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RF Bucket Acceptance in the absence of Acceleration

H=%+Q82(1—cos¢) o

LR
T8

1

~2
At the RF bucket 2 _ P 2(1_
boundary 2Q 7 + QS (1 cOs ¢) 0 @

= p’ =2Q 7 (1+cos@)=4Q ° cos® (%) b

_—EIEEI—IA[I—IEIEI—ﬁEI -20 20 &0 100 140 120

p=12Q * cos (%) ¥ [deg]

B RF bucket acceptance: & =2 j pdp=4Q. j cos(%jdgo:mﬁs

¢ Returning to the dimensional variables, for one RF bucket we obtain
g m, C\/ ZeV,y

0 =2 | Apdx =—
j v T q 27Z'Amp02(]|77|

lIHere Ap is taken for one nucleonl!!
e since all energies we account per one nucleon!!!

Units for the longitudinal emittance are "eV s/a"
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Effect of Accelerating Phase on RF Bucket Acceptance

~2
H:]%JFQS2 (cos@, —cosp—(p—@,)sing, )

~2
At the RF bucket boundary | Q

p=p,=m-@y, p=0
= p’=2Q° (cosgo0 +cos@— (7 —¢, —(D)Sin(ﬁo)
RF bucket acceptance:

*(2cos @, — (7 —2p,)sing,)

Ve (2]
g, :2j ﬁd¢=2\/§QSI\/cos¢0 +cosp—(m—@,—@)sing,de
i ”

¢ The integral cannot be expressed in
elementary functions. For practical
applications it can be approximated as
follows: €

1-sin g,
. 2
(1+sm¢)0j

This fitting has +4% accuracy for ¢<55
deg.

gs (¢O) ~ 850
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Perturbation Theory for
Symplectic Motion
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Perturbation Theory

B The symplecticity enables to build an effective perturbation theory
for the case of coupled motion.
B For the perturbed
motion one can write: (I+AM)MY, =(4,+A4,)¥,
¢ M - symplectic
¢ transfer matrix, (I+AM)M | is not required to be symplectic
B Express the eigenvectors of perturbed motion as a sum of the

unperturbed ones . :
v, :Vj+zgijvl. , &y <<1,
i=1

¢ without limitation of generality one can consider that €: =0 for every i.
¢ Substituting and using properties of eigen-vectors one obtains

(I+AM)M(V]. +igl.jvl) =(4, +A/1j)(vj +igl.jvij
i=1 i=1

4 4
Dropping 2™ order terms: MV; +AMMy, +MZ4 &V, =4V, + ALV, + /Ij;gijvi

i

AMMy +i/1.5..vi = ALV, +/1].Z4:gl.jvl. = 24:(/11. ~2,)&,v, =(ALI-AMM))v,
i=1 i=1 i=1
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Perturbation Theory (2)

B infroducing matrix v,=[v, v\ v, v,’| we rewrite it as 2 matrix eq.

O -_— * O
Ve A=A
’ 0 0 ﬂ‘l _ﬂﬂz 0
00 b=,
4 - ; 0 )
Z(/lj —ﬂi)gijvi +AAV,=AMMyv, -, —
i=1 O 12 _21 O O
\Y
p 0 0 i 0
0 0 0 A4-4 ]

Man

=AMMYyv,,

=AMMyv, .

| 4

B Matrix V; is built from symplec’nc vectors and its inverse is:

Vp_
_ Aﬂl _
(%_21*)‘921 | T
(1) =-5-UV,/UAMMYy,
= 2 ) €31
_(11_/12*)‘941_

1

21

T
=——UV,U

Mq

(&
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Perturbation Theory (3)

B Account relationship between eigenvalue corrections and tune shifts
AQ, =i/ (4r) (A4, ] 4,)

B That finally yields

( 1
AQI = —E V1+U AM V1
J
1
AQ2 = —E V2+U AM V2
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Linear Tune Shifts in Strongly Coupled Lattice

B Let us find tune shifts in strongly coupled lattice for a general case
local focusing perturbation.

