
Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ ïðè

ýëåêòðîí-ïîçèòðîííîé àííèãèëÿöèè è ìåòîä

ñòðóêòóðíûõ ôóíêöèé

Â.Ñ. Ôàäèí

Èíñòèòóò ÿäåðíîé ôèçèêè ÑÎ ÐÀÍ

Íàó÷íàÿ ñåññèÿ ñåêöèè ÿäåðíîé ôèçèêè ÎÔÍ ÐÀÍ
1�5 àïð. 2024ã.
Äóáíà, ÎÈßÈ

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ââåäåíèå

Ïîãðåøíîñòè ìåòîäà

Îáùèå

Ñïåöèôè÷åñêèå äëÿ ýêñêëþçèâíûõ ñå÷åíèé

Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Îäíî-ïåòëåâûå ïîïðàâêè

Äâóõ-ïåòëåâûå ïîïðàâêè

Çàêëþ÷åíèå

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ââåäåíèå

Ìîòèâèðîâêà:
ïðîòèâîðå÷èÿ â âåëè÷èíå ÌÀÌÌ

� ìåæäó ýêñïåðèìåíòàëüíî èçìåðåííîé âåëè÷èíîé

Bennett, G. W. and others, "Final Report of the Muon E821
Anomalous Magnetic Moment Measurement at BNL"Phys. Rev.
D73 (2006) 072003,
Abi, B. and others, "Measurement of the Positive Muon

Anomalous Magnetic Moment to 0.46 ppm"Phys. Rev. Lett. 126
(2021) 14, 141801,
Aguillard, D. P. and others, "Measurement of the Positive

Muon Anomalous Magnetic Moment to 0.20 ppm"Phys. Rev.
Lett. 131 (2023) 16, 161802,

�è "òåîðåòè÷åñêèì"ïðåäñêàçàíèåì

Aoyama, T. and others, "The anomalous magnetic moment of
the muon in the Standard Model"2020 Phys. Rept. , Vol. 887 p.
1-166
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Ââåäåíèå

� ìåæäó "òåîðåòè÷åñêèì"ïðåäñêàçàíèåì è
"ðåøåòî÷íûìè"âû÷èñëåíèÿìè

S. Borsanyi, Z. Fodor, J. N. Guenther, C. Hoelbling,
S. D. Katz, L. Lellouch, T. Lippert, K. Miura, L. Parato and
K. K. Szabo, et al. �Leading hadronic contribution to the muon
magnetic moment from lattice QCD,� Nature 593 (2021)
no.7857, 51-55

B. C. Toth, S. Borsanyi, Z. Fodor, J. Guenther, C. Hoelbling,
S. D. Katz, L. Lellouch, T. Lippert, K. Miura and L. Parato, et
al. �Muon g-2: BMW calculation of the hadronic vacuum
polarization contribution,� PoS LATTICE2021 (2022), 005
doi:10.22323/1.396.0005

�ìåæäó ðåçóëüòàòàìè ýêñïåðèìåíòàëüíûx èçìåðåíèé
âåëè÷èíû R(s)

CMD-3 Collaboration, Measurement of the pion formfactor
with CMD-3 detector and its implication to the hadronic
contribution to muon (g-2) arXiv:2309.12910 [hep-ex]
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Ââåäåíèå

Äëÿ èçâëå÷åíèÿ R(s) íóæíû çíàòü
ðàä-ïîïðàâêè ê σ(e+e− → γ∗ → hadrons).

Ìåòîä ñòðóêòóðíûõ ôóíêöèé
E. A. Kuraev and V. S. Fadin,
�On Radiative Corrections to e+ e- Single Photon Annihilation
at High-Energy,�
Sov. J. Nucl. Phys. 41 (1985), 466-472
áûë ðàçâèò äëÿ èõ âû÷èñëåíèÿ.

Ýòîò ìåòîä ïðèîáðåë áîëüøóþ ïîïóëÿðíîñòü
(íà 27 ìàðòà 2024ã. 986 öèòèðîâàíèé â áàçå äàííûõ INSPIRE)
è ïîëó÷èë äàëüíåéøåå ðàçâèòèå âî ìíîæåñòâå ðàáîò.

