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Primary vertex reconstruction algorithm

Primary vertex reconstruction algorithm consist of two parts:

1. Initial approximation of the primary vertex.

2. Fitting procedure for the primary vertex.

3. The current primary vertex reconstruction algorithm was introduced in SPDroot in 2019
and it's performance was checked with the next procedure:
a) comparison with the MC vertex position;

b) comparison with the others primary vertex reconstruction algorithms (V. Andreev, Comparison
of Algorithms for Reconstructing the Primary Interaction Vertex for the SPD Experiment,
Bull. Lebedev Phys. Inst. 48 (2021) 10, 301-306).

4. Current reconstruction algorithm shows the good performance
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Initial approximation of primary vertex

The important part of the vertex reconstruction is the determination of the initial approximation
of the primary vertex. In SPD the next 1-D clustering algorithm is realized:

- select “good” tracks;

- extrapolate tracks to the beam axis;

- estimate z-coordinate of the point of closest approach (POCA) to the beam axis;

- apply clustering algorithm for this z-point sample for the estimation of the initial vertex position.
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On plots above you see the difference of z-coordinate between generated primary vertex position
and the initial approximation of vertex for 2 MC samples:

- 8 muons of 1 GeV/c with uniform distribution of 8 and ¢ angles;

- Minimum Bias events.

The primary vertex position was distributed with Gaussian function o,=30cm and o, = 0.1 cm
and MAPS option of vertex detector is used at this simulation.
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| General approach to the vertex fit I

In general, the vertex fit task can be formulated as a nonlinear regression model (P. Billoir, R. FrUhwirth,
M. Regler, Nucl. Instrum. Meth. Phys. Res. A 241, 115 (1985)). Let us assume that there are n tracks which
should be fitted to a common vertex v. The tracks are specified by the track parameters q, on the some
reference surface with corresponding covariance matrices V, ,i=1, ..., n. The vertex position v

and momentum vectors p, of all tracks at this vertex are the parameters which should be estimated.

The track parameters qi = hi(v, pi) are nonlinear functions of the parameters v and p;. If there is multiple
scattering between the vertex and the reference surface, the multiple scattering has to be included

as additional noise in V,

reference cylinder

This task can be solved by the different methods. The current vertex reconstruction algorithm uses
Kalman filter procedure and also the same procedure (Kalman filter) will be used in the new algorithm.
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| Kalman filter for vertex fit I

The nonlinear regression can be reformulated as an extended Kalman filter (R. Fruhwirth, Application of
Kalman filtering to track and vertex fitting, Nucl. Instr. Meth. A 262 (1987) 444.).

At the first stage, the state vector consists of only the initial information about the vertex position v,
and its covariance matrix C,. This initial information is given by the position and the size of the beam

spot or the target, or from some procedure as was described above. For each tracki,i=1,...,n,
the state vector is also presented by the three-momentum vector p, at vertex. The Kalman filter system

equations will be next: gqi = hi(v, pi), i=1,..., n

The first-order Taylor expansion of i = hi(v, pi) Kalman filter equations for updating vertex and
at a some expansion point e,=(v,, p,, ) will gives track parameters with covariance matrix will
the following approximate in linear model: look like these:
- 4 .. P — -1 T~B
q; ~ Aiv+ Bipi+ci, i=1....m, vertex —= Vi =C; [C:‘—lﬂf—l +A4;G; (g; —Ci)] :
T
A, _ Ohi g, _ Ohi momentum === p; = W;B; G;(q; — ¢; — A;v;),
;= —

v leg ' ap; | eo 1
covariance — Var[y;]=C; = (C,T_ll —I—AIGEBA;) ,

¢i = hi(vo, p; o) — Aivo — Bi p; o. \ T T T
Var[p;] = Wi + W;B; G;A;C; A; G; B; W,

\

) )
ri =q; —hi(vi, p;), Cov[v;, p;] = —C:A; G;B;W;.

2T TA-1
i =riGiri+ (i —vi—1) C;_; (v; — vi_1). W; = (BTG; B;)"!