B Corresponding addition to Hamiltonian: ®.x° +2® xy+® y°

0 0 0 0
~®. 0 D, 0
S ™M=l 0 0 o
~d, 0 D, 0

B Substitution AM to the tune shift equation and using the eigen-vector

parameterization yields:

1
AQ, :E((DxﬂbC +20 /5. B, cosv, +CI)y,Bly) ,

1
AQz = E(q)xﬂ2x + 2q)s IBZxIBZy CosV, + q)le2y) .
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Limitations on the Focusing
of Interaction Region Quads
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Collider Type Optics

2

* S
B High luminosity -> small beta in IP p(s)=p +ﬁ*

B Detector requires long drift => very large B-function in IR quads
=5 e
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B Therefore, the IR quads intfroduce major limitation on ring focusing
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Changes of Tune and f-function at Perturbation Location
B Consider a lattice with one local perturbation =>

ol U0 e sB 1 0] c—Dpfs/2 ps
-®/2 1[-s/B ¢ [[-®/2 1] |-@c—(1-D°B/4)s/B c-DPs/2
M B C’ S’ﬁ’ . A . A
Onother hand: ™ =| _¢/pr o |° €7 Cos(py +Apt), s =ity + M)
] Equal iZing we obtain B For ® > 0 the stability is
B S sin y, . P not lost above the half-
cos( 4, +Au) = cos 4, — ) , P= \/1 + @B/ tan 11 — ((D,B / 2)2 integer resonance
Ho It is used in KEKB
- STabiliTy is IOST When 1 .44 i i
, Hp $E =02 ok ok
COS L4y — = Szm fool I 04 '
q)ﬂ:2c0§y0—1:_2 | 2sin* (1, /2) 0
sin g, 2sin (g, / 2)cos(p, /2) 02
i.e. the stop-band width 0
®f =-2tan (%) . 1
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Changes of Tune and f-function in Linear Approximation
B Tn linear approximation

Au=Lap B, 2P |
2 p tan 4, |

B Let's find the B-function
perturbation for the rest of
the ring

ﬁl

ﬂ,\(ﬂ) ) ; } 1 * AIB co8 ZIU DD D:.l D:.Q D:.E D..4 : D..j EI-.ﬁ EI:_’.I' I:I:E I:I:_E' : 1
B Account that there is =
discontinuity at the perturbation location

,5’(/1)5%=1+A,Bcos(yo—2y) => ﬁ(O):1+Aﬂcos(yO)

OB cos(pu,—2u)

Blu) =1+
tan 4, COS K,
. D
B =1+ P cos (4, ~211)
SN L4,
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Tune and p-function Chromaticities

1 eGL AD Ap

Change in momentum changes focusing
Chromaticity for point-like single perturbation

AV:M:L(lA@ﬂj:_Q_ﬁQ
2r 27w\ 2 47 p

Summing for all perturbation sources we have: |£=p—= ——Z(Dpﬂk
Estimate for Tevatron collider 4

121L2_ I L eawon . 1 30m

1 Up
-—— Yo | N S - ~ 15
d 4 ; WP p=L7/F . 21Pquads dr L fB 27 B 27 30cm

Contribution of 2 IPs exceeds the ring natural chromaticity of ~20
What can be more important is the chromaticity of B-functions
ABl 28u 28 Ap

For single quad: 5| “ing,  sing, p
24: Tevatron 275 —

AN
7

75

~y
~Y

" sin Hy 0.2

d (AB
=> chromatic p: P4, 5

The chromaticity of B-functions is closely related to the 2" order
chromaticity. Affects beam-beam. Has to be suppressed.
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Correction Tune and S-function Chromaticities

: [P
B Sextupoles are used for the correction: B=55¢ = Gs(x)=5x

Ay 2P L 5 g eSLELAp
4 4 = pc p

e

41 pc ; Pib (SL)"

= c==

B |ocation of F and D sextupoles near F and D quads enables
chromaticity correction for both planes

B For correction of chromatic B-function ap O
sextupoles located at “right" phases are g |

used . Dﬂ\ ;

=i 0.5 i 15

L2
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Correction Tune and [-function Chromaticities at
Tevatron

0.580
400 Betoin | | === After Correction

.5 —&— Before Correction

2 | " 0.576-

=

= e

200 =

= -

2 h = 05721

= o

: ﬂ z

g " | 3

5 “ M 0.568

— 2

Z 2

: ;