Måòîä áûë ðàçâèò äëÿ âû÷èñëåíèÿ ðàä-ïîïðàâîê ê
èíêëþçèâíîìó ñå÷åíèþ
e+e− → γ∗ → anything.
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Ââåäåíèå

Ñå÷åíèå e+e− → γ∗ → anything c ó÷åòîì ðàä-ïîïðàâîê â
ìåòîäå ñòðóêòóðíûõ ôóíêöèé ïðåäñòàâëÿåòñÿ â âèäå

σ(s) =
∑

a=e−,e+

∫ 1

0
dx1

∫ 1

0
Da

e−(x1, s)Dā
e+(x2, s)

σ̃(x1x2s)θ(x1x2s − s0) ,

ãäå Da
e−(x1, s) � ôóíêöèÿ ðàñïðåäåëåíèÿ ïàðòîíîâ ñîðòà a c

ïîïåðå÷íûì èìïóëüñîì äî
√

s â ýëåêòðîíå, σ̃(s) � ñå÷åíèå
îäíîôîòîííîé àííèãèëÿöèè ñ ó÷åòîì ýôôåêòîâ ïîëÿðèçàöèè
âàêóóìà è âçàèìîäåéñòâèÿ â êîíå÷íîì ñîñòîÿíèè, íî áåç
ó÷åòà âçàèìîäåéñòâèÿ â íà÷àëüíîì ñîñòîÿíèè.
Åäèíñòâåííûì îãðàíè÷åíèåì íà êèíåìàòèêó èñïóùåííûõ

â ïðîöåññå e+e− ñòîëêíîâåíèÿ ÷àñòèö (ôîòîíîâ è
âîçìîæíûõ ïàð çàðÿæåííûõ ÷àñòèö) ÿâëÿåòñÿ â ýòîì ñëó÷àå
ìèíèìàëüíî äîïóñòèìàÿ ìàññà

√
s0 âèðòóàëüíîãî ôîòîíà

γ∗.
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Ïîãðåøíîñòè ìåòîäà

Âïîñëåäñòâèè ìåòîä ñòàë øèðîêî ïðèìåíÿòüñÿ ê
ýêñêëþçèâíûì ñå÷åíèÿì è àêòèâíî èñïîëüçîâàòüñÿ äëÿ
ñîçäàíèÿ Ìîíòå-Êàðëî ãåíåðàòîðîâ ñîáûòèé. Ïðè ýòîì
îãðàíè÷åíèÿ, íàêëàäûâàåìûå íà êèíåìàòèêó èñïóùåííûõ
÷àñòèö, îïðåäåëÿþòñÿ êðèòåðèÿìè îòáîðà ñîáûòèé è íå
ñâîäÿòñÿ óæå ê

√
s0.

Òî÷íîñòü ýòîãî ïðåäñòàâëåíèÿ îïðåäåëÿåòñÿ äâóìÿ
ôàêòîðàìè. Ïåðâûé � âåëè÷èíà âêëàäîâ, íå óõâàòûâàåìûõ
ýòèì ïðåäñòàâëåíèåì. Âòîðîå � òî÷íîñòü âõîäÿùèõ â ýòî
ïðåäñòàâëåíèå âåëè÷èí.

Â ýòîì ïðåäñòàâëåíèè îïóùåíû âêëàäû äèàãðàìì
àííèãèëÿöèè ÷åðåç äâà è áîëåå ôîòîíîâ è èõ èíòåðôåðåíöèè
ñ îäíîôîòîííîé, òàê æå êàê èíòåðôåðåíöèè ïðè ðîæäåíèè
ðåàëüíûõ ÷àñòèö â íà÷àëüíîì è êîíå÷íîì ñîñòîÿíèÿõ.
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Ïîãðåøíîñòè ìåòîäà

