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Use of equations of motion

Field transformation

(x) ®(x) = P(x) + Ad(x) AP ~ )\
Lagrangian transformation |

L®] = L[B] + L[B]AD ++O(N2)

& The S-matrix elements with the proper external lines renormalization
factors are not influenced by the replacement of the fields (x)

& From this it follows that for any change in AL which is proportional to L'[®]
does not influence the S-matrix. In other words one can use equations of motion

2] =0
to simplify expressions for AL
)
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Counter terms

Equations of motion Rj (q)) =0
N M=N-K K
Off shell INYEE— i S: cijzin(CI)) “t Z ZJCI)]R]((I))
L R |
N M=N-K
On shell NG =) L GO D)
T 45 ad i
)
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v ".”‘."s"-'.
: .' ‘3"..

3% 0. *

Local counter terms on:irass sheli i
4 '.'-'.'-:r:--f:.'-.':,_ .
Example: Renormalizable theories ¢4 R

£= 50,07 - 3m?¢? -

9 A1

Equation of motion B = @2 s Sier =11 -

1 1 A
Off shell A Ei— —z1—<I>(‘92<I> i —z2m2<I>2 = 24—(134,
2 2 4]
1 A

A
INTE— —§(z2 - 21)777,2@[)2 — (24 — 2z1)E<I>4 = %1 (82<I> +m?d + ECI)3),
A 1 242 4
On shell NG = —5(22 = zl)m O — (24 =0 221)—(13 -

Renormalization of the couplings e W e BN e | ]

)
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¢é Loop Expansion (non-renormalizable case)

; 1
UV divergences ALy ~ )\2(3 L - u)<I>4(— + c11)
within dim reg ¢

PSR

ALy ~ )\282@2(1)2(; + c11), f:z:am’dma‘teSpace

Off shell

AL = N02020 + N[310202  + 2820202+ M[.]+ N[
1 1 1 1 1
(;+011) (6—2+;+012) (6—2+E+013)

¢ ¢ N
A0 +  M[o*0'P*  + 5P
1 1 1 1 1
(E+621) (—+g+022) (6—2+E+023)

62
N N\
\° P8
1 1

(6_2 + E -+ C32),

)
L
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UV divergences within dim reg

On shell Coordinate space

A A
2 =0 0,0°® + 5aucbclﬂ =)

~ 1
N — )\282(132(132(2 LG B 621)

1

1 1 1
+)\3[84<I>2<I>2(6—2 = E -+ C19 + Coo + 632) S 82(1)202(1)2(6_2 S E -+ C13 4F 623)] e

)
L
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Loop Expansion (non-renorm';a_';;};ggb;e cae e}

UV divergences
within dim reg Coordinate space

Off shell AL = 0%+ 2208 + 23010 + Moi?i
N N4 /
+120%®% + 126%d® + 1*9%!0 + ..

> 4
+220%®* + 126%®° + 1%9%d8 + ..,

On shell AL = \B° 1 \252®% 1+ X3628° + ..
—|—)\2(I)8 R )\382(1)8 2

)
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The Amplitudes

Renormalizable case

I A)\Q(E — log(s/u) — log(t/p) — log(u/u))

s 2
.o ve 3
£ 2%t L PO R PR RN
N K TSI DR IR SE A X1 vtig P
".(."".",'..-'.-)’.,' 3
"7':'0 o g ®etostinRedt sl
o R e, LERNY
Lo O - — ALY
s - ° e O 4 {
5 T - s
. - :
O B llnod BN, . Wi 2itenn 48 1Y
et aee IR T S Rk .
.00t v e . . . . c . N s, % .
0 ¥4 . . . Yo Sle by 00 s b o
Someg % e . e® g0ty _ ¢ ¢ P
.o : So. o . A
o @ e X - Pade’ e’ . st ee e m DO
. L -, hoet L4 . . Y ® e e Tl .
e %o g %S’ 5 > afPe ¥, o Laf0 . -

A2 3 P
INYE— AZCI)ZL(—— —c) <— Arbitrary constant i

€

AT = X+ AXN*(—log(s/p) — log(t/ ) — log(u/p) — c) + ..