5 B > 0.564 -

5

T

-400 T T y T ) T T T T T y T 0.560 T T T T T
0 1x100 2x10° 3x10° 4x10° 5x10° 6x10° -4.0x10" 0.0 4.0x10*
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Horizontal chromatic beta-function at the injection Dependence of the vertical betatron tune
energy. Blue line is for the original sextupole on particle momentum in the collider
configuration, red - for the proposed correction mode.
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How OptiMX Computes Betatron Tune Shifts

All nonlinearities are described by zero length multipoles
The closed orbit can be excited by dipole correctors
In Reference Orbit mode program finds new CO by iterations with
accounting all non-linearities. Then it builds new lattice where
feeddown from high order multipoles are accounted.

¢ Consequently, in linear optics calculations all corrections to optics

are correctly accounted.

In View4D|Chromaticity this procedure is produced automatically on
a number of momentum offsets. That yields dependence of mode
Tunes on momentum
=Linear and non-linear chromaticities
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I

I { Search Fitting Tools ey ew 4D SpaceCharge 'TEFErEnCe E
SHRXHMRFEFosYY B amEH k

LATTICE EDITOR: Tev_10.0pt" = [&] =]

1# This file is based on the optics measurements performed on Agus
‘2 # Beam envelopes in E sector were additionally adjusted to match -
3 f=================c===============s===ss======z==s============
4 # Power supply currents
- B e eI S A
6 #include quad.crt {: Chromaticity ?
7
8 5T:0395=8; => -
9 $T:Q39C-0; =-> Chromaticity
10 i=======================
11 # Controls for Optics
A2 H ------mmmmmmmmmmmm oo
13 # Horizontal and vertica i
14 $d0h-= 8.01; => dp/p step size l0.0001 2]
15 $dQu= -9.0084; =>
eH------——
17 # Beam envelope correcti
184 X (Ad4 + A4R) no of samples {2n+1) |10 :.l
19 $diAQ9= @; =>
28 $dinQ7= -32; =3
21 5diB@Q3T = -1
22 $diQ815= 18; = () Ring Mode (®) Line Mode
23 # ¥ (B14 + B16)
24 $diBQ7= 58; =3
25 $diBQ9= 88; =3
26 5diBAQ2T = @; => Cancel
27 &
28 $diBOQ2 - B; =>
20 5diB8Q3 = @; => 2]
B - - -
314 X (C44 + C46)
32 $dicQo=-e; =»> 2}
33 $diCQ7= 27; =» 27
34 5diDBO3T = -3; =» -3
35 $diQD15= 28; =» 20 -
€< >
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O."Fractiq?ar Tunes vs dp/p

cremre

"""" Third Order Polynomial Regressi

Mode 1: a0 = | 0.580931al= -105.898a2= -26548a3i= -1.17664e+007
Mode 2: a0 = 0.576029a1= -85.6442a2= -16187.8a3 =-6.6022+006

|.-u1| |. eulull.'u3| |. ll.li‘ﬂl
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Problems

1.

Using symplecticity condition prove that for the 4x4 matrix written through 2x2
matrices as B g} the following is correct: det(P)+det(p) =det(Q) +det(g) =1 and

det(P) =det(Q), det(p) = det(q)
Using software for analytical computations prove that for a ring without RF
{Mm:D(l_Mn)_D'Mlz {M51:DM21+D’(1_M11)

My, =-M,D+D'(1-M,,) Mg, =-D(1-M,,)-D'M|,
Prove that for matrix built from symplectic normalized eigen-vectors,
V,= |:V1 VoV, Vz*] , the following is correct:
vV, = —%UVPTU
Find dependence of synchrotron frequency on the particle amplitude/action for the
beam motion in a harmonic RF voltage. Obtain asymptotic dependence for small
amplitudes.
Restore missed calculations in computation of tune shifts in strongly coupled optics

|

Tan

1
AQZ :E(q)xﬂbc +2(Ds IBZxﬂZy COSVZ +(Dy182y)'

AQ, ((I)xﬂlx +20, /BB, cosv, +CDy,Bly) ,
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