Èíòåðôåðåíöèÿ äâóõôîòîííîé àííèãèëÿöèè ñ îäíîôîòîííîé
îáðàùàåòñÿ â íîëü äëÿ çàðÿäîâî-ñèììåòðè÷íûõ ñå÷åíèé.
Ïîýòîìó äëÿ òàêèõ ñå÷åíèé íåîõâàòûâàåìûå ýòèì
ïðåäñòàâëåíèåì âêëàäû íà÷èíàþòñÿ ñ êâàäðàòà äèàãðàìì
äâóõôîòîííîãî îáìåíà è èíòåðôåðåíöèè òðåõ-ôîòîííîãî ñ
îäíî-ôîòîííûì.
Õîðîøèì îáñòîÿòåëüñòâîì ÿâëÿåòñÿ çäåñü òî, ÷òî ýòè
âêëàäû íå ñîäåðæàò áîëüøèõ êîëëèíåàðíûõ ëîãàðèôìîâ
ln
( s

m2 ) è ìîæíî íàäåÿòüñÿ íà èõ ìàëîñòü.
Ïëîõèì � òî, ÷òî èõ íåëüçÿ âû÷èñëèòü
ìîäåëüíî-íåçàâèñèìûì îáðàçîì.
Äëÿ çàðÿäîâî-àññèììåòðè÷íûõ ñå÷åíèé èíòåðôåðåíöèÿ
îäíî-ôîòîííîãî è ôâóõ-ôîòîííîãî îáìåíà äàåò îñíîâíîé
âêëàä è âåëè÷èíà åå ìîäåëüíî çàâèñèìà.

F. Ignatov and R. N. Lee, Charge asymmetry in
e−e+ → π−π+ process, Phys. Lett. B 833 (2022) 137283.
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Ïîãðåøíîñòè ìåòîäà

Óñòðàíèìûé íåäîñòàòîê � òî÷íîñòü ïàðòîííûõ
ðàñïðåäåëåíèé è êîýôôèöèåíòíûõ ôóíêöèé (æåñòêèõ
ñå÷åíèé).
Íåóñòðàíèìûé íåäîñòàòîê ìåòîäà ñòðóêòóðíûõ ôóíêöèé â
ïðèìåíåíèè ê âû÷èñëåíèÿ ðàäèàöèîííûõ ïîïðàâîê ê
ýêñêëþçèâíûì ñå÷åíèÿì: îòñóòñòâèå îãðàíè÷åíèé íà
êèíåìàòè÷åñêèå ïàðàìåòðû ÷àñòèö ñîïðîâîæäàþùåãî
èçëó÷åíèÿ, íàêëàäûâàåìûõ êðèòåðèÿìè îòáîðà ñîáûòèé â
ïðîâîäèìûõ ýêñïåðèìåíòàõ.

Íà ýòîò íåäîñòàòîê êîñâåííî óêàçûâàåò îòìå÷åííîå â

CMD-3 Collaboration, Measurement of the pion formfactor
with CMD-3 detector and its implication to the hadronic
contribution to muon (g-2) arXiv:2309.12910 [hep-ex]
vspace1mm îáñòîÿòåëüñòâî, ÷òî Ìîíòå-Êàðëî ãåíåðàòîð
MCGPJ
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Ïîãðåøíîñòè ìåòîäà

A. B. Arbuzov, G. V. Fedotovich, F. V. Ignatov, E. A. Kuraev
and A. L. Sibidanov, "Monte-Carlo generator for e+e-
annihilation into lepton and hadron pairs with precise radiative
corrections,� Eur. Phys. J. C 46 (2006), 689-703

õóæå îïèñûâàåò äèôôåðåíöèàëüíûå ðàñïðåäåëåíèÿ, ÷åì

G. Balossini, C. M. Carloni Calame, G. Montagna,
O. Nicrosini and F. Piccinini, �Matching perturbative and
parton shower corrections to Bhabha process at �avour
factories,� Nucl. Phys. B 758 (2006), 227-253