GEB = G; —GEBEWEB;I-GE.
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Possible simplification of Kalman algorithm

The disadvantage of the basic method is that it requires too many calculations. Since the state
vector v has a dimension of 3 X 3 and each measurement q; has a dimension of 6 (or 5 for another
track parametrization), complicated matrix operations must be performed at each step. In particular,
at each filtration step it is necessary to invert 6 X 6 matrices. This is especially important for high
multiplicity events.

For speeding up the calculations the following simplifications are usually applied:

- neglect of the magnetic field in the vertex region when tracks are considered as straight lines;

- fixation of the track directions and momenta neglecting uncertainties of these parameters;

- use of initial track parameters for linearization at each iteration;

- use the helix parametrization for track with assumption of constant magnetic field.

V. Andreev, 6



Current vertex reconstruction algorithm

A special feature of the current algorithm is the next:

- track is extrapolated to the some virtual plane z.er (zwr is determined from clustering algorithm)

- then track parameters are estimated on this virtual plane;

- and finally track parameters are linearized in the vicinity of this point.

This approach makes it possible to fit the vertex without including the track parameters into the vertex
state vector and to simplify the calculations. In this approach only two divisions are performed for each
track, while in the standard approach inversion of a 5 X 5 matrix is required.

m hits
track ’#\HX\LL
v k==
Y -~ h
wé*& PR k \track estimate
&0 i
/4 -7 k+1 ~
L extrapolated track
k+2
vertex

r=(x,,y,,z) ,C,6 — the vertex position and its covariance matrix;
t =(a., b, (q/p)J)7, C* — the directions and the inverse momentum of the k-th track,

originating from the vertex r, and covariance matrix for these parameters; measurement;
h, (r,a_, b, (q/p), ) — parameters of the k-th track, extrapolated from z to z__;

m,=(x.y.t, t, (a/p)J)T — thek-th track estimation, parametrized at a certain z  ;
V, — the covariance matrix of the k-th track estimate;

Each track estimation m, is considered as measurement of the corresponding track t, .
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Current vertex reconstruction algorithm (2)

h, (r,a., b, (q/p),) — parameters of the k-th track, extrapolated from z to z, . .
Iy +ag - (zref - 21,) + O((zref - zv)z)
Y + bk ) (zref - z*u) + O((zref - zﬂ)g)
hy(r,ak, bk, (¢/P)e) = O
b
(4/P)k

Here the term O( (z, — z,)?) describes the deviation of the track from a straight line in a magnetic field

(see details S. Gorbunov and I. Kisel, “Analytic formula for track extrapolation in non-homogeneous
magnetic field”. Nucl. Instr. and Meth. A559 (2006) ). The measurement model after linearization is:

@2\ (10 - 000\ * )
B0 . 50 001 -0 00 0 -
my(r) ~ 0 [+[00 0o 100 j + .
0 00 0 010 b‘“
k
07 N0 0 000 )

only the x and y components of m,_ depend on the vertex parameters r, ;
- these components do not depend on the parameters (a, , b, , (q/p), ) of the vertex track;
- the parameters of the k-th vertex track are measured only by the k-th track estimate m, .

Thus, the values a,, b, , (q/p), do not influence the measurement of the vertex position r, with the track
estimate m_ and, therefore, there is no need to fit these values at the k-th step of the Kalman filter.
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Comparison different algorithms (MB, MAPS+DSSD, 5 layers)

140

120

m % 5 2 8

KVF - classical Kalman vertex filter;

TVF - trimmed Kalman filter;

AVF - adaptive vertex filter;

KFP - vertex reconstruction from KFParticle;
SPD - present vertex reconstruction algorithm.
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New algorithm for vertex reconstruction

The next set parameters are used for track description in new algorithm:

1) 6 global parameters => Xx,y,z - coordinates and momentum of track px, py, p. at this point

(now in SPDroot these track parameters with covariance matrix are known at the first measured
point => GetFirstState() );