< A = X+ AX*(log(so/p) — log(to/p) — log(uo/p) —¢).  Normalization
A= A3 + (A7)* A(log(so/p) — log(to/p) — log(uo/ ) — c)
Afimite = A9 4 (AS)2A(~ log(s/s0) — log(t/t0) — log(u/uo)) + ..

¢ Summary: To fix the arbitrariness it is enough to put one condition on one

scattering amplitude. All the rest is calculated unambiguously.

f

fj
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The Amplitudes

“e % 3o
------------

~ 5 log(s/p) — £ log(t/u) — u* log(u/p)) + .-

i G
€

Al = N DR

Ag = B)\3Q2(% =log @/ ) ...

A= )\4(1 — llog /2 2E o Arbitrary constants
€

= 84@2@2AA2(—1 — @) 13Af’>c‘92c1>2<1>4(—1 — o) EchIﬁ(—1 —c3) Off shell

€ € €

A+B+ FE A+B+ FE
B i — 0| o Ei— 03) = 64(132(13214)\2(— 20 i g

€ €

AL = 9*B2P2 AN (— of On shell

PR (—s2 log(s/ ) — t2 log(t/ ) — v loglau/ ) — clfs? 2 e

At — BAPQ*(~log Q/p) + ...

Al — EX*(—log P/p) + ...

Now, to fix arbitrariness, we will impose two conditions on the 4-point amplitude and one condition

on the 6-point amplitude.The first fixes )\ and c (1 will fall out), and the second - 1
)
(L
s

Joint institute for nuclear research



The Amplitudes

G L
€

Al = N DR

A = BNQ*(~ ~10gQ/n) +

1
Ag = E)\4(E —log P/u) +

g
(\efv ° e 1
AE = a4c1>2c1>2AA2(—E — ) = BA3(\O & °°.\$g\0\?z ) + EA4<I>8(—E — c3) Off shell
e?® 0% o
yn \e" (\\) \0
AF = 90202 AN~ 2 B +e Co@ig@&e < = 95252 A2 (— At lj as-2l On shell
oY et
’ Og\~l~ se'b 3 \®,
AT = \><<“°®(<~\ @S85/ 1) — 12 10(t/p) — u? log(u/p) — (52 + £ +u?)) + ...
s S Cesgb' e
Aé‘znzte N2 \(,6 lOg Q/,U)

Aginite i E)\4<_ lOgP//L) Al

Now, to fix arbitrariness, we will impose two conditions on the 4-point amplitude and one condition
on the 6-point amplitude.The first fixes )\ and c (1 will fall out), and the second - 1

I | | I | | Joint institute for nuclear research
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Conclusions

¢ The use of equations of motion makes it p033|b|e ‘tcsx redqc@ m@ number m‘

independent operators and limit it to a set of operators: W|’{h a flxed nuﬁ ber @;"'i;;‘.':j.{;__
external lines. RO S

& This opens up the possibility to work with non- renormallzabie theonea aﬁd}.

obtain unambiguous predictions. The initial Lagrangian acqu:res an mfmfte}
number of new structures, which are unambiguously fixed by the narmalwaﬁon'
conditions.

& The procedure for obtaining predictions for observables - scattering
amplitudes on a mass shell - is as follows: One has to calculate the amplitudes
directly on the mass shall, subtract all divergences with arbitrary subtraction
constants and then fix these constants by imposing conditions on the scattering
amplitudes.

€ In any theory, it is possible to fix the arbitrariness normalizing the amplitude of
2->2 scattering (plus one condition on 3->3 scattering). Then all other
amplitudes will be determined unambiguously.
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