Êîíå÷íî, ñîçäàòåëè ãåíåðàòîðîâ Ìîíòå-Êàðëî ïîíèìàëè
ýòîò íåäîñòàòîê è ñòàðàëèñü èñïðàâèòü åãî.
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Ïîãðåøíîñòè ìåòîäà

Ãåíåðàòîð ñîáûòèé MCGPJ

äîáàâëÿÿ â îäíî-ïåòëåâîì ïðèáëèæåíèè òî÷íîå
"æåñòêîå"ñå÷åíèå äëÿ èçëó÷åíèÿ ôîòîíîâ ñ óãëîì
ðàñêîëëèíåàðíîñòè áîëüøèì θ0, 1� θ0 � 1/γ
è "êîìïåíñàòîð óáèðàþùèé èç ïàðòîííûõ ðàñïðåäåëåíèé
âêëàä èçëó÷åíèÿ ñ òàêèìè óãëàìè.

Ãåíåðàòîð ñîáûòèé BABAYAGA

ââîäÿ "ïîïðàâî÷íûå ìíîæèòåëè"

FSV = 1 + C1 − C1,LL , FH = 1 +
|M1|2 − |M1,LL|2

|M1,LL|2
.

èç ñðàâíåíèÿ ïðèáëèæåííîãî

dσ(1)
LL = [1 + C1,LL]|M0|2dΦ0 + |M1,LL|2dΦ1

è òî÷íîãî

dσ(1) = [1 + C1]|M0|2dΦ0 + |M1|2dΦ1

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ïîãðåøíîñòè ìåòîäà

ñå÷åíèé â îäíî-ïåòëåâîì ïðèáëèæåíèè, òàê ÷òîáû ñ ýòèìè
ìíîæèòåëÿìè

dσ(1) = FSV [1 + C1,LL]|M0|2dΦ0 + FH |M1,LL|2dΦ1

ïðèáëèæåííîå ñå÷åíèå ñîâïàäàëî ñ òî÷íûì, è ïðåäñòàâëÿÿ
ñå÷åíèå ñ èçëó÷åíèåì ëþáîãî ÷èñëà ôîòîíîâ â âèäå

dσ∞ = FSV Π(Q2, ε)
∞∑
0

1
n!

n∏
i=0

FH,i |Mn,LL|2dΦn .

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Â ïðèáëèæåíèè êâàçèðåàëüíûõ ýëåêòðîíîâ è ôîòîíîâ
V. N. Baier, V. S. Fadin and V. A. Khoze, �Quasireal electron

method in high-energy quantum electrodynamics,� Nucl. Phys.
B 65 (1973), 381-396
ñå÷åíèå σi→f ïðîöåññà c óëüòðàðåëÿòèâèñòñêîé ÷àñòèöåé
ñîðòà a ïðåäñòàâëÿåòñÿ â âèäå

dσa(~p) = dnb
a(z, ~q⊥)dσb(z~p) ,

ãäå ~p � èìïóëüñ ÷àñòèöû a, z~p + ~q⊥� èìïóëüñ ÷àñòèöû b,
dσb(z~p) � ñå÷åíèå åå âçàèìîäåéñòâèÿ,

dnb
a(z, ~q⊥ =

1
2εa

∑∣∣Mbc
a
∣∣2

(∆ε)2
d3pb

2εb(2π)3
d3pc

2εc(2π)3 (2π)3δ(~pa−~pb−~pc) ; ,

Mbc
a ìàòðè÷íûé ýëåìåíò ïåðåõîäà a→ b + c. Ôóíêöèè

ðàñùåïëåíèÿ (ÿäðà Àëòàðåëëè-Ïàðèçè) Pb
a z ïîëó÷àþòñÿ êàê

êîýôôèöèåíòû ïðè ëîãàðèôìè÷åñêîì èíòåãðàëå îò nb
a(z, ~q⊥)