2) 5 local parameters (perigee) which usually used for description of the helix in constant magnetic
field. These are the same helix track parameters as used in KEK or BES3 experiments:

where xo = (X0, Yo, Zo )" is an arbitrarily chosen
r = wxp + dycosgg + = (cos dp — cos(¢g + ¢)) reference point. If the reference point is fixed,
y = yo + d,sing, + %(Hill Oo — sin(dg + 0)) the helix is determined by a 5-component ]
O _ Gtan ). b parameters vector h = (do, 9o, K, d;, tan A)T,

0 z E where d, is the distance of the helix from the
reference pointin the xy plane, ¢@o is the
azimuthal angle to the reference point with
respect to the helix center, k = Q/pr, d: is the

(a) Neagtive Track (b} Positive Track distance of the helix from the reference
point in the z direction, and tan A is the
dip angle.

(XoYoZu

(LY.Z)
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I New algorithm of vertex reconstruction I

If we know 6 global track parameters at some x point of helix then the track helix parameters
can be calculated

e TR
(d,\ . PL= /D3 +D5;
tan ™" [_px—}—a'y}
o | Py —az T= \/(p.+ay)*+ (p, — ax)?,
he | 5 | = Q | J= sinps, = PPy ~PouPs _
Py b1
CE‘, P . _1 Py Pe T QY Pz p.y—(l.'l':_
& z——sin " .J . — . =
- ] PL T PL T
\3/ :
P= 7 (@Pa+ypy).
\ P ) PL
TMatrixD m a(5,3); A; = ahi/ov TMatrixD m_b(5, 3); B; = ohi/dpi
ma(0,0) = 0. + (py - a*x)/T; m b(0,0) = (px/pxy- (px+a*y)/T)/a;
ma(0,1) = 0. - (px + a*xy)/T; mb(0,1) = (py/pxy- (py-a*x)/T)/a;
ma(l,0) =0. - a*(px + axy)/T/T; m b(1,0) =0. - (py-a*x)/T/T;
ma(l,1l) =0. - ax(py - a*x)/T/T; mb(l,1) = 0. + (px+a*xy)/T/T;
ma(3,0) = 0. - (pz/T)*(px + a*y)/T; m b(2,0) = 0. - charge*px/pxy/pxy/pxy;
ma(3,1) = 0. - (pz/T)*(py - a*x)/T; m b(2,1) = 0. - charge*py/pxy/pxy/pxy;
ma(3,2) =1.; m b(3,0) = 0. + (pz/a)*(py/pxy/pxy-(py-a*x)/T/T);
m b(3,1) = 0. - (pz/a)*(px/pxy/pxy-(px+a*y)/T/T);
m b(3,2) = 0. - asin(3J)/a;
m b(4,0) = 0. - (px/pxy)*(pz/pxy)/pxy;
m_b(4,1) = 0. - (py/pxy)*(pz/pxy)/pxy;
m b(4,2) = 1./pxy;
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General procedure:

| General fitting procedure I

1. determine the preliminary position of the primary vertex;

2. extrapolate track to this vertex position using Runge-Kutta-Nystrom method;

3. transform track to the local helix parameters in the area of this vertex;

4. apply linearization of track parameters => calculate all necessary matrix;

5. update vertex position and track parameters and corresponding covariance matrix using
Kalman filter equations;

Vertex
estimation

T

next track

i

Track
extrapolation

-

Track helix
parameters |

Matrix
update

.

Update vertex
and track

6. do loop over all selected tracks;

next iteration

7. do this procedure several time ( iteration )

8. finally the primary vertex position and parameters of tracks connected with this vertex and
corresponding covariance matrix are determined

V. Andreev,
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For current algorithm all
tracks are extrapolated to
PV, fit by 2 Gauss

Minimum Bias (track parameters)
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Pull distribution

Pull distribution for some variable x is determined as (xre<°- x9¢") / O .
In general, for Gaussian error this distribution should have sigma o ~ 1.0
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1. Error of primary vertex is overestimated for the current reconstruction algorithm
as the tracks error is not fully taken into account (?).