ïî ïîïåðå÷íîìó èìïóëüñó.
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Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ïðåíåáðåæåíèå ïîïåðå÷íûì èìïóëüñîì ÷àñòèöû b â
ìàòðè÷íîì ýëåìåíòå dσb(x~p) âïîëíå ïðàâîìåðíî. Îäíàêî
îíî äîëæíî ó÷èòûâàòüñÿ â çàêîíå ñîõðàíåíèÿ
ýíåðãèè-èìïóëüñà ïðè äîñòàòî÷íî æåñòêèõ îãðàíè÷åíèÿõ íà
êèíåìàòèêó êîíå÷íûõ ÷àñòèö.

dσa(~p) = dnb
a(z, ~q⊥)dσb(z~p + ~q⊥)

dnb
a(z, ~q⊥)) = ρbc

a (z, (pb + pc)2)
d3pc

(2π)32εc

dσa(~p) = ρbc
a (z, (pb + pc)2)

|Mb(x~p)|2

4I
dρf

dρf = (2π)4δ(4)(Pi − Pf )
∏

f

d3pf

(2π)32εf
.

ργe =

(
1 + (1− x)2

2xκ
−m2(1− x)

2κ2

)
, κ = (kp), ~k = x~p+~q⊥, x = 1−z.
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Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ñðàâíåíèå ðåçóëüòàòîâ âû÷èñëåíèé äëÿ òèïè÷íûõ ýíåðãèé è
êðèòåðèåâ îòáîðà ñîáûòèé, èñïîëüçóåìûõ â ýêñïåðèìåíòå
ÊÌÄ-3ñ èñïîëüçîâàíèåì ìåòîäà ïàðòîííûõ ðàñïðåäåëåíèé,
ìîäèôèöèðîâàííîãî ìåòîäà êâàçè-ðåàëüíûõ ýëåêòðîíîâ è
ôîòîíîâ è ñ èñïîëüçîâàíèåì òî÷íûõ ìàòðè÷íûõ ýëåìåíòîâ.

dσmmqe
e+e−→π+π−γ =

α

2π

∫
dω
ω

ω2dΩ

π

(2πα)2

q4 (2π)4δ(4)(p−+p+−q−−q+−k)

(q−−q+)ν(q−−q+)µ

[(
−gµν−

4pµ+pν+
q2

)(
1 + (1− x)2

2xκ−
−m2(1− x)

2κ2

)

+

(
−gµν−

4pµ−pν−
q2

)(
1 + (1− x)2

2xκ+
−m2(1− x)

2κ2
+

)]
d3q−

(2π)32ω−
d3q+

(2π)32ω+

x = 2ω/
√

s .
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Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

dσexact
e+e−→π+π−γ =

(4πα)3

2q4s

[
−
(

gµν−qµqν

q2

)((s − 2κ−)2 + (s − 2κ+)2

4κ−κ+

−m2q2

2κ2
−
− m2q2

2κ2
+

)
−
(

p− − q
(p−q)

q2

)µ(
p− − q

(p−q)

q2

)ν
×
( q2

κ−κ+
− 2

m2

2κ2
+

)
−
(

p+ − q
(p+q)

q2

)µ(
p+ − q

(p+q)

q2

)ν
×
( q2

κ−κ+
− 2

m2

2κ2
−

)
,

]
(q− − q+)ν(q− − q+)µdΦ3 .
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Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ðåçóëüòàòû âû÷èñëåíèé, âûïîëíåííûõ Â.Ë. Èâàíîâûì
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Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ðåçóëüòàòû âû÷èñëåíèé, âûïîëíåííûõ Â.Ë. Èâàíîâûì

Êàê âèäíî èç ðèñóíêîâ, ñïåêòð ÌÌÊÝ ïðàêòè÷åñêè íå
îòëè÷àåòñÿ îò òî÷íîãî äëÿ ñòàíäàðòíûõ êðèòåðèåâ îòáîðà
ÊÌÄ-3. Äëÿ ïîëíûõ ïîïðàâîê îòëè÷èå ñîñòàâëÿåò ≤ 210−4.

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Èçëó÷åíèå äâóõ ôîòîíîâ â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ
Ìåòîä ïàðòîííûõ ðàñïðåäåëåíèé

dσpd
e+e−→π+π−γγ =

∫
α

2π
dx1

x1

(
1 + (1− x1)2

) α

2π
dx2

x2

(
1 + (1− x2)2

)
1
2

(
ln

(
4E2

m2

)
− 1
)2

(4πα)2

4q4
d3q−

(2π)32ω−
d3q+

(2π)32ω+
(q−−q+)ν(q−−q+)µ

(2π)4δ(4)((1− x1)p− + (1− x2)p+ − q− − q+)[
−gµν−

1
q2 ((1−x1)p−−(1−x2)p+)µ((1−x1)p−−(1−x2)p+)ν

]
.

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

dσmmqe
e+e−→π+π−γγ =

α

2π

∫
dx1

x1

dΩ1

2π

(
1 + (1− x1)2

(1− βe cos θ1)
− m2(1− x1)

E2(1− βe cos θ1)2

)

α

2π

∫
dx2

x2

dΩ2

2π

(
1 + (1− x2)2

(1 + βe cos θ2)
− m2(1− x2)

E2(1 + βe cos θ2)2

)
(2πα)2

q4

×(q−−q+)ν(q−−q+)µ

(
−gµν− 1

q2 (p−−k1−p++k2)µ(p−−k1−p++k2)ν

)

(2π)4δ(4)(p− + p+ − q− − q+ − k1 − k2)
d3q−

(2π)32ω−
d3q+

(2π)32ω+

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ðåçóëüòàòû âû÷èñëåíèé, âûïîëíåííûõ Â.Ë. Èâàíîâûì
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Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ðåçóëüòàòû âû÷èñëåíèé, âûïîëíåííûõ Â.Ë. Èâàíîâûì

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Èçëó÷åíèå äâóõ ôîòîíîâ â íàïðàâëåíèè ýëåêòðîíà
Ìåòîä ïàðòîííûõ ðàñïðåäåëåíèé

dσ2a,LL
e+e−→π+π−γγ =

∫
α

2π
dx1

x1

(
1 + (1− x1)2

) α

2π
dx2

(
1 + (1− x1 − x2)2)

x2(1− x2)

1
2

ln2
(

4E2

m2

)
(2πα)2

q4
d3q−

(2π)32ω−
d3q+

(2π)32ω+
(q− − q+)ν(q− − q+)µ

(2π)4δ(4)((1− x1 − x2)p− + p+ − q− − q+))[
− gµν −

1
q2 ((1− x1 − x2)p− − p+)µ((1− x1 − x2)p− − p+)ν

]
.

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Èçëó÷åíèå äâóõ ôîòîíîâ â íàïðàâëåíèè ýëåêòðîíà
Ìîäèôèöèðîâàííûé ìåòîä ýêâèâàëåíòíûõ ýëåêòðîíîâ

dσ2b,LL
e+e−→π+π−γγ =

α

2π

∫
dx1

x1

dΩ1

2π
1 + (1− x1)2

(1− βe cos θ1)

α

2π

∫
dx2

x2

dΩ2

2π

(
1 + (1− x1 − x2)2

1− x1

1
(1− βe cos θ1) + (1− βe cos θ2)

)

(q−−q+)ν(q−−q+)µ

(
−gµν− 1

q2 (p−−k1−k2−p+)µ(p−−k1−k2−p+)ν

)
(2πα)2

q4 (2π)(4)δ(p−+p+−q−−q+−k1−k2)
d3q−

(2π)32ω−
d3q+

(2π)32ω+

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Ïîñëåäîâàòåëüíîå èñïîëüçîâàíèå ìåòîäà ïîçâîëÿåò
ó÷èòûâàòü òîëüêî óïîðÿäî÷åííóþ ïî ïåðïåíäèêóëÿíîìó
èìïóëüñó êèíåìòêà (è ïîòîìó òîëüêî ñòàðøóþ ñòàïåíü
êîëëèíåàðííûõ ëîãàðèôìîâ. Óëó÷øåíèå, ïîçâîëÿþùåå
óõâàòèòü è ñëåäóþùóþ ñòåïåíü, òðåáóåò îòäåëüíîãî
âû÷èñëåíèÿ.