2. For new algorithm this error is a little underestimated.
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Minimum Bias (track parameters for current algorithm

with adding PV as additional point to fit)

Momentum (without PV) Theta (without PV) Phi (without PV)
- hdMC - hdTheMC hdPhiMC
[ Entries 4588 [ -
B0o0 :_ J’ Mean T 480 :— Eniries 4588 180 - Enfries 4508
- 0 — O . 0 09 9 Sid Dew 104656 :_ Moan 5506005 : Iean {00125
700 P ﬂ Urideeflcne 114 400 i S Do GE03&45 140 [~ Sid Dev  0.007404
C Orverllow % : Uraarios P F Undesfiow 524
- 350
800 At amzian : Overtom 53 1201 Overllow 2035
[ pi 7911 19.4 a0l 3
500 — pi 0002948 1 0.0002213 1000
- pz 0009948 + 0.000302 a5l
smok P 41562 5.41 - sof-
pd 0.0001075 + 40014373 200 [
sa0k 3 0516 £ 0.0024 5 sol
; 150 -
200 — 100 40
100 sob 20
: :J_I_IJJ.Hnl'l.I.ﬂ IIIIIII|IIIIIII IrLJ-uI_II :LP'hlJ.I'I_ﬁ—Fth IIIIIIIIII|IIIIIIIIIIIII|IIIIIIII
—%. —B.Jz -0.015 -0.01 -0.005 O 0.005 001 0.015 0.02 —{?. 025-0.02-0.015-0.0+0.005 0 0.005 0.010.0150.02 0.025
Momentum (with PV) Theta (with PV) Phi (with PV)
hdRC hdTheRC hdPhiRC
B Entries 4515 . Eninas 4518 :_ . Eninas. 4515
200 o l Mean 000251 | 900 F
F Op = O . 0093 Sidf Dew 0.05304 1200 poan B AT [ t th pnan S asn-e
[ B 1 Hid Doy 002118 800 - Cu rre n ’ WI Sid Dew  DOO3EEE
' Hndecion e L current, with g .
G001 Creerllow 184 1000 [ d d . PV Urdariow 152 700 F ad d | ng PV Undirine 287
: C U rre nt, W |th et 2T B a In g Cwerow 138 - Qveriow 323
500 [ . plr 62774184 - s00 -
ra d d in g PV pt 0.0002505 £ 0.0002285 anol [
[ p2 0.00833 + 4.00030 F sook-
400K 2 £9.531 4.9 [ [
E il 0.002904 + 0.001402 GO0 a0k
300k & 00525 + 0.0020 [ i
i 0o} S0
200 3 -
_ i 200
B 200 L
100 i L 100
: -IIIIIIIIIIIIIJJ_I I|I IIIIIlIIIIlIIII :IJLI|IIIILIIIIJI_I III|III I."LILIILLlIIIIIIIII
—%. —E.J2 -0.01% -0.01 -0.005 O 0.005 001 0015 0.02 —tjlj. 025-0.02-0.015-0.0+0.005 0 0.005 0.010.0150.02 0.025
(pﬁt'pgen)/pgen Gﬁt-egen (pﬁt'q)gen
V. Andreev, 16



9.

10.

11.

12.

13.

14.

I Comparison of two fitting algorithms I

Current
. general selection of track yes
. additional selection (6 - /2) < A6 yes
. initial track parameters 6 global
. track extrapolation to plane (XY)
. track extrapolation method Runge-Kutta
. local track parameters 5 on plane
. local track description ~curve 2-d order
. track linearization yes
update vertex at each step yes
track selection (x?) at each step yes
update track parameters no
can be used in nonuniform field yes
additional step for track
parameters update yes
performance similar

New
yes
no
6 global
to space point
Runge-Kutta
5 helix (perigee)
exact helix
yes
yes
yes
yes

yes

no

similar

V. Andreev,
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‘ Summary I

1. Current primary vertex reconstruction program was introduced in SPDroot in 2019
on the base of CBM algorithm.

2. New primary vertex reconstructed algorithm is now proposed.
3. Both algorithms show good and compatible results.
4. New algorithm works now inside standard SPDroot software (on my PC).