dnγ1γ2
e (x1, ~k1⊥; x2, ~k2⊥)

=
1

2E

∑∣∣Meγ1γ2
e

∣∣2
(∆ε)2

dx1

2x1

d2k1⊥
(2π)3

dx2

2x2

d2k2⊥
(2π)3

1
2E(1− x1 − x2)

;

Meγ1γ2
e

= ūλe′ (p′)
[
ê∗λ2

2
(p̂− − k̂1 + m)

−2(k1p−)
ê∗λ1

1 +êλ1
1

(p̂− − k̂2 + m)

−2(k2p−)
ê∗λ2

2

]
uλep) ,

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

∆ε = E ′+ω1 +ω2−E =

(
E ′ + ω1 + ω2 − E

)(
E ′ − ω1 − ω2 + E

)(
E ′ − ω1 − ω2 + E

)
=
−(p− − k1 − k2)2 + m2(

E ′ − ω1 − ω2 + E
) ' 2κ

2E(1− x1 − x2)

E ′ =

√
(~p− − ~k1 − ~k2)2 + m2 , κ = κ1 + κ2 + (k1k2) ,

κ1 = (k1p−) , κ2 = (k2p−) .∑ ∣∣Meγ1γ2
e

∣∣2
(∆ε)22E(1− x1x2)

=
2E(1− x1 − x2)

4κ2

(A11

4κ2
1

+
A22

4κ2
2

+2
A12

4κ1κ2

)

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

A11 =
1
2

tr
[
(p̂′−+m)γν(p̂−−k̂1+m)γµ(p̂−+m)γµ′(p̂−−k̂1+m)γν′

]
Ωµµ′

1 Ωνν′
2 ,

A22 =
1
2

tr
[
(p̂′−+m)γν(p̂−−k̂2+m)γµ(p̂−+m)γµ′(p̂−−k̂2+m)γν′

]
Ωµµ′

2 Ωνν′
1 ,

A12 =
1
2

tr
[
(p̂′−+m)γν(p̂−−k̂1+m)γµ(p̂−+m)γν′(p̂−−k̂2+m)γµ′

]
Ωµµ′

1 Ωνν′
2 ,

ãäå p′ = (E ′, ~p′ = ~p − ~k1 − ~k2),

Ωµν
i =

2∑
λ=1

e∗µλ (ki)eνλ(ki) .

Â ñèñòåìå öåíòðà èíåðöèè íà÷àëüíîé e+e− ïàðû
p− = (E , ~p). Âûáåðåì ïîëÿðèçàöèè â ñâåòîêîíóñíîé

êàëèáðîâêå (ein) = 0 n = (1,− ~p
|~p|). Òîãäà

Ωµν
i = −gµν⊥ +

(nµkνi + kµi nν)

(kin)
+ ~ki

2 nµnν

(kin)2 .

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

Áóäåì èñïîëüçîâàòü ðàçëîæåíèÿ

ki = xip +
~k2

i⊥ −m2x2
i

2xi

n
(pn)

+ ki⊥ , p′ = zp

+
(~k1⊥ + ~k2⊥)2 −m2(z2 − 1)

2z
n

(pn)
− k1⊥ − k2⊥ ,

ãäå z = 1− x1 − x2, è ñîîòíîøåíèÿ

~k2
i⊥ = 2xiκi−m2x2

i , (~k1⊥~k2⊥) = κ−κ1(1−x2)−κ2(1−x1)−m2x1x2 ,

òî åñòü
ki = xip + (κi −m2xi)

n
(pn)

+ ki⊥ ,

p′ = zp +
(κ

z
− κ1 − κ2 + m2(x1 + x2)

) n
(pn)

− k1⊥ − k2⊥ .

Ïðè ýòîì

γµγνΩµν
i = −2, γµp̂γνΩµν

i = 2p̂ +

(
4
κi

xi
− 2m2

)
n̂

(pn)
+ 2

k̂i⊥
xi

,

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

γµn̂γνΩµν
i = 2n̂ , γµv̂⊥γνΩµν

i = −2
(~ki⊥~v⊥)

xi

n̂
(pn)

,

γµp̂′γνΩµν
i = 2zp̂+2

(κ(z + xi)

xiz
−
κj

xi
+
κiz
xi
−m2z

) n̂
(pn)

+2z
k̂i⊥
xi

, j 6= i .

Ïðè âû÷èñëåíèè Aij ìîæíî ïîëîæèòü
m = 0, p− = p = (p, ~p), ~p ≡ ~p−.
Ïðåäñòàâëÿÿ

ki = xip+
~k2

i⊥
2xi

n
(pn)

+ki⊥ ,p′ = zp+
(~k1⊥ + ~k2⊥)2

2z
n

(pn)
−k1⊥−k2⊥ ,

(1)
è èñïîëüçóÿ

~k2
i⊥ = 2xiκi , (~k1⊥~k2⊥) = κ− κ1(1− x2)− κ2(1− x1) ,

γµγνΩµν
i = −2, γµp̂γνΩµν

i = 2p̂ + 2
k̂i⊥
xi

+ 2
~k2

i⊥
x2

i

n̂
(pn)

,

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Ìîäèôèöèðîâàííûé ìåòîä êâàçèðåàëüíûõ ýëåêòðîíîâ

γµn̂γνΩµν
i = 2n̂ , ; γµv̂⊥γνΩµν

i = −2
(~ki⊥~v⊥)

xi

n̂
(pn)

,

γµp̂′γνΩµν
i = 2zp̂ + 2

[
z
~k2

i⊥
x2

i

+
(~k1⊥ + ~k2⊥)2

2z
+

(~ki⊥(~k1⊥ + ~k2⊥))

xi

] n̂
(pn)

+ 2z
k̂i⊥
xi

,

Ïîëó÷àåì

A11 = 16κ1

[
κ
(2− x1

x1

((1− x1)2

x2z
+

z
x2

)
− 1− x1

x2z
+

z
x1x2

)
−κ1

(2− x1

x1

(
z +

(1− x1)

x2
+

z(1− x2)

x2

)
+κ2

(2− x1

x1

((1− x1)z
x2

− z(1− x1)

x2

)
+

z
x2
− z(1− x1)

x1x2

)]
.

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ



Çàêëþ÷åíèå

Êàê âñÿêèé ïðèáëèæåííûé ìåòîä, ìåòîä ñòðóêòóðíûõ
ôóíêöèé (ïàðòîííûõ ðàñïðåäåëåíèé) èìååò ðÿä
íåäîñòàòêîâ.

Ñïåöèôè÷åñêèì äëÿ âû÷èñëåíèÿ ïîïðàâîê ê ñå÷åíèÿì
ýêñëþçèâíîãî ðîæäåíèÿ àäðîíîâ íåäîñòàòêîì ÿâëÿåòñÿ
îòñóòñòâèå îãðàíè÷åíèé íà ñòðóêòóðíûå ôóíêöèè îò
îòáîðà ñîáûòèé.

Ó÷åò ýòèõ îãðàíè÷åíèé òðåáóåò îòêàçà îò êîëëèíåàðíîãî
ïðèáëèæåíèÿ, èñïîëüçóåìîãî ïðè âû÷èñëåíèè
ïàðòîííûõ ðàñïðåäåëåíèé.

Ñâîáîäíûì îò óêàçàííîãî íåäîñòàòêà ÿâëÿåòñÿ ìåòîä
êâàçèðåàëüíûõ ýëåêòðîíîâ è ôîòîíîâ.

Ýòîò ìåòîä ðàçâèò â äâóõ-ïåòëåâîì ïðèáëèæåíèè.

Ýêñêëþçèâíîå ðîæäåíèå àäðîíîâ