5. Future plan - add this algorithm in the official SPDroot.
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‘ Backup I
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General approach to the vertex fit

In general the vertex fit can be formulated as a nonlinear regression model (P. Billoir, R. Fruhwirth,
M. Regler, Nucl. Instrum. Meth. Phys. Res. A 241, 115 (1985)). Assume that there are n tracks
to be fitted to a common vertex. The tracks are specified by the estimated track parameters q, and

the associated covariance matrices V, ,i=1, ..., n. The parameters to be estimated are the vertex
position v and the momentum vectors p, of all tracks at the vertex. The track parameters q, are
nonlinear functions of the parameters: qi = hi(v, pi) + €i, cov(sei) =V, I = 1...,n.

reference cylinder

q;, =hi(v,p;), i=1...,n.

If there is multiple scattering between the vertex and
the reference surface, it has to be included as additional
noise in V,. The first-order Taylor expansion of h, at a

some expansion point e, = (v, , p,, ) gives the
following approximate linear model:

q; ~ Aiv+Bip;+ci,i=1...,n,

oh; oh;
Aj= —| , B; = —*
Jdv | ep ap;|eo

¢i = hi(vo, p; o) — Aivo — Bip; .

(A1 By O ... O\ (U\

4"1 Ay O By ... O P1 1

n \4, 0 0 ... B,) \p,)]

V. Andreev,
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I Least square method (Billoir method) I

The Least Square method estimates v and p, are obtained by:
(AIG1 Ang AIGH\

(Do Dy Dy ... D,
v 41— ¢ DT E, 0 ... O BIG1 o ... 0
P — M IN . , M—| DI o0 E; ... o ., N= 0 B;Gz .. 0
\D; O O ... EdJ \ 0 o .. BlG)

Di=AlGiBi, Ei=B/GB;=W;', G;=V;"!, i=1,...,n,

n i -1
Dy=) A[GiA;. sz(Dn—ZD;WfD}r) ,

"
§=Co Y A]G;(I-B;W;B]G))(gq;—c)),
j=l

pi= W:‘B}-Gi@f—ﬁ‘ —AiD), i=1,...,n.

f
xX>= (;—d)" Gilg; —dp-

i=l1
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Initialisaton

Iy, CUJ X(z) =0

Y Y

Extrapolation

o~

T = Ap_1Tk—1

F 3

Cr = A 1Crr AT + Q,

Y

Noise

Qk

Filtration

Kk = ang (Vk <+ Hkaka]—l

¢ = my — Hiry,
r, =Tj + Ky,
Cp, = (I - K H)Cy

Xt =3, + ¢ (Vi + HiCeHE )72

Measurement

my, Hg, Vi

rk, Ck, X}

Y

Fitted parameters
T'n, Cn

Kalman filter algorithm

state vector rt - vector real numbers that represents
the unknown quantities to be estimated

Extrapolation - changes current estimation of vector r,

upon transfer from (k-1)-th measurement to the
k-th measurement

. _ . : ,
rt=Ar._" +v_A_-isaknown linear operator, called

etrapolator; v, —process noise between (k-1) and
k - measurement

Filtration - the measurement information is incorporated
into the estimator and its covariance matrix

measurement m,_- a known (measured) quantity with

linearly depends on state vector m = Hert + n
H - is a (known) linearly operator represented as a matrix,
called model of measurement; n - measurement error

Algorithm steps 2-3 sequentially repeat n times, for each
measurement m, k = 1,...n. After the filtration of the

last measurement m,, the obtained estimator r _is the
desired best estimator with the covariance matrix C,.

In practice, the transport equation and the measurement
model are often nonlinear. To solve the nonlinear fit problem,
one should linearise all the equations before applying the
fitting algorithm, but the algorithm itself does not change.

V. Andreev,